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An experiment is described wherein liquid helium II is rotated in an annulus between a metal cylinder 
which rotates at constant speed and a concentric cylindrical cavity at rest. Second sound pulses, propagated 
parallel to the cylindrical axis and through a substantially uniform velocity field, are found to suffer an 
extra attenuation due to the motion of the fluid. If we define o as the ratio of the received thermal pulse 
heights (fluid in motion versus fluid at rest), then for angular velocities of the cylinder w and second sound 
path lengths / it appears that o=e~5*!, The coefficient 8 decreases somewhat with rising temperature in 
the range from about 1.2 to 2.0°K, having a value of (820.8) X10~ rev cm™ sec at 1.39°K. The effect is 
discussed in the light of present knowledge concerning the nature of helium IT. 





INTRODUCTION 


N 1941, Kapitza' reported a notable series of experi- 
ments aimed at providing a better understanding of 
the then obscure properties of liquid helium II. Among 
these was one which operated substantially as follows. 
A glass capillary was provided with a concentric glass 
rod, the annular space between the pair being filled 
with helium II. Various constant angular velocities 
could be imparted to the central rod while the capillary 
tube remained at rest. In effect, Kapitza measured the 
thermal conductivity of the liquid, in the annular 
space, as a function of the angular velocity of the central 
cylinder. The result reported showed a decrease in the 
thermal conductivity of He II, under rotation, as com- 
pared with the conductivity for the system at rest. 
This interesting experiment does not appear to have 
been repeated and has, in fact, received very scant 
notice in the numerous review articles which have been 
written since that time. We therefore undertook to 
attempt a variation on the above experiment using a 
very similar geometrical arrangement but measuring 
the second sound velocity rather than the effective 
thermal conductivity. The second sound is also a 


* Assisted by a grant from the National Science Foundation. 
A preliminary account of this work was given at the New York 
Meeting of the American Physical Society in January, 1955 
[Phys. Rev. 98, 1196(A) (1955) ]. 

t DuPont Fellow in Physics. This work forms part of a Ph.D. 
dissertation. 

‘ P. L. Kapitza, J. Phys. (U.S.S.R.) 4, 181 (1941). 


thermal property; it was, of course, undiscovered at 
the time of Kapitza’s experiments, and we hazarded 
the guess that a positive effect might occur. After a 
little experimentation, however, it emerged that there 
was no measurable effect of rotation on the second 
sound velocity within a considerable range of angular 
velocities of the central cylinder.2 We did, however, 
notice that an “extra” attenuation in the thermal 
pulses occurred as a function of the rotation. In what 
follows, we present some measurements on this rota- 
tional attenuation effect in the second sound. 


EXPERIMENTAL METHOD 


In order to make attenuation measurements which 
can be attributed only to the rotation of liquid helium, 
the technique used must be such that the “beam 
spreading” and the normal attenuation are eliminated. 
Also we desire to have the second sound propagated 
through a substantially uniform fluid velocity field. 
Finally we must use a signal frequency or pulse width 
which will give us a measurable attenuation, since the 
normal attenuation coefficient varies as the square of 
the signal frequency. 

With these factors in mind, the rotation of the liquid 
was set up in the annulus between two coaxial cylinders, 
of which the inner was rotated while the outer one re- 
mained at rest. Second sound was propagated in this 


2 Our velocity measurements were such that a change in velocity 
of 0.1% could have been detected. 
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Fic. 1. Essentials of the 
apparatus in the cryostat. 














annulus parallel to the axis of rotation. The transmitter 
and receiver were annular strips whose width was 
about one-seventh the width of the annulus between 
the cylinders, thus propagating in as small a region of 
the annulus as technically possible. These two elements 
remained stationary and did not rotate with the fluid. 
A pulse technique was dictated by two considerations. 
The first being the fact that it was necessary to separate 
out, in time, the signals which travel various discrete 
paths from the transmitter to the receiver. Secondly, 
the pulse width had to be small enough so that the 
attenuation could be measured for reasonable path 
lengths. 

With this geometry and the pulse widths used, the 
transmitter was of the order of 30 wavelengths wide, 
thus appreciable beam spreading is encountered. The 
apparent attenuation due to beam spreading may then 
be eliminated by comparing signals with rotation to 
those with no rotation holding all other parameters 
constant. This of course implies that the beam spreading 
is not a function of the rotation of the liquid. We believe 
this to be so since the velocity, hence the wavelength, 
does not change with rotation. 


TECHNICAL DETAILS 


Figure 1 is a somewhat schematic and much simplified 
picture of our experimental arrangement. This went 
through several evolutions and this was the finai one. 
The central cylinder B was brass 1.588 cm in diameter 
and approximately 14 cm long. The concentric cavity L 
was of Lucite (for optical transparency) and was 3.175 
cm in internal diameter*; hence the annular gap was 
0.793 cm wide, The second sound transmitter 7 and 
receiver R were flat annular strips of carbon resistor 
board approximately 1.23 mm wide. These were con- 
structed by painting two concentric circles, of slightly 
different diameter, on the resistor board using silver 
paint. These were each connected to an electrical lead 
and so the current passed through the resulting annular 
carbon strip in a radial direction. This permitted us to 


+ All measurements at room temperature. 
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use carbon strip of high specific resistivity and yet end 
up with an element of moderate resistance at helium 
temperatures. These carbon resistor elements were con- 
structed from JRC resistance strip, and had a dc re- 
sistance at 1.39°K of approximately 4200 ohms. The 
center of each strip was located at a distance of 1.08 cm 
from the axis of cylinder B; i.e., they were asymmetri- 
cally placed in the annular gap formed by B and L. 
Each strip was provided with small coaxial cable leads‘ 
out through the top of the cryostat. 

The brass cylinder was driven from a motor at the 
top of the cryostat via a stainless steel tubular shaft S 
the bearings (not shown) being of Kel-F plastic. The 
receiver was mounted in a fixed position near the bottom 
of the apparatus, but the transmitter being attached to 
the sliding Lucite cylinder C could be moved, within 
the cryostat, in a direction accurately parallel to the 
axis of B such that the distance between T and R 
could be set at any desired value up to 14 cm. This 
distance could be measured, under helium, by means of 
a cathetometer looking through slits in the Dewars. 

The motor driving B consisted of one of a pair of 
Bendix synchos. This was mounted above the cryostat 
and coupled into the shaft in the Dewar by means of a 
simple magnetic clutch using Alnico magnets. Thus 
vacuum tightness of the cryostat was preserved without 
using a packing gland for shaft S. The twin syncho was 
driven at various required speeds by an electronically 
controlled, variable-speed dc motor. The average varia- 
tion in speed obtained with this driving mechanism was 
less than 0.5 percent. Other things being equal, no 
difference in the results was observed for clockwise or 
anticlockwise rotation of B. 

The transmitter was fed with single “square” elec- 
trical pulses of approximately 5- or 10-usec duration, 
but due to the thermal time constants of the transmitter 
the second sound pulse was spread out to about 20 usec. 
The electrical power in most runs was about 0.7 watt/ 
cm? at the transmitter but, due to beam spreading, the 
effective area soon becomes that of the entire annulus 
rather than that of the carbon strip. The receiver was 
pulsed with a small de bias current and the resistance 
change resulting from the received second sound heat 
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Fic. 2. Block diagram of the electronic circuitry. 





*R. G. Wheeler and S. J. Plaskon, Rev. Sci. Instr. 26, 404 


(1955). 
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pulse displayed, in the usual way, on an oscilloscope 
with a fast, triggered sweep and photographed with a 
Praktiflex 35-mm camera. The electronics was based 
on that employed previously by Fairbank and co- 
workers*-* in this laboratory, but due to beam spreading 
we had to pay great attention to the signal-to-noise 
ratio. 

Figure 2 shows a block diagram of our arrangement. 
In particular the preamplifier had to be designed and 
constructed with great care. We finally made use of a 
special Western Electric 417A triode’ for the input 
tube. These triodes when placed in a cascode circuit 
gave an equivalent input noise resistance of about 80 
ohms. With this arrangement our signal to noise 
ratio, under optimum conditions, amounted to better 
than 40:1. 


OBSERVATIONAL PROCEDURE 


With the distance between T and R set at some 
chosen value and the temperature set at some given 
point (as judged on an Octoil-S manometer) we photo- 
graphed a series of pulses, usually about 8 frames, 
with B at rest. Cylinder B was then set in constant 
rotation, at some given value, determined with a 
tachometer on the driving sychro. This invariably 
caused a rise in the temperature of the helium bath 
for obvious reasons. The bath temperature was then 
brought back to its previous value by manual! manipula- 


Fic. 3. Three photographs of oscilloscope traces showing the 
attenuation of second sound by rotation. Time (250 usec sweep) 
is proceeding from left to right. In each case, the left hand pip 
is that of the direct second sound pulse followed, in order, by 
echo 2 and echo 3. The top trace is for the cylinder B at rest 
(w=0); the middle trace for w= 7.2 rev/sec and the bottom trace 
for w= 13.2 rev/sec. In all three cases the temperature is 1.39°K, 
the path length for the direct pulse /=5.70 cm and the input 
electrical pulse is of 10-usec duration. Echo 1 is unresolved but 
some of our photographs show it as a small pip on the rear edge 
of the direct pulse. 


SE. A. Lynton and H. A. Fairbank, Phys. Rev. 80, 1043 
(1950). 
* J. C. King and H. A. Fairbank, Phys. Rev. 93, 21 (1954). 


7Our thanks are due Dr. W. A. Tyrrell of Bell Telephone 
Laboratories for his gift of several of these triodes. 
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Fic. 4. Illustrating the 
paths of three possible sec- 
ond sound echoes plus a 
reproduction of a typical 
oscilloscope trace showing 
their resolution in time. 








tion using the oil manometer as the criterion.’ When 
conditions were steady a second series of about 20 
pictures was taken. The motor driving B was then 
stopped, the bath temperature again brought back to 
its proper value, and a third set of approximately 8 
“stills” taken. Thence either a new speed, a new path 
length or a new temperature was chosen depending on 
which parameter we were varying, and the above 
process repeated. Thus each point on our graphs repre- 
sent the measurement of about 36 pictures of which 
roughly half were for B at rest. Occasionally, however, 
we took approximately three times as many pictures, 
per observational point, in an effort to achieve better 
experimental accuracy. 

The reason for the great care exercised in the tem- 
perature control was, of course, due to the inherent 
temperature dependence of the sensitivity of the re- 
ceiver. A separate resistance versus temperature meas- 
urement (using bath vapor pressure in the usual way) 
on our receiver showed, however, that a bath-tempera- 
ture variation of a few millidegrees was entirely 
negligible in its effect on the size of our recorded pulse. 

From each set of 36 pictures we then measured the 
ratio of the received pulse heights (cylinder B in motion 
as against cylinder B at rest). This quantity we call 
the “relative pulse height” (c) in what follows. Figure 3 
shows a sample of our pictures. 

It has previously been stated that a pulse technique 
was dictated by our geometry. This is due to the fact 
that we observe many second sound echoes caused by 
reflections at B and L—some of our photographs 
showed as many as 6 echoes in addition to the direct 
beam. A continuous wave technique, such as that 
employed by Hanson and Pellam® to study the normal 
attenuation in He II, would here be useless since it 
would not resolve any echo. As a matter of fact our 
pulse technique did not resolve them all. Thus, re- 
ferring to Fig. 4, the paths for the first three possible 
echoes are indicated. Due to the asymmetry of our 
transducer system in the annular gap, signals for the 

*In order to check the validity of this procedure we made a 
dummy run using the receiver as an ordinary resistance ther- 
mometer. The result showed that we could reset the temperature 
with the oi] manometer, when B was rotating, to within 3 milli- 


degrees of its value when B was at rest. 
* W. B. Hanson and J. R. Pellam, Phys. Rev. 95, 321 (1954). 
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direct path and echo 1 are not completely resolved, the 
first completely resolved echo has a path labelled as 2 
in Fig. 4. It will be noticed that the next echo (path 3) 
has a larger amplitude than that due to path 2. This is 
due to the fact that there are two equal paths possible 
for this echo, namely the one labeled 3 in Fig. 4 plus 
an equal one (not shown) created by reflections’ first 
at L and then at B; thus twice the transmitted energy, 
compared to a single path, will be received. On the other 
hand there is only one possible path for echo 2, that 
shown in Fig. 4. 

In presenting, in the next section, our experimental 
results we have found it convenient to use the following 
nomenclature: /=least distance in cm between trans- 
mitter J and receiver R. (This we call the “path 
length.”) So= height of the recorded second sound pulse 
(via path /) when cylinder B is at rest. S,= height of the 
same pulse when cylinder B has a constant angular 
velocity. w= angular velocity of cylinder B in rev/sec. 
a= S./So, a dimensionless number called the “relative 
pulse height.” 


RESULTS 


Figure 5 is a plot of o versus 1 for w=15 rev/sec at a 
temperature of 1.39°K. The relationship is seen to be 
accurately exponential, albeit the curve is a rather 
flat one. In order to determine the form of the function 
o=F(w,J) at constant temperature we made several 
runs, of the above nature, for several different values 
of the speed w. A plot of loge versus | (Fig. 6) yields a 
family of straight lines all extrapolating to the value 
o=1 at /=0. A plot of the slope of these lines versus w 
(Fig. 7) yields another linear relationship. From this it 
appears, therefore, that the functional relationship 
between o, w, and / is 


c= eo fel 


where § is a constant which we shall hereafter call the 
rotational attenuation coefficient. 

All the above analysis has been carried out at one 
temperature, namely, 1.39°K and the question as to 
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Fic. 5. Relative pulse height (¢) versus path length (/) at 
1.39°K for w= 15 rev/sec. The electrical input pulse was 10 psec 
duration. The circles are the experimental points and the solid 
curve is a plot of ¢=¢-*! with 8=7.6X 10 rev cm™ sec. 
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Fic. 6. Semilog plot of relative pulse height (0) versus path 
length (/) at 1.39°K for three different speeds of cylinder B. The 
electrical input pulse was of either 5 or 10 usec duration 





whether 8 is temperature dependent remains, for the 
moment, open. At 1.39°K, and for the geometry used 
in the experiment, 8= (8+-0.8) KX 10 rev— cm™ sec. 

In order to test the truth of the above hypothesis 
somewhat further, Fig. 8 shows a plot of o versus w at 
1=5.70 cm and T=1.39°K. The curve is, within our 
accuracy, an exponential, as expected, yielding, for 
this particular run, a 8=8.3X10~* rev cm™ sec. 
To answer the question concerning the possible tem- 
perature dependence of the coefficient 8 we performed 
the following kind of experiment. With / and w fixed, 
at some chosen values, we measured o as a function of 
temperature in the range from about 1.2 to 2.0°K. 
Assuming the truth of the above relationship between 
o, w, and J, we then compute 8 at each temperature. 
The result is shown in Fig. 9. 

We found it necessary to use two different trans- 
mitters to cover the above temperature range. The 
reason for this lies in the fact that, as the lambda 
point is approached, the specific heat of liquid helium 
increases sharply. Hence more power must be employed 
around 2°K than was used at, say, 1.2°K in order to 
produce the same temperature pulse height in the two 
cases. Our original transmitter, whose resistance at 
helium temperatures was about 4000 ohms, had too 
high a resistance to give sufficient pulse amplitude for 
accuracy beyond about 1.8°K. We therefore constructed 
a second one, identical in dimensions, but with a lower 
resistance so that more power could be fed into the 
helium from our square-wave generator. 

This necessary increase in power, at the higher tem- 
peratures, leads to some difficulties connected with the 
formation of shock wave effects. As is well known,” 
shock effects are disturbing to both velocity and 
attenuation measurements in second sound. We were 
careful, therefore, to limit our powers to values such 
that measurable signals were produced without the 
formation of noticeable shock wave effects. Neverthe- 
less, above 2°K, we were unable to produce usable 


”K. R. Atkins, Phil. Mag., Suppl. 1, 169 (1952). 
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signals at any power available to us. We attribute this 
largely to the rapid increase in the natural attenuation 
which is known to occur above about 2°K,* coupled 
with the decrease in sensitivity of our receiver with 
rising temperatures. 


DISCUSSION 


A considerable effort, both theoretical and experi- 
mental, has been devoted to what we have called the 
“normal” attenuation of the second sound in helium II. 
The theory is principally due to Khalatnikov" and in 
this analysis the attenuation is caused by three types 
of dissipative mechanism, e.g., (i) the viscosity of the 
normal component of the liquid, (ii) the so-called second 
or bulk viscosity and (iii) dissipation due to diffusive 
thermal flow in the normal component. These various 
factors are computed by Khalatnikov on the basis of 
the assumed roton and phonon spectra forming the 
normal component. This theory seems to be in sub- 
stantial agreement with the latest experimental obser- 
vations of Hanson and Pellam® and Atkins and Hart,” 
although some of the essential parameters in the theory 
require empirical determination for the numerical 
values. 

Accordingly it would seem that the observed rota- 
tional attenuation requires some new dissipative mecha- 
nism in addition to those listed above, but we are 
unable to hazard a guess as to what the precise nature 
of this might be. In this connection, however, an inter- 
esting experiment due to Hollis-Hallett™ gives results 
which probably have some bearing on ours. Hollis- 
Hallett has adapted the rotating cylinder viscometer 
to the measurement of the viscosity of the normal 
component of helium IT. The geometry of this device is 
very similar to that employed in our experiments 
except for the difference that the outer cylinder rotates 
and the central one is at rest. In a classical fluid the 
torque on the fixed cylinder is found to be directly 
proportional to the velocity of the rotating one which 
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Fic. 7. A plot of the slopes of the lines in Fig. 6 
versus the angular velocity w. 





"J. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 
243 (1950); 23, 34 (1952). 
3K. R. Atkins and K. H. Hart, Phys. Rev. 92, 204 (1953). 


3A. C. Hollis-Hallett, Proc 
(1953). 


Cambridge Phil. Soc. 49, 717 
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Fic. 8. Relative pulse height (¢) versus angular velocity of 
cylinder B at 1.39°K for a constant /= 5.7 cm. The electrical input 
pulse was of 10-usec duration. The circles are the experimental 
points and the solid curve is a plot of e=¢~®*! with 8=8.3X10™¢ 
rev! cm™ sec. 





is, of course in agreement with predictions of the Navier- 
Stokes equation which in turn shows that the propor- 
tionality constant contains the first viscosity. In 
helium II, however, Hollis-Hallett finds that the torque 
is not so linearly related even for velocities of as little 
as 0.1 cm/sec. The observed torque, at any velocity, 
was larger than that required by a linear law or, stated 
another way, there appears to be an “extra viscosity” 
over and above the classical one such as our experiment 
would also seem to require. 

The hydrodynamics of helium II is based on the 
classical Navier-Stokes equation, for both normal and 
superfluid, with added terms. These include the ob- 
served pressure gradient in the superfluid induced by 
heat flow (fountain effect) and, in addition, the postu- 
lated “mutual friction” between normal and superfluid 
of Gorter and Mellink.™ At first sight this latter term 
might seem to account for the extra viscosity but, as 
Hollis-Hallett shows,” it does not. The prediction of the 
adjusted Navier-Stokes equation is still for a torque 
linear with the velocity. It appears therefore that the 
hydrodynamic equation for He II are still incomplete.” 

The apparent failure of the adjusted Navier-Stokes 
equation, discussed above, could also have some bearing 
on our experiment in another way. Thus it appears 
from our work that the transverse velocity of pre- 
sumably the normal fluid (perhaps also the superfluid) 
increases the normal attenuation of second sound. But 
we do not, at the moment, know the magnitude of these 
velocities with any degree of certainty—the best we 
can do is to compute the velocity profile in the annulus 
from the Navier-Stokes equation thus treating the 
helium as if it were a classical liquid. This gives for the 
angular velocity of the fluid w(r) at distance r from the 


4 C.J. Gorter and J. H. Mellink, Physica 15, 285 (1949). 

In addition to the Gorter-Mellink formulation of the hydro- 
dynamic equations there are a number of others which, however, 
have been subjected to less experimental testing than these above. 
For details see J. G. Daunt and R. S. Smith, Revs. Modern 
Phys. 26, 172 (1954). 
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Fic. 9. Rotational attenuation coefficient 8 versus temperature. 


axis of rotation of cylinder B: 


a’? P 
)-«(——)(--1), (1) 
P—a? r 


wherein a and 5 are the radii of cylinders B and L 
respectively and w is the angular velocity of cylinder B."* 
It may well be, however, in lieu of an actual velocity 
measurement in the annular gap, that the above rela- 
tion does not express the true facts. We are in a position 
to make some test of this by considering the attenuation 
of the echoes indicated in Fig. 4, and from our data for 
a 5-cm path length have measured the relative attenua- 
tion of echoes 2 and 3 as a function of the average fluid 
velocity,’ computed from relation (1) above. The result, 


The transient term, for our geometry, which multiples the 

expression for the steady-state velocity distribution is given by 
{1—exp(—Aut/p)), 

where p and yw are the density and viscosity and A is a geometrical 
factor obtained from the boundary conditions ("16 cm™*). 
Using the normal component density and viscosity at 1.4°K, this 
“time constant” is of the order of 40 seconds. We looked for such 
a time effect; however our experimental procedure limited us to 
variations in time occurring about 20 seconds after the system 
had started rotating. No such transient effect in the amplitude of 
the second sound pulse with rotation was observed. It must be 
stated, however, that the solution of the Navier-Stokes equation 
which yields the above transient term is probably too approxi- 
mate. We have to neglect the centripetal force and make the even 
worse assumption that the velocities are sufficiently small to 
neglect second order terms 

" Referring to Fig. 4 it is apparent that whereas the direct 
pulse passes through a substantially constant velocity field, echoes 
2 and 3 (if relation 1 is true) do not. We therefore define an 
average velocity field (w), for these cases as 


ro 
=> f w(r)dr, 


where ro is the path length, between transmitter and receiver, 

for the echo. This quantity can be computed from the known 

geometry of the apparatus. Although the rotational attenuation 

nds also on the length of path it turns out that the paths for 

2 and 3 are, respectively, only about 2 and 5 percent 

longer than the direct pulse path in our apparatus. Hence this 

fact is ignored. The average velocities as computed from rela- 
tion (1) are as follows 





direct pulse: (ew) = 0.376e, 
echo 1: (w);=0.636w, 
echo 2: (w)y=0.152w, 
echo 3: (w):=0.333e. 


BLAKEWOOD, AND LANE 


together with that for the direct path, are shown in 
Fig. 10, and in this graph the flat exponential has been 
drawn as a straight line. It will be seen that the result 
appears reasonable. Thus the curves for the direct 
pulse and echo 3, which pass through average velocity 
fields of the same order of magnitude, are only slightly 
different but the attenuation effect in echo 2 which, 
according to calculation, passes through a smaller 
velocity field is much reduced. We were unable to 
make measurements on echo 1 since it is not resolved 
in our data. This does not, of course, establish the 
correctness, or otherwise, of the velocity profile as 
deduced above. It does, however, indicate that the 
velocity cannot be nearly uniform across the annulus. 
From this it appears probable that the coefficient 8, 
as defined by us, would depend on the position of the 
transducer system in the annular gap in which the 
helium rotates. The figure (80.8) X 10~* rev cm™ sec 
at 1.39°K thus refers to a position such that the center 
of the system is distant 1.08 cm from the axis of the 
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Fic. 10. The relative pulse height (oc) versus angular velocity 
of central cylinder for the direct beam and two echoes. Tempera- 
ture 1.39°K with a 5-cm direct beam path length. 


cylinder B. We made no measurements to test this 
point. In addition we have no information about the 
possible dependence of 8 on frequency. Our method is 
such that we cannot substantially alter the width of 
the input pulse (and thus alter the fundamental pulse 
frequency) and at the same time resolve the direct 
pulse and the numerous echoes. 

It is tempting to ascribe our results to some kind of 
turbulent motion occurring in the superfluid, especially 
in view of the geometrical arrangement which we have 
employed. In a classical liquid it is known that the 
motion is turbulent for all angular velocities of the inner 
cylinder for a geometry such as ours."® 

Note added in proof.—In a communication appearing 
after this paper was written, H. E. Hall and W. F. 
Vinen [ Phil. Mag. 46, 546 (1955) ] have briefly reported 
what appears to be an entirely different kind of experi- 
ment also showing an effect of rotation on the second 
sound attenuation. 


‘SH. Lamb, Hydrodynamics (Cambridge University Press, 
Cambridge, 1916), fourth edition, p. 655. 
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Virial Series of the Ideal Bose-Einstein Gas 
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(Received April 22, 1955) 


B. Widom has conjectured that the radius of convergence of the virial series of the ideal Bose-Einstein 


gas is infinite. The present note shows this to be false. 





W IDOM! considers the virial series of the ideal 
Bose-Einstein gas, that is, the power series 


4 


t2= >> Gy%1", (1) 


n=1 


where 


2 
= ps n~ (e+D ym, 
1 


and shows that R, the radius of convergence of (1), is 
> 0.257. He conjectures further that R is infinite, i.e., 
that (1) converges for all x; We show here that this 
conjecture is false.? 

Our first step follows Newman. Let 


x2= f(x), f entire. (2) 
Then dx2/dy= f'(x:)(dx:/dy) whence, since y(dx2/dy) 


=x), we have 


dy f'(x1) 1 
= —dx,= - +e(0) [ds 
aa | 


y *1 


where g is entire. Integrating, we get y= x,e°*", where 
G is entire. Thus (2) implies that y is an entire function 


of x;, and it suffices to show (writing z for y): The 
function-element defined by the power series 
u(z) = , pel [z| <1 (3) 
n= nt 
is not inverse to an entire function. 
To show this we must obtain the analytic con- 


tinuation of u(z) outside the unit circle. This is best 
done using the integral representation 


” di 


0 exp(i!)—2 


1B. Widom, Phys. Rev. 96, 16 (1954). 

*This was proved recently by Dr. D. J. Newman of the 
Republic Aviation Corporation, who showed R<64. Newman’s 
proof (not published) uses a generalization of Picard’s theorem 
on entire functions, which we are able to avoid. 

Since the submission of this note, the author has been informed 
of prior work of Dr. W. H. J Fuchs of Cornell University, who 
has obtained the more precise result 12.56---<R<27.73---. 
The methods of Fuchs and the present author are essentially the 
same, our presentation (of the more limited result) being, how- 
ever, more compact and transparent. 


u(z)=——z 
3\/x 


from which one easily deduces: All singularities of the 
complete analytic function U(z) (gotten by continuing 
u(z) onto its entire Riemann surface) lie above s=0 
and z= 1. s=1 is an algebraic branch point of order one 
on every sheet, and z=0 is a logarithmic branch point 
on every sheet but the original. When u(z) is continued 
once around s=1 it passes into the new function 
element 


4i(x logz)!. (4) 


From this information we can complete the proof. 
Let 7: be a path going from s=0 once around s= 1 and 
back to a point z of 0</z| <1, and let ys be a path 
going from z=0 once around z=1, then once around 
z=0, then again around s=1 and back to a point z of 
0<|z| <1. The result of continuing u(z) along 7: is 
given by (4), from which we deduce that the result of 
continuing «(z) along 2 is the element 


tue (2) = u(t) —4i(# logz)'—4i[(logz+2ni) }#. (5) 


(2) =u(s)— 


Suppose now that 7; terminates in the point 2), and 
¥2 in Ze, and “;(z;)= u2(z.)=a. From (4) and (5) we see 
that 2:22. Then, if, and Il’, are the images of ; and 
72 in the U-plane, the result of continuing the function 
F(U) [inverse to U(z)] from U=0 to U=a along the 
paths I’, and I, is to obtain two distinct determinations 
at U=a, namely 2 and 2,. Thus the inverse function 
F(U) could not even be single-valued, and a fortiori 
not entire. 

To complete the proof, we prove the existence of 7, 
and 2 with the desired properties. By letting y; run 
around the origin in all possible ways after its return 
to 0</|z| <1, w= (logs)! takes on all values in the 
sector S: }r<argw< + and therefore u,(z) takes on 
all values 


u(exp(w*))—4ixhw. (6) 


Similarly, by letting +2 run around the origin in all 
possible ways after its final return to 0<|z| <1, 2(z) 
takes on all values 


u(exp(w"))— 4ixhw—4ix! (w?+-2ri)!. (7) 


It remains only to show that the sets of values assumed 
by the functions (6) and (7), respectively, as w ranges 
over S, are not disjoint. Since |u(exp(w*))| <¢(3/2), 
and since (w*+2ri)! differs from w by a bounded 
function in S, it suffices to prove the same for the values 
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assumed by functions 

$1 (w) — 4ixhw (6a) 
and 

¢:(w)—8iwho, (7a) 


where ¢, and ¢; are regular and bounded in S. Because 
the correspondence w+2w maps S onto itself, we may 
without loss of generality replace the 8 in (7a) by a 4, 
and (dividing by 4i\/x and writing ¥.=¢/4i\/x) we 
have only to prove that the value-sets of the functions 

w—yi(w), (6b) 
and 


w—y2(w) (7b) 


are not disjoint, where ¥; and y, 


are regular and 
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bounded in S. But this is immediate: for, if |y|<M, 
k=1, 2 then by Rouche’s theorem both functions (6b) 
and (7b) assume the value Mv2i inside the circle of 
center Mv2i and radius M. 

Remark.—If K; denotes the maximum of | U(z)| on 
7: (i=1, 2), and r=max (Ki,K:;), the above reasoning 
gives the more precise result that F(U) has a branch 
point in the circle |U| <r, whence 7 is an upper bound 
for the radius of convergence R of the virial series. It 
has not been deemed worth while to make a numerical 
estimate (which would be a straightforward task) 
because in any case the method is too crude to answer 
the interesting question of whether (1) converges at 
x,= ¢(3/2)=2.612---, the value of the dimensionless 
density for which condensation is known to occur. 
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Turbulence Spectrum in Chandrasekhar’s Theory* 
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The results of Chandrasekhar’s recent theory of turbulence are 
transformed in this paper from ordinary space (used exclusively 
in his paper) to wave-number space. Consideration is limited to 
the case of stationary, homogeneous, and isotropic turbulence. 
A “time-dependent spectrum” is defined in terms of the scalar 
product of eddy velocities at two different times; this spectrum is 
related to Chandrasekhar’s time-dependent correlation function 
by a Fourier transform, as in the conventional, time-independent 
case. For infinite Reynolds number the spectrum is obtained 
directly by transforming the correlation function into wave- 
number space; the spectrum is given by a much simpler expression 
than is the corresponding correlation function 


I. INTRODUCTION 

N a recent paper Chandrasekhar’ has presented a 

new theory of isotropic, homogeneous turbulence 
in a steady state. The basic innovations in the new 
theory are (1) the consideration of velocity correlations 
not only at two different points but also at two different 
times and (2) the hypothesis of a statistical relationship 
between the second-order and fourth-order correlation 
tensors. 

Starting with the hydrodynamic equation of motion 
and the equation of continuity, Chandrasekhar derived 
his fundamental equation for f(r,/), the longitudinal 
correlation function’: 


8/F 0 
ar \ar ar 


* The research reported in this paper was supported in part by 
the Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command, 
under contracts with the University of Chicago 

1S. Chandrasekhar, Proc. Roy. Soc. (London) A229, 1 (1955) 
Hereafter this article will be referred to as “Paper I.” 


Eq. (46). 


Consequently, an approximate (linearized) form of the differ- 
ential equation for the correlation has been transformed to wave- 
number space, and this equation is readily solvable, even for a 
finite Reynolds number. For k>1/» the spectrum vanishes, and 
this cutoff at large wave-numbers is interpreted as the dis- 
integration of turbulence into laminar flow at dimensions suffi- 
ciently small for viscosity to dominate over the inertial transfer 
of energy. 

Finally the general, nonlinear correlation equation has been 
transformed into an integral equation for the spectrum, but a 
general solution has not yet been obtained for either the spectrum 
or correlation. 


Here Ds, the Laplacian operator in five-dimensional 
space, may be written 


a 40 
D,=—+- —. (2) 


or rar 


In these equations r (= |r!) is the separation of the two 
points measured in units of some arbitrary length /; 
t is the time interval between the measurements of 
velocity at the two points in the unit of 1/((u;*)).!, 
where #; is the velocity component in the direction of r 
(say, along the x-axis); » is the viscosity in units of 
1{(;"))w. The longitudinal correlation function is 
defined in terms of velocity components by 

(161 (70,t0)t41(vot+7, tott) mw 

I(",)=——_—_—_— —-, 


(3) 


We define ¢ by 
f=1—9; (4) 


then for small values of ¢ and r (such that / does not 
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depart greatly from unity) Eq. (1) may be written 
#¢/df = (vDe+Ds)¢. (5) 


For the case of infinite Reynolds number (zero vis- 
cosity), Chandrasekhar has solved Eq. (5) and obtained? 


s=1-(£) v(-), (rKro;t<Kro) (6) 


To r 
in which‘ 


1 
v(x) =———_{ | x—-1| *#*(a +242) 


2(a+2) 

+|x+1|*#(a+2—<x)}. (7) 
Here x=1t/r, and in Eq. (6) ro is a constant of the order 
of the dimensions of the system in units of /.° In these 
equations a is a positive constant but is not otherwise 
determined. If, however, one chooses the Kolmogoroff 
spectrum as an initial condition, then a= 3. 

In view of the interest often attached to turbulence 
spectra, an attempt is made in this paper to transform 
the correlation function of Eqs. (6) and (7) to wave- 
number space. In the next section the time-dependent 
spectrum is defined and then derived from Chan- 
drasekhar’s correlation function by means of a Fourier 
transform. In Sec. III, the differential equation (5) is 
transformed to Fourier space and is solved for the 
dependence of the spectrum on time when finite vis- 
cosity is considered. In Sec. IV, we transform the 
general, nonlinear equation (1) to wave-number space. 


Il. SPECTRUM FOR ZERO VISCOSITY 


By analogy with the conventional definition of the 
turbulence spectrum, F(k), we define for the time- 
dependent case, 


F (kt) = crk*{ Vi (to) - Vi (tott)} mv, (8) 


where V,(f) represents the velocity at time ¢ for an 
eddy of wave-number &. Throughout this paper ¢; 
represents proportionality constants and averages are 
taken over all space. Note that with the definition (8), 
F (k,l) is not necessarily always positive, since in general 
it is a time correlation of eddy velocities and becomes 
an energy spectrum only for ‘=0. The spectrum is 
related to the correlation function, again analogously to 
the conventional case,*® by 


© F(k,f) 
f(r,)= sf ———(sinkr— kr coskr)dk 
0 RF 


f F(k,0)dk. (9) 





* Paper I, Eq. (63). 

‘ Paper I, Eq. (81). 

* In Paper I, ro is taken as unity and it is specified instead that 
the unit of length is equal to the diameter of the largest eddy 
present; ro is retained here to emphasize the uncertainty in the 
exact value of this constant. 

*W. Heisenberg, Z. Phvsik 124, 628 (1948), Eq. (50). 
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There should be no confusion between the time- 
dependent spectrum for steady-state turbulence con- 
sidered in this paper and the ordinary spectrum in 
decaying turbulence. The latter changes with absolute 
time, whereas only relative time is implied in the present 
theory. In general, for small values of ¢ these spectra 
should be of comparable accuracy to the well-known 
Kolmogoroff spectrum (adopted herein for t=0) and 
should be applicable in such time-dependent problems 
as ionospheric scattering of electromagnetic radiation.’ 

In order to relate the spectrum and correlation func- 
tion, we wish to express Eq. (9) in terms of a simple 
sine or cosine transform. Hence by successive differ- 
entiations we find 


ldfids df 
h(r,)=— | -— (°)| 
rdrirdr\ dr 


=af RF (k,t) sinkrdk. (10) 
0 
It is convenient to work in the variables 
n=ht, y=1/x=r/lt. (11) 
Then, if we define 
j(y)=t-*h(r,d), (12) 


where it is assumed that the correlation may be written 
in the form (6), the sine transform of Eq. (10) is, for 
a=4, 


can! was 
F (k,l) =— f j(y) sinnydy. (13) 
ks 3 0 


By means of Eqs. (12), (10), and (6), 7 is related to 
¥(x=1/y), which is given by (7). A straightforward 
evaluation gives two limiting series: 


110 (2—4)(3—4) 
ju) =-—af 14+ AIP 
& 


3! 
(2—4) (3-9) (4-9) (5-9 
+ omnstiale + se | 0<y< 1, (14) 


5! 
and 
110 (1—4)(2—#) 
je)=+—y 14+ — yt 
27 2! 
(1—§$)(2—4)(3—4) (4-9) 
+—— oak anaes yt. 


l<y<@, (15) 


It will be noticed that neither of the above series 
converges as y—> 1, so that jo —@ and j, ++. 
This discontinuity arises in the highest derivative con- 
sidered in Eq. (10), and its presence may be traced 


7 E.g., see R. A. Silverman and M. Balser, Phys. Rev. 96, 560 
(1954). 
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back to the fact that for infinite Reynolds number Eq. 
(5) is a wave equation (in a five-dimensional space) 
for unit velocity. Thus physically the discontinuity in 
j(y) at y=1 (or r=2) reflects a singularity in the corre- 
lation function at r=/=0. This singularity apparently 
arises because we have incorrectly assumed the Kolmo- 
goroff correlation [1—(r/r9)!] to hold strictly for ‘=0. 
And, indeed, for a>1 in Eq. (6) there is no dis- 
continuity. However, the integral (13) is finite in any 
event and we might expect that the Kolmogoroff 
approximation near the origin should not have any 
profound effect on the spectrum, except perhaps at 
large wave numbers. 

Substituting Eqs. (15) and (14) into (13), we obtain 
an expression for F(k,t) involving several infinite series 
in powers of »= kt. If sufficient terms are carried, how- 
ever, it may be shown that most of the coefficients 
cancel identically, with the remaining coefficients re- 
ducing to the simple expression, 


F(k,t) =cak-** coskt. (16) 


This equation may be checked relatively easily by 
taking the inverse transform as given by Eq. (9). Thus 
we find 


3°” 
-[ k-*8 coski(sinkr — kr coskr)dk 
r ko 


lim —— 
ke 


= lim 
kg 


27 r t 
1-| r(a)( sin tt ( )}. (17) 
55 6 r 


where y is given by Eq. (7). Comparing (17) with (6), 
we see that the factor in square brackets in (17) may 
be identified with ro-?, where ro (and ko) refer to the 
largest dimensions (and eddies) in the system. 


Ill. APPROXIMATE SPECTRUM FOR FINITE 
VISCOSITY 


The remarkable simplification achieved in the above 
equations for the time-dependent spectrum suggests 
that the basic differential equation might also be 
greatly simplified if transformed to wave-number space. 
Therefore, writing Eq. (5) [which is the linearized form 
of the general equation (1) ] in terms of F(’,!) by means 
of Eq. (9) (where f= 1—¢), we readily obtain 


PF /df = (ve—1)kF. (18) 


The solution to (18) may be written: 


F(k,)=A cosl (1— ve) tk} 


+B sin[ (1—»?k*)'kt], k<1/y (19) 


and 
F(k,t)=C cosh[ (r— 1) kt] 


+D sinh[ (vr°k’—1)'kt], k>1/r. (20) 


AND P. H. ROBERTS 

In stationary turbulence there is, by definition, no 
“decay” in the usual sense; the time ¢ in these equa- 
tions represents the interval of time between two events. 
Hence the spectrum as we have defined it in Eq. (18) 
cannot depend on whether ¢ is positive or negative. 
Therefore, in (19) and (20) we must set B=D=0. 
Moreover, we must have C=0, since the spectrum must 
stay bounded as t—> «. Hence we are left with® 


F(k,t)=F,(k,0) cosf (1— vk) 4k], k<1/», 


=(), k>1/v. 

This cutoff in the spectrum for k>1/» apparently 
indicates that the turbulence has been completely over- 
come by viscosity and that for sufficiently small ele- 
ments of the fluid only laminar flow exists. Heisenberg* 
has pointed out that there may be a turbulence cutoff 
at high wave numbers and that consequently his k~7 
law might not hold for indefinitely small eddies. This 
idea has been elaborated upon by Batchelor and 
Townsend.* 

It is not possible at present to specify the nature of 
F,(k,0), which appears as an integration constant in 
Eq. (21). Probably Heisenberg’s® spectrum represents 
the closest approach to the energy distribution presently 
available; however, it can only be an approximation, 
for this initial energy spectrum must also have a cutoff 
at k=1/y. That is, from (21) we have 


F(1/v,)=F,(1/»,0) =0. (22) 


The cosine factor in (21) seems to indicate an 
oscillation of the eddy velocities between the limits 
+ |V,(t=0)|. However, since we are restricted to 
stationary turbulence, the absolute values of the ve- 
locities cannot be a function of time. That is, the 
fluctuation of F(k,t) with time merely reflects a constant 
rotation of the eddy k in space, with a period of 


T= 2n/[(1—v*k*)'k). (23) 


For k=0 the rotation period is infinite and decreases 
to a minimum of Tin=4rv for eddies with k=1/V2». 
For smaller eddies the viscosity hinders the rotation 
more and more until finally at k= 1/y there is no turbu- 
lent motion whatever. Thus the cosine term is in- 
terpreted as nothing more than a consequence of 
isotropy in three-dimensional turbulence. 

With this picture the eddies are perfectly stable and 
retain their identity indefinitely. Apparently, quanti- 
tative information on the finite lifetimes of eddies [as 
well as further information on the initial spectrum, 
F,(k,0)] must await a solution to the more exact 


* One’s first inclination is to write F(&s)=C exp[— (r**—1)kt] 
for k>1/»; however, this solution is snanuptiile for the reasons 
stated above. We are indebted to Professor Chandrasekhar for 
drawing our attention to this point and for demonstrating that 
the spectrum must vanish instead for k>1/v. 

*G. K. Batchelor and A. A. Townsend, Proc. Roy. Soc. 
(London) A199, 238 (1949). 
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differential equation (1) or its equivalent in wave 
number space, which is derived in the next section. 


IV. GENERAL EQUATION FOR THE SPECTRUM 


In this section, we wish to express the general dif- 
ferential equation (1) in terms of the turbulence spec- 
trum, F(k,t). Equation (9) may be written in terms of 
Bessel functions, J,, as follows®: 


= F(k’f) ae : 
fom wate? . (24) 


a= 3(x/2 / f F(k,0)dk. 
0 


Combining (24) with a recurrence relation for Bessel 
functions, 


(25) 


d 
zit ya] —s-"J 41(2), (26) 


we obtain for the left-hand side of Eq. (1), 


a oe? Cs ~* F ae 
2 (2 vos)sa—2f ]2(2-)] 
or\ar rJy LR’ \OF 


J 4(k'r)(k’r) dk’. (27) 


The right-hand side of Eq. (1) similarly transforms to 


( a af” Jy(k’r) ‘ 
—D, --c2 f ? (h’ ,.)————dk’ 
f Or ‘) 0 (k’r)! 


© kh F(R’ 1) d [Iy(k'r) 

xf - | (28) 
0 r dk’'L (kr)! 

Integrating the second integral in (28) by parts and 


setting Eq. (27) equal to (28), we have, for a spectrum 
that vanishes sufficiently rapidly as k > ~, 


“r1 /aF 
f L-(- — ruse) [7a wpa 
o Lk’ \ OF 


Gp” r” F] 
ail f f F (k’t) Ck’*F (kt) ] 
ry 0 Ok” 


J y(Rn)\ I (Rr) 
——— —dk'dk". (29) 
(k’k’’)8 
Next we multiply both sides of Eq. (29) by (kr)*J, (kr) 
and integrate over r from zero to infinity. Then apply- 
ing Hankel’s inversion theorem” to the left-hand side 
* 1. N. Sneddon, Fourier Transforms (McGraw-Hill Book Com 
pany, Inc., New York, 1951), p. 48. 
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of (29), we find, with the aid of Eq. (25), 


e 
(—- is) Fes) 
ar 


lp?” a 
a f f K (k,k’,k’)F (kt) —Ck’"F (kt) Wak’ dh” 
kJ, J, ak” 





f F(k, 


tt J (hr) J y(k'r) 
(k’k’’)! . 


(30) 
where 

K(k, k’ Rk’) = 
ri 


KI (k'r)dr. (31) 


The kernel K has been evaluated" as follows: 


0, (k’—k’ >, 
K(k,k Rk’ =51, (a +R’ P<, 
3 (cos@— 1)*(cosé+2), 


(32) 


otherwise, where 
cosd = (k’?-+- k’’"?— k*)/2k'k’’. (33) 


One additional integration by parts of Eq. (30) gives 


oe 
(—- ris) Fb) 
or 


i ¢* 7 OK (k,k’,k’’) 
J f kh’ F (ht) F (kt) dk’ dk" 
k 0 0 Ok” 


= an il Ol 


f F(k,O)dk 
0 


Although 0K/dk” is a discontinuous function, Eq. 
(34) may be more amenable to numerical computations 
than Eq. (30). 

Equation (30) or (34), with K as given by (32), is 
the equivalent in wave-number space of Chandrasekhar’s 
general equation (1). The relatively simple form of 
Eq. (32) for the kernel, K, suggests that (34) may prove 
useful for investigating the spectrum of turbulence in 
Chandrasekhar’s new theory. 
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The characteristic forms of the hydromagnetic equations for a compressible fluid are examined from the 
viewpoint of obtaining by the method of finite differences numerical solutions for continuous initial value 


problems involving unidimensional motion of the fluid. 





INTRODUCTION 


HE equations of motion of an ionized fluid are 

complicated in form and are frequently simplified 
by assuming that (a) the electrical conductivity is 
infinite, and (b) the fluid is incompressible. The first of 
these assumptions leads to the well-known concept of 
the ‘freezing-in’ of the lines of magnetic force and has 
been discussed in detail elsewhere, e.g., by Cowling. 
The second assumption is admissible provided that the 
fluid velocities encountered are small compared with 
the velocity of sound.? However, this condition is not 
always satisfied in astrophysical problems, where the 
gas velocity may be comparable with or even exceed 
the local velocity of sound. 

Hence in order to study many aspects of the hydro- 
magnetic behavior of ionized fluids account must be 
taken of the compressibility of the medium. At the 
same time, some assumption must be made concerning 
the thermal conditions in the gas, and it is convenient 
to adopt the usual postulate of adiabatic conditions in 
the gas. 

Retaining the assumption (a) it is then found that 
the equations of motion of an ionized fluid in a magnetic 
field yield a set of simultaneous partial differential 
equations which are nonlinear and therefore highly 
intractable from the viewpoint of obtaining analytical 
solutions. Some progress has been made by restricting 
consideration to small perturbations about some given 
state, when the equations may be linearized by the 
neglect of second order terms. However, for many 
problems account must be taken of the intrinsic non- 
linearity of the equations since the linearized forms are 
quite inapplicable. 

In particular, this is the case for initial value problems 
in which it is desired to predict the behavior of an 
ionized gas given that it is in some specified state at an 
initial time ‘=0. Problems of this type could, for in- 
stance, have an important bearing on the so-called 
‘inverse-skin’ effect in the solar atmosphere, which may 
be involved in the formation of solar prominences.* 

Similar nonlinear problems are encountered in other 


1T. G. Cowling, The Sun, edited by G. P. Kuiper (University 
of Chicago Press, Chicago, 1952), Chap. 8 

*L. Howarth, Modern Developments in Fluid Dynamics (Oxford 
University Press, London, 1953), Vol. 1, Chap. 1 

*H. Alfven, Cosmical Electrodynamics (Oxford 
Press, London, 1950) 
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branches of physics, particularly in aerodynamics where 
there are not the complications arising from the presence 
of a magnetic field in an ionized gas.‘ In aerodynamics 
considerable progress has been made in obtaining 
numerical solutions for unidimensional gas flow prob- 
lems using the method of characteristics. This involves 
forming linear combinations of the original equations 
to form an equivalent set of relations, in each of which 
all the variables are differentiated in the same direction 
along a common curve. The set of curves so arising are 
called the ‘characteristics’ of the original equations, 
and their gradients the ‘characteristic directions.’ 

In aerodynamics the application of such methods has 
largely been restricted to problems involving only a 
pair of characteristic equations in two independent 
variables. However Courant, Isaacson, and Rees® have 
formulated a finite difference scheme for the numerical 
solution of continuous initial value problems described 
by a set of any (finite) number of characteristic equa- 
tions in two independent variables. An examination of 
the characteristic forms of the hydromagnetic equations 
for a compressible, ionized fluid indicates that a finite 
difference scheme along the lines proposed by Courant 
et al. could be used with considerable advantage to 
obtain numerical solutions for continuous initial value 
probiems involving unidimensional motion of the fluid. 
An outline of the procedure is given in this paper. The 
numerical work entailed is extremely lengthy and no 
attempt is made here to carry through the full solution 
for any specific problem. 


APPLICATION OF THE METHOD OF 
CHARACTERISTICS TO A PROBLEM 
IN UNIDIMENSIONAL FLOW 


Consider the unidimensional motion of a fluid in 
which the magnetic field is everywhere at right angles 
to the direction of motion, a simple case whose im- 
portance has been pointed out by Alfven.* With the 
assumptions of infinite electrical conductivity and 
adiabatic conditions following the motion of the gas 
the hydromagnetic equations for a compressible ionized 
fluid may be written in the well-known forms (e.g., 


*R. Courant and K. O. Friedrich, Supersonic Flow and Shock 
Waves (Interscience Publishers, Inc., New York, 1948). 

‘Courant, Isaacson, and Rees, Com. Pure Appl. Maths. 5, 
243 (1952). 
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Cowling): 
6H/dt=curl(vx H), (1) 
4xpDv/Dt=(curlH)XH—4x gradp, (2) 
Dp/ Di+p divv=0, (3) 
Dp/Di++yp divv=0, (4) 


where the operatoy 
D/Dit=3/dt+ (v- grad) 


denotes differentiation following the motion of the 
fluid, and the symbols H, v, p, p, and y denote respec- 
tively magnetic field, fluid velocity, scalar pressure, 
mass density, and ratio of the specific heats of the 
fluid. The units employed are Gaussian. 

It is convenient to introduce cartesian axes Ox, y, 2 
such that the magnetic field is directed in the y-direction 
and the motion of the fluid occurs parallel to the x-axis. 
Then, writing 


H=H, 


and v=?,, 


the basic equations (1)--- (4) yield in the case of uni- 
dimensional! flow depending on the single spatial coordi- 
nate x the relations 


OH Ov OH 
t +H—+—=0, (5) 
Ox ox al 
OH Ov Or Op 
H—+4xpv—+ 44rp—+4r—=0, (6) 
Ox Ox at Ox 
On Op dp 
p—-+r—+—=0, (7) 
Ox ox at 
On Op Op 
YP + v + 0), (8) 


ox ox @O 


These equations are hyperbolic in type and their 
characteristic forms may be conveniently expressed by 


introducing 
H? yp} 
V -( + ) (9) 
4np p 


to denote the local value of the hydromagnetic wave 
velocity. Then the equations may be transformed into 
the following characteristic set (see Appendix) : 








| OH OH dp ap 

p +1 —H +P =(, (10) 
| at Ox Ob Ox 
| Op dp | Op ap 

pi —+r—}—vp 1 =, (11) 
al ax] | ot Ox 
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oH oH Ov av 
a +(e+V)— | +4n0v|—+ (e+) | 
al Ox al Ox 
ap Op 

+4r| —+(0+V) =| =0 (12) 
ot Ox 
oH oH | ov Ov) 
| +(v—-V)— }— anor +(v—V) 
ot Ox at Ox 
(oP Op 

+49} —+(v—V) =| =0. (13) 
| ot Ox 


In each of these equations the variables H, », p, and p 
are all differentiated along a common curve in the x—? 
plane whose slope is given by 
dx/dt= (v,v, v+V, »— V) (14) 
respectively. When the magnetic field vanishes Eqs. 
(10)-(13) reduce to the characteristic forms of the 
equations describing unidimensional adiabatic flow of 
aerodynamical fluids. In this case the hydromagnetic 
wave velocity V is replaced by the velocity of sound in 
the fluid. 
Consider now a rectangular mesh in the «—/ plane 
whose (%,/)th point is defined by 
x= kAx, t; lAl, (15) 
where 
r= Al/Ax (16) 
si the mesh ratio. It is assumed that the slopes of the 
characteristics are bounded throughout the region of 
integration. If 


|}dx/ dt) max <M (17) 
throughout this region, the mesh ratio r must be chosen 
so as to satisfy the Courant-Friedrich-Lewy condition 
r<i/M (18) 
to insure the stability of the finite difference scheme. 
The technique is now to replace derivatives along 
characteristics by finite differences, the choice of differ- 
ence quotients (forward or backward) being made so as 
to preserve the domain of dependence.® If Hy. ;, m%. ;, Px. ty 
and p,; denote the values of the solutions of the differ- 
ence equations at the net point (x,,/,), the characteristic 
equations are replaced by the following set of difference 
equations: 


Pe, HL, 41 Ae, Pk, +1 
= pe if Laroy :) Me, Frm, Hess, i) 


— Ay f Var, ) pe, FF rm, ess}, (19) 
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Pr, Pe, 41 —~ VPe, We, 41 
= pe i{ (Lary, 1) pe, FF rie, Pers, 1} 


— pe, if (Laer, 1) pe, FF %:, pes, i}- 


Ay Hi, uit 4a (pV )e, te, it 4 fi, 1 
=H, A(1+r(o+ V): Ag iF r(o+ V de, Hear i} 
+49(pV)e AL (Lar (ot+V)e cde, Fr (ot Ve mess, s} 


+4r{(Jar(o+V), tlPu, iF r(vo+V), Per i}- (21) 


He Hy, 1-44 (pV), Me, wit arfe 41 
= Hy {{1+ r(v— Ve iW wero Ve We: 7) 
—44(pV)e {L121 (o—V)e je, FF r(o— V)e, tear} 
+4e{[1ar(o-— Va lps FF r(o— Ve Pears}. (22) 
In each of Eqs. (19)-(22) the upper or lower alternative 
signs are taken according as the respective character- 
istic slope is negative or positive. 
The difference equations possess nontrivial solutions 
only if the quantity 


8xp*V {H?+41ryp} 


does not vanish in the region of integration. This condi- 
tion is clearly satisfied. 

The solution of these equations, entailing the calcu- 
lation of a new set of characteristics at each point of 
the mesh, is extremely laborious and no attempt is 
made here to carry out the numerical work involved. 

However, it is of interest to note an example of the 
type of problem which could be investigated by an 
appropriate choice of initial conditions. Consider the 
case of a magnetic field which at time /=0 is largely 
concentrated within a given region of an ionized gas of 
infinite extent. For definiteness the spatial distribution 
of the field at ‘=0 may be assumed to follow the 


Gaussian law 
H (x,0)= Ho exp(—ax?), 


where Hp» and a are constants. Suppose, also, that the 
mass velocity at this instant vanishes everywhere, while 


the pressure and mass density have the uniform values 
po and po. The initial conditions of the problem would 
thus take the forms 


A, Hy exp(—ax,*), 


Te « 0), 


Pr. o= Po 


Pe, 0o= Po, 


where & is any integer, positive or negative. By assuming 
physically sensible values for the constants Ho, po, po, 
and a, the numerical solution could then be stepped off 
from the initial conditions (23) with the aid of the 
difference equations given above. 


LOUGHHEAD 


ACKNOWLEDGMENTS 


The author is indebted to Professor V. A. Bailey and 
to Dr. R. G. Giovanelli and Dr. J. A. Roberts for the 
benefit of helpful discussions. 


APPENDIX 


The characteristic equations (10)---(13) may be 
obtained by forming appropriate linear combinations 
of the basic equations (5)---(8). To do this it is con- 
venient to introduce the upper suffix notation: 


ui=(H,v,p,p); 1=1, 2, 3, 4, 


and to use the subscripts to denote partial differentia- 
tion with respect to the variables x and ¢. In this nota- 
tion the fundamental equations read 


a‘in,i+b'in,i=0, (24) 


where the repeated indices are to be summed from 
1 to 4 and the coefficients a and 6 are displayed as the 
matrix arrays: 
itt) 
ee H 4Anpv 47 0]. 
oS -.,. -O 
LO yp » O 
1 0 0 0) 
pi} — 19 4x0 0 0| 
e.<@ «@. 1 
lo 0 1 0} 


The aim of the calculation is to replace Eqs. (24) by 
an equivalent set: 


Nb (C’u,'+u,7)=0; v=1, 2, 3,4 (26) 


in each of which the variables u are differentiated in a 
common direction 


du‘/di=C’u,'+u,', 


along a curve x=x(t) for which dx/dt=C”’ (the rth 
characteristic direction). 

To effect this transformation, multipliers A‘ are 
sought such that 


Aat=X'CH", (27) 


and the condition for the existence of \‘, not all zero, 
is that C satisfy the characteristic equation 


a‘i~Cbii| =O. (28) 


This equation has the four roots 
C’= (2,2, 2+ V, »—V); 


which are all real, thus verifying that Eqs. (24) are of 
hyperbolic type. 

Corresponding to the four roots C’ four linearly in- 
dependent sets of multipliers \"', ---, A** (v=1, 2, 3, 4) 
are required satisfying the relations (27) when C=C’. 
In the case of a nonrepeated root the corresponding 
multipliers are proportional to the cofactors of the 


v=1, 2, 3,4 (29) 





FLOW 


elements of any column of the determinant (28). By 
using the cofactors of the elements of the fourth column 
it is found that 


Das —)," \* x" 
H oC’ 4x{(0—C)—V2} 4e 








so that the characteristic equation corresponding to a 
nonrepeated root C’ takes the form: 


n| +o - —4rp(v—C’) |“ +0— 





x 


a rf) 
+4|+o<| =0. (30) 
at Ox 
By substituting in turn C’=0+ V and C‘=»2—V in (30) 
the characteristic Eqs. (12) and (13) are immediately 
obtained. 

In the case of the repeated root C!=C?=», two 
linearly independent sets of multipliers \'* and \** are 
required such that 

A"*(ai— vb") =0, 
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if y=1 or 2. By noting that the matrix a‘/—vb‘? is of 
rank 2 and must therefore possess two linearly inde- 
pendent left-hand factors of zero, it is found that 

Ais (,0,—H,0), 

d= (0,0,r9,—p) 
are two such linearly independent sets of multipliers. 


Hence the remaining characteristic equations are ob- 
tained in the forms: 


0H 0H Op ap 
»|—+e— — | —+-7—; =0, 
ot Ox ot Ox 
(31) 
Op ap dp ap 
[+0 —7p\ —t+e—; =0, 
ot Ox at Ox 


which agree with Eqs. (10) and (11). 

The four sets of multipliers must be linearly inde- 
pendent, and this is ensured by the nonvanishing of the 
determinant 

[nr] = —2pV (4aryp+H?) 


under all physically relevant conditions. 
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Paramagnetic resonance in 2,2-diphenyl-1-picrylhydrazy]l and Wurster’s Blue at very low values of applied 
magnetic fields has been investigated. The disappearance of the maximum of the absorption curve below 
frequencies of 1.3 megacycles has been substantiated. A twin-T resonance spectrometer is described briefly. 
Line broadening with dilution of diphenylpicrylhydrazyl in benzene was investigated at 35 gauss and the 
second and fourth moments of the absorption curves calculated. These data show that the fourth moment 


increases more than the second moment as dilution is increased. 


1. INTRODUCTION 


CONSIDERABLE amount of work has been 
done in recent years on paramagnetic resonance 
in 2,2-diphenyl-1-picrylhydrazyl at fields ranging from 
10 to 10000 gauss, and more recently at fields as 
low as 0.45 gauss.’ This paper presents information 
gained from a series of measurements made on crystal- 
line samples of both diphenylpicrylhydrazyl and 
Wurster’s Blue in fields ranging from 0.24 gauss to 
35 gauss, and on line broadening with dilution in 
benzene of diphenylpicrylhydrazy] at a field of 35 gauss. 
* Supported in part by Research Corporation. 
t Present address: Physics Department, University of Arizona, 
Tucson, Arizona. 
1 L. S. Singer and E. G. Spencer, J. Chem. Phys. 21, 939 (1953). 
—— Pastor, and Kowalsky, J. Chem. Phys. 20, 534 
1 ; 
4A. N. Holden, J. Chem. Phys. 19, 1319 (1951). 


4 Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 
5 Garstens, Singer, and Ryan, Phys. Rev. 96, 53 (1954). 


The experimental results are then compared with theory 
as developed for the low field case by Garstens,* and 
with the theory of exchange narrowing as developed by 
Van Vleck.’ 


2. APPARATUS 


A resonance spectrometer using a twin-7 bridge as 
shown in Fig. 1 was used. All measurements were made 
at room temperature. The samples consisted of 15 grams 
of polycrystalline diphenylpicrylhydrazyl, 5 grams of 
polycrystalline Wurster’s Blue, and 3-cc liquid samples 
of diphenylpicrylhydrazy] in benzene. 


2.1 Static Magnetic Field 


The static magnetic field was produced by a solenoid 
wound on an aluminum tube six inches in diameter and 


*M. A. Garstens, Phys. Rev. 93, 1228 fous. 
7 J. H. Van Vieck, Phys. Rev. 74, 1168 (1948). 
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Fic. 1. Block diagram of twin-7 resonance spectrometer 


three feet long. This form was threaded 52 threads per 
inch and wound with 26 layers of No. 26 NYCLAD 
copper wire. The solenoid was lined up with the earth’s 
magnetic field by a compass and dip-needle, and one of 
the layers of wire was used to produce a field equal in 
magnitude and oppositely directed to the earth’s 
field. This insured that the applied field could be swept 
to zero. 

With the twin-T resonance spectrometer, it was much 
easier to sweep the applied magnetic field than the 
radio frequency, and this was done by a motor-driven 
rheostat. In order to insure that the zero field point 
appeared on the oscillograms it seemed best to actually 
reverse the field in the solenoid by means of the motor 
driven sweep. Thus the resonance curve appeared as a 
double peak on the oscilloscope. Actually these two 
peaks are the peaks of the same resonance curve, one 
occurring when the direction of the field in the solenoid 
was toward one end, and the other o curring when the 
field in the solenoid was toward the other end. This was 
of considerable value in determining that an absorption 
maximum was lacking at fields below 0.47 gauss as 
predicted by Garstens.*® 

2.2 Twin-T Bridge 

A twin-T bridge as described by Sinclair*® was used. 
This bridge was balanced to one part in ten million 
by means of vernier capacitors consisting of quarter- 
inch brass rods threaded 48 threads to the inch for the 
grounded plate, with fixed brass plates spaced approxi- 
mately one-half inch from the ends of these rods serving 
as the other plates. Verniers capable of finer adjustment 
than this have been desirable. The bridge 
housing was made of one-quarter inch aluminum plates 
and four compartments. The 
controls were entirely orthogonal at the lower fre- 


would 


consisted of shielded 


quencies, but interaction was noted at the higher fre- 


quencies. The samples were contained in thin-walled 

test tubes and the bridge coils were wound directly 

on the test tubes to obtain the optimum filling factor. 
2.3 Signal Source 

A general Radio Signal Generator Type 1001 A was 

used for measurements below 50 megacycles, and a 


* D. B. Sinclair, Proc. Inst. Radio Engrs. 28, 310 (1940). 


crystal controlled signal generator was used at 90 
megacycles. Provision was made for checking fre- 
quencies against WWV. 


2.4 Detection System 


The detection system consisted of a Hallicrafters 
SX-62 communications receiver augmented by a 
differential type dc tuning meter. The output of this 
tuning meter was applied to the vertical deflection 
amplifier of the cathode ray oscilloscope, and a sweep 
voltage of approximately one-fifth of a second from the 
motor driven rheostat controlling the magnetic field 
was applied to the horizontal deflection amplifier. With 
proper bridge tuning this system supplied direct ab- 
sorption curves. 

Derivative curves of the absorption signal were ob- 
tained by a lock-in amplifier triggered by the 90 cps 
sine wave oscillator producing modulation of the 
magnetic field. 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


A typical oscillogram showing a direct absorption 
curve for crystalline diphenylpicrylhydrazyl at a 
“steady” magnetic field in the solenoid of 0.73 gauss 
with a radio frequency of 2 megacycles applied to the 
twin-T bridge is shown in Fig. 2. For this direct ab- 
sorption curve, the “steady” magnetic field in the 
solenoid was swept by the motor driven rheostat ap- 
proximately 2.5 gauss each side of zero field, i.e., the 
field in the solenoid was reversed as previously ex- 
plained. This method insured that the point of zero 
applied field was observed. It was very easy to check 
from the oscillograms whether the solenoid was properly 
lined up with the earth’s magnetic field and that the 
correct field was applied to the bucking winding to 
cancel this field by checking to see that the dip in the 
double curve occurred at the zero current point in the 


Fic. 2. Paramagnetic resonance absorption in diphenylpicryl 
hydrazy! at a field of 0.73 gauss with an applied radio-frequency 
of 2 megacycles. 











solenoid. The frequency of the motor driven sweep was 
one-fifth cycle per second. 

Figure 3 shows the direct absorption curve of di- 
phenylpicrylhydrazyl at a “steady” magnetic field in 
the solenoid of 0.27 gauss with a radio-frequency of 0.6 
megacycle applied to the twin-T bridge. The lack of 
the double peak which was evident in Fig. 2 is in ac- 
cordance with Garsten’s prediction® that no absorption 
maximum should be present below 1.3 megacycles. The 
single peak shown in Fig. 3 is the point of zero field 
in the solenoid. 

Line widths for diphenylpicrylhydrazyl at fields 
ranging from 5 to 35 gauss were studied and were in 
substantial agreement with those recently reported by 
Garsten’s.’ These widths were obtained by using a 90 
cps sweep approximately 0.25 gauss wide and slowly 
varying the steady magnetic field by a hand operated 
rheostat to observe the derivative of the absorption 
curve and record the points of maximum slope. 


3.1 Liquid Samples 


Solutions of diphenylpicrylhydrazyl in benzene 
ranging from 0.3 molar to 0.04 molar were studied and 
the second and fourth moments of the absorption curve 
calculated. Van Vleck has predicted’ that dipolar 
broadening is decreased as molecular spacing is in- 
creased, and that this should result in little change in 
the second moment of the absorption curve, but a 
substantial increase in the fourth moment. In addition, 
nuclear hyperfine interactions become a factor in 
determining line width and shape as dilution is in- 
creased. At first these interactions cause line broaden- 
ing beyond that predicted by dipole-dipole interactions 
alone, and finally they cause the smooth line to break 
up into several well defined lines. A plot of the second 





Fic. 3. Paramagnetic resonance absorption in diphenylpicryl 
hydrazyl at a field of 0.27 gauss with an applied radio-frequency 
of 0.6 megacycle. 
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Fic. 4. Second and fourth moments; 
diphenyl-picry! hydrazyl. 


and fourth moments as dilution is increased is shown in 
Fig. 4. Data for these curves were obtained from en- 
larged oscillograms using the definition of the mth 
moment as 


How 
M,= f HdA, 
H=—0 


where H refers to the field where the amplitude of the 
absorption is A, and where the resonance lines have 
been normalized by setting 


fea =1, 


Since some dispersive signal combined with the ab- 
sorption signal resulted in asymmetry of the absorption 
line, each half of the curve was analyzed separately and 
the average of the moments of each half was used in 
plotting the curves shown in Fig. 4. Although the 
second moment did not remain entirely constant as 
predicted by Van Vleck (and this variation could well 
be attributed to hyperfine nuclear interactions) the 
fourth moment showed a greater percentage increase for 
all solutions tested. 
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Statistical Mechanics of Liquid He’ 
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The partition function which Feynman has proposed for liquid He‘ is extended to the case of liquid He’, 
taking into account the Fermi-Dirac statistics and the nuclear spin of 4. The nuclear magnetic susceptibility 
is calculated and compared with the observation of Fairbank, Ard, and Walters. Theoretical and experi- 
mental curves fit when the effective mass of the He* atom is taken about four times its true mass. The 


entropy of the system has not been calculated. 





1. INTRODUCTION 


EYNMAN recently developed' a new method of 

treating quantum statistical mechanics of cooper- 
ative systems, and applied it to liquid He*. Though it 
did not seem completely successful at first because in 
his paper he obtained a transition of a third order, it 
has been shown later® that when one takes into account 
more rigorously the geometrical correlation among 
atoms, Feynman’s formulation does give a second-order 
transition. 

This success of Feynman’s approach encourages us 
to go one step further and examine the case of liquid 
He’, which obeys Fermi-Dirac statistics, in order to 
make the discussion about liquid helium complete. 
The present paper is an attempt in this direction and 
discusses the problem based on the partition function 
and the lattice model Feynman introduced in F I. 


2. ALL PARALLEL SPINS 


The difference between He‘ and He’ is not only the 
statistics but that the latter has a nuclear spin of 
magnitude 4, whereas the former has not. In order to 
show the difference between the Bose-Einstein and the 
Fermi-Dirac statistics clearly, in this section we shall 
treat a case in which the effect of the spin can be 
neglected, namely the state of liquid He’ in which all 
the nuclear spins are aligned in the same direction. 

The expression of the partition function for Bos 
Einstein particles Feynman derived is shown in Eq. (5) 
of F I and can be written in the following form: 
Orer= Nr >» rf (PaPas, o° Pix 

X | e-PF | g1,-++,ty)dai---day, (2.1) 
in which the function in the integrand is defined by 


, , ri 
(a 982 ,°°**, Bw je 6H 21,%2,°**,Zy) 


ar m dx;\? 
“fool fea) 
tr 0 2h? ‘ du 


+> V(x.—x) fa] omn(u, (2.2) 


if 


* Present address: Armour Research Foundation of Illinois 
Institute of Technology, Chicago, Illinois. 

!R. P. Feynman, Phys. Rev. 91, 1291 (1953), hereafter called F I. 

‘R. Kikuchi, Phys. Rev. 96, 563 (1954). 


where for each trajectory the following conditions are 
to be satisfied : 


x,(0)=2z; and 2x,(8)=z2,’. (2.3) 


P in Eq. (2.1) is a permutation of the coordinates of V 
particles among themselves. For the derivation of these 
expressions and the detail of the notations, readers are 
referred to the original paper, F I. 

It can easily be shown that for the partition function 
Qrp for Fermi-Dirac particles one has to bring in a 
factor (—1)” into Eq. (2.1), so that 


Oro= NEE e(—1)" f (Pxs,Pas, ° - Pin 


x |e-F#|2,,- ° Zn) dt, ++ +dty. (2.4) 


The integrand of Eq. (2.4) is the same function as the 
integrand of Eq. (2.1) and is given by Eq. (2.2), 
independent of the kind of statistics. Therefore we can 
use the same argument as F I*“ in reducing Eq. (2.2) 
to arrive at 


(P1;,Pt2,+ ++ Pay |e” | 21,00,- + +t) 


m’ 3N/2 m’ 
-K,(— :) exp| ——"_ 5 (a.~Pa| 
2xBh* 2Bh? i 


X p(t, ++ ,By). 


(2.5) 
This is further simplified if p(z,,---,2) is assumed to 


* See Eq. (7) of FI. 

‘ Professor Feynman in private communication has emphasized 
the point he raised in footnote 9 of F I and said that, although 
the effect of a moving atom in permuting other atoms is not 
important for the Bose-Einstein case where permutations make 
no difference, this effect must be considered in more detail if we 
are to apply these ideas to the Fermi-Dirac case. Although it 
may simply mean a larger effective mass m’, it may also be that 
expression (2.5) is not sufficiently accurate at low temperatures 
with any m’. In addition, one must be especially careful in Fermi 
statistics because the plus and minus contributions of even and 
odd permutations nearly balance out, so that great precision may 
be needed to keep the balance representative of the truth. Al- 
though (2.5) may be correct, he feels that the arguments of F I 
justify its use only in the E.B. case. 

This comment of Professor Feynman warns that one must 
accept the calculations in the following sections with critical eyes. 
The author has decided to publish this work, nevertheless, as he 
believes the expression (2.5) has as much meaning to the problem 
of He? as the Ising model does to that of ferromagnetism. 
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vanish except for z’s located on a simple cubic lattice,* 

yielding 

fen,Pas, ++ Pay | 6-8” | 21 ,40,-- + ,tn~)dti: + «day 
= N!Qo expl —a>_i(x:— Px;,)"], 


where x; indicates a lattice point of a simple cubic 
lattice, a is a constant®: 


(2.6) 


a=m'/(2Bh*), (2.7) 
and (> is a factor introduced in Eq. (2.5): 
Qo= Kgl.m'/ (2xBh*) P* 2. (2.8) 


This is considered a smoothly varying function of 
temperature,’ and is independent of permutations 
pertinent to the present problem. 

From Eqs. (2.4) and (2.6), one obtains for the 
partition function 


Qrp=Qo Dp(—1)” exp[—a D i(x,— Px;,)*]. 


The technique used by Kac and Ward* in the treatment 
of the two-dimensional Ising model suggests that Eq. 
(2.9) can be written in a determinantal form as follows’: 


(2.9) 


g=Qrp/Qo=detA, (2.10) 
where an element of the matrix A is defined as 
A(x,x’)=exp[—a(x—x’)*], (2.11) 


x and x’ taking values of lattice points on a simple 
cubic lattice. When V is the number of lattice points 
in the volume or the system, A is an NXN matrix. 
Following Newell and Montroll,* one transforms the 
matrix A with a unitary matrix U defined by 


U(x,k)=N-ie**s-&, (2.12) 
obtaining another matrix B such that 
B=UAU". (2.13) 
Then 
detA=detB. (2.14) 


x and k in Eq. (2.12), written in components, have the 
following forms: 


x=(kljm)Xd, k=(x,A,u)X (Ld), (2.15) 


where d is the lattice constant, and L=N. k, 1, m, «, 


A, and yw in Eq. (2.15) are integers. Because of the 
lattice structure and the periodic boundary condition 


* For the sake of simplicity, the explanation and calculation 
are based on a simple cubic lattice in the first part of the paper. 
The face-centered cubic lattice is treated in the later part. 

* This a is different from a used in reference 2 by a factor of 
@/T. 

7 See p. 1296 of F I. 

*M. Kac and J. C. Ward, Phys. Rev. 88, 1332 (1952); G. F. 
Newell and E. W. Montroll, Revs. Modern Phys. 25, 353 (1953). 

* For Bose particles, the partition function g is written as a 
permanent of A instead of a determinant as in Eq. (2.10). That 
is why the technique shown below cannot be applied to He‘. 
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with a period of Zd, each of these integers takes one of 
the values between —L/2 and L/2. 

Combining Eqs. (2.11) and (2.12) and taking account 
of the periodicity of the lattice, one has 


B(k,k’)=5(k,k’)S" ,A(O,x)e ae ikex 
where the summation over x is to be carried over all 


the lattice points. Putting Eq. (2.11) into Eq. (2.16) 
and replacing x and k by Eq. (2.15), one obtains 


(2.16) 


L/2 
B(k,k)= >> > } expl—ad*(k+P+m*) 
kl,m=——L/2 
— 2mi(xk+X+pm)/K } 


K m 
-0,(~ ; ool — e ‘Jon(= : -*), (2.17) 
K K K 


where #; is one of the theta functions and is defined as 


d(x; )= DO merine, 


ne 


(2.18) 
and 
r=ad*=m' PRT / (2h). 
In arriving at the 3;-function in Eq. (2.17), L is assumed 
very large, effectively infinite. 
One introduces F by 


(2.19) 


gq=e7F itt, (2.20) 


uses Eqs. (2.10), (2.14), and (2.17), transforms the 
summation into an integral, and obtains 


; 
F r= —3n f dx \Ind3(x;e7"). = (2.21)""" 


=f 


This is the part of the free energy which is pertinent to 
the Fermi-Dirac statistics. As 7 is proportional to 
temperature and 3;(x; e~") is a well-behaved function 
of its arguments, one can conclude from Eq. (2.21) 
that this substance does not show any phase change. 

It should be noticed that after Eq. (2.9) no approxi- 
mation is made except the reasonable one that L>1. 
Particularly, it seems worth while to mention here 
clearly that, although in the previous treatment? of Het 
only polygons having sides of length d as shown in 
Fig. 1(a) was taken into account, in the present paper 
all of the sides of length longer than d such as shown in 
Fig. 1(b) are also taken account of. 

As the form of Eq. (2.12) suggests, what we have 


® See, for instance, E. T. Whittaker and G. N. Watson, Modern 
Analysis (Cambridge University Press, Cambridge and the 
McMillan Company, New York, 1946), Chap. 21. 

"DTD. Lieberman of California Institute of Technology has 
derived essentially the same formula independently. 

® Using relations satisfied by the theta functions, Eq. (2.21) 
can be reduced to a simpler form: 


F/NkT =1n2—(1/4)—\n[02(0; €7)0,(0; €7 0,0; €°7)), 


where 82, 3s, and 0, follow the notations of Whittaker and Watson, 
reference 10. 
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(a) (b) 


Fic. 1. Examples of polygons on a lattice. Each arrow indicates 
a side of the polygon. 


done in this section was to evaluate the partition 
function using momentum space representation, al- 
though we started from the coordinate representation 
introduced by Feynman. This situation becomes clearer, 
when one recalls the alternative way of writing the 
0; function: 


r\} 
= - ” a , 5 | 
03(x; 6°") expL — 3 (x--n)*/ 7 |. 
T n x 


), one obtains 


(2.22) 


Inserting this into Eq. (2.17 


ies 
B(k.k) ( ) 
2am’ &kT 


X¥ expl—#(k+n/d)?/2m’kT], (2.23) 


where n is a vector having integers (plus, minus and 
zero) as its components. Comparing Eq. (2.23) with 
the momentum space approach of the ideal Fermi 
particles, one may tell the similarity and also the 
difference between the two. 

At any rate, Eq. (2.21) does not have much physical 
meaning, because it is for the case of all parallel spins. 
We are more interested in the effect of plus and minus 
spins superposed on the Fermi-Dirac statistics and this 
will be treated in the following sections. 


3. FERMI-DIRAC PARTICLES WITH A SPIN 1/2 


In order to treat He’, one has to take into account 
the fact that an atom possesses nuclear spin of 4. Then 
the partition function of the previous section has to be 
revised so as to include spin functions. Extending Eq. 
(2.4), one sees that the partition function Q is written as 


Q=N"}> EE (=1)%40 f (Pa Paa Pay 


distr Pa Pg 


x |e" |a1,--+,Bw)dai---dey, (3.1) 


where P, (or Ps) is a permutation among atoms having 
a (or 8) spins and > aistr is the summation over different 
distributions of a and 8 spins over the lattice. P stands 
for Pfs. Using Eq. (2.5) and assuming as before that 
the function p has nonvanishing values only when its 
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arguments are on a simple cubic lattice, Q is reduced to 
Q=Qod XL(—1)%at¥s 
distr P, Pg 
Xexpl—a }(x;—P.Psx;)*], (3.2) 
7 


where (p is the same as Eq. (2.8). 

Applying the same technique as in the previous 
section, Eq. (3.2) can be transformed into a determi- 
nantal form as 

q=0/ 


| a 


o= >. detA, 


distr 


(3.3) 


where an element of the matrix A is 


A(x,x’) = f(x,x’) exp[—a(x—x’)*], . (3.4) 


with f(x,x’) defined by 
f(x,x’) 


{ 1, when atoms on x and x’ have the same spin, 
~ |0, when atoms on x and x’ have different spins. 


(3.5) 


As the next step, let us work on one of the terms in 
the summation of Eq. (3.3). Although it is not indi- 
cated explicitly, it should be remembered that a term, 
detA, corresponds to a certain distribution of spins 
over the lattice. To evaluate detA, one transforms the 
matrix A by the unitary matrix U defined in Eq. (2.12), 
obtaining another matrix B of Eq. (2.13), whose 
element is 


B(k’,k) = N i yx Drer* * A(x’ .x)e Qwix x 


Here x and x’ run through all the lattice points. Now 
divide the lattice points into groups so that the lattice 
points in one group have the same distribution of spins 
in its neighborhood (in its nearest neighbor points or 
in its nearest and next nearest points, etc., depending 
on the approximations one chooses). Then 

B(k’k) = \-1 :¥ >a sw erix’ (kk 


Cxr'eCx 


(3.6) 


KAc(0, x—x’ en? (2-2) 


o 


=N IS Ty er x’ -(k’—k)} 
Cc ae 
XE Ac(0,x”)e**”""®, (3.7) 


where x’eC indicates x’ is a member of a group C and 
dc the summation over different groups. Ac(0, x—x’) 
denotes A(0,x—x’) when the origin 0 is a member of 
the group C. Now we make use of a relation 


¥E ert k= NV p(C)s(k,0), (3.8) 


xeC 


where p(C) is the probability of finding a lattice point 
belonging to the group C. When the points belonging 
to the group C are scattered at random all over the 
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lattice, this relation (3.8) is justified as is shown in 
Appendix. Equations (3.7), (3.8), and (3.4) give 


B(k’k) _ i(k’, kK) Sc p(C) 
X Xx exp(-- ax’— 2rix-k) fo(0,x) 
=6(k’,k)>>x exp(—ax*—2rix-k) p(x), (3.9) 


where fc(0,x) means f(0,x) when the origin 0 belongs 
to a group C, and 


(x)=Le p(C) fe(0,x) (3.10) 


is equal to the probability of finding a atoms both at 
the origin and at the point x, plus the probability of 
finding 8 atoms both at the origin and at x. 

As is seen in the following sections, a distribution of 
plus and minus spins over the lattice is specified by a 
set of parameters. Then, Eq. (3.3) can be written as 

q= > detB= » ctl B(k,k), (3.11) 

distr 
where D indicates a set of parameters specifying a 
distribution and GLD] is a number of different distri- 
butions having the same set of values D. In Eq. (3.11), 
B(k,k) is a function of D through p(x). If one applies 
an external field H, the energy of the system increases 


TABLE I. Definition of parameters, x,’s, for a lattice point. 











Configuration Probability 
a 1 
B % 








by M(LD,H] which is a function of D and the field H. 
When one is interested only in the nuclear magnetic 
susceptibility, the magnetic energy M[D,H] is due to 
the nuclear spin magnetic moment, which is assumed 
‘to commute with the rest of the Hamiltonian which 
depends on the coordinates of particles. Therefore the 
effect of the external field H on g of Eq. (3.11) is 
multiplication by a factor exp(—M[D,H)/kT). One 
evaluates g of Eq. (3.11) by its maximum term, or one 
maximizes 


—F/kT=—M(D,HY/kT+1nG(D] 
+54 InB(kk), (3.12) 


with respect to the set of parameters D. F in Eq. (3.12) 

is the part of the free energy we are concerned with. 
For the next procedure, it is convenient to rewrite 

B(k,k) of Eq. (3.9) using Eq. (2.17) as follows: 


B(k,k)=>- x exp(—ax*— 2rix-k)[p(x)—p. ] 


K r p 
+pi(<se")o.(— o)o(=e"). (3.13) 
K K K 
where 
bo= lim p(x). (3.14) 


r in Eq. (3.13) is defined in Eq. (2.19) and is propor- 
tional to temperature. 
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Tasxe II. Definition of parameters, »;’s, for a bond. » is the 
number of configurations having the same probability y,. 











Configuration Probability n 
a-a v1 1 
a-Bs vs 2 
s—8 Ys i 








4. SIMPLE CUBIC LATTICE TREATMENT 


In order to proceed further, one chooses a set of 
parameters to specify distributions. The simplest 
approximate treatment is explained in this section. 
The procedure follows closely that derived by the 
author in the treatment of the Ising model," and 
readers are referred to the original paper if necessary. 

In the first approximation, to be called the “pair 
approximation,” the parameters one uses are proba- 
bilities of finding configurations on lattice points and 
those on bends as shown in Tables I and II. From 
geometrical consideration, one derives the relations 
among the parameters as shown in Table III. 

For the weight factor GD] of Eq. (3.12), one uses 
the last equation of Sec. B of TCP I, or 


G=Xy'¥y'NP, (4.1) 
where 
2 3 
Xw=[I(xN)!, Yw=II (iN)! (4.2) 
t= i—1 


Hence, using Stirling’s formula, 


InG= fsx > x; Inx,—3 e vei iy. (4.3) 


i} 
Using the definition of p(x) and Table II, one derives 


p(origin)=1, 
p(nearest neighbor) = y,+ ys, 
p (further neighbor)+ p,.= x°+2/. 


(4.4) 


The last of these relatiuns is approximate, but seems 
consistent with the approximation one makes for G in 


TaBLe III. Relations among parameters for the simple cubic 
lattice treatment. meaning of the table is, for instance, 











y= 4+E:— yo. &: and yp are independent variables. 
i & ” 
x 1 
xy —-1 
yn 1 -1 
a] ~1 —1 





on Kikuchi, Phys. Rev. 81, 988 (1951), hereafter called 
This formula is also discussed in Kurata, Kikuchi, and 
Watari, J. Chem. Phys. 21, 434 ——. Equation (4.1) gives 
Bethe’s approximation when | applied Ising model. 














1688 RYOICHI 


Eq. (4.1). The magnetic energy of the system is equal to 
M(D,H \=nHN(x2—2%1)=—2HNE, (4.5) 


where yu is the nuclear magnetic moment. 

Inserting Eqs. (4.3), (4.4), and (4.5) into Eqs. (3.12) 
and (3.13), and transforming the summation into an 
integral, one obtains 


F 2twH inG 


——o -+ + faring, (4.6) 
NkT &kT N 
where 
Q= (44-26:7)0s(x; e-)Ba(y; ")Oa(2; -") +4 
— 22+ (}—2y2—2£,7)2e-* F cos2ex, 4.7)" 
with 
> cos2xx= cos2xex+cos2ry+cos2xz, (4.8) 
and 
~ i i ‘ 
fee f ax f ay f dz. (4.9) 
~4 =—} -4 


Differentiation of Eq. (4.6), with respect to &, gives 


xy yi pH 
5 In —3 In +2 + f deses(or(2)onQ)040) 
kT 


x2 ys 


—1—2e°" } cos2ex|/Q=0. (4.10)'* 
When #7 is zero, &;=0 is a solution of this equation."® 
Another possibility, #0, corresponds to a ferromag- 
netic state, to which we shall refer later, but first we 
solve the problem of the nonferromagnetic case. As we 
are interested in the magnetic susceptibility which is 
the property defined for vanishing magnetic field, the 
second equation dF /dy,.=0 is to be solved for yz under 
the condition £,-=0. Then one obtains 


1—2y2 dr 
9 Dec tn 2e-" > cos2rx, 


22 Qo 


(4.11) 


where {2 is 2 of Eq. (4.7) with §&,=0. The magnetic 
susceptibility x is defined from Eq. (4.10) as 


1 H kTg 3 
= lim = 


H-0 2 1—2y: 


x Qui 
—1—2e-" ¥ cos2rx} a} (4.12)'* 


—5-— fenton v)33(y)0s(z) 


As it seems hopeless to solve Eq. (4.11) analytically, 
it was solved numerically,'’ to obtain y, and hence x of 
Eq. (4.12) as functions of r. Then in order to compare 


% , introduced in Table ITI, is a long-range order parameter. 
x, y, and « without subscripts are cartesian coordinates and are 
to be distinguished from the parameters, x;’s and y,’s, defined in 
Tables I and I 

#9,(x; 6°") is simply written as 8;(x), dropping the second 
argument ¢~’, as it would not cause any confusion 

17 For the numerical integration, Weddle’s rule was used. This 
is to approximate ., /7/(x)dx by (3 10) {(—3)+-5/(—2)+f(—1) 
+6/(0)+ f(1)+5/(2)+ f(3)]. See, for instance, D. R. Hartree, 
Numerical Analysis (Oxford University Press, Oxford, 1952), 
p. 101, 
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the results with observations, 7 was converted to actual 
temperature. Assuming that the density’ of He’ is 
0.08 g/cc and is independent of temperature, Eq. (2.19) 
is written as 


T=2.0(m/m’)r, (4.13) 


where m is the true mass of a He* atom, and m'’ is its 
effective mass introduced by Feynman in F I. As T is 
proportional to 7, if one first plots x against r, it is 
easily converted to a function of 7, only by changing 
the temperature scale, the scale factor depending on 
m'/m. In Fig. 2, xT7/C and y.—0.25 so obtained 
assuming m’/m=5.5 are plotted against T with solid 
curves. This value of the ratio is taken in order to give 
the best fit of the observations by Fairbank, Ard, and 
Walters’ which are also shown in Fig. 2 with black 
circles. Fairly good agreement with the experiments is 
also obtained for the values of m’/m in the range 


5.0 < (m'/m)e<5.5. (4.14) 


Comparing the treatment of the Ising model in 
TCP I and the present calculation, one knows that the 
ferromagnetic Curie temperature, if it exists, is to be 
given by the condition: y-*. From the curve in 
Fig. 2, it is clear that this condition is not satisfied, 
and hence there is no ferromagnetic state, within the 
temperature range of the present calculation.” 

The value of m’/m in Eq. (4.14) seems to be much too 
large, when one recalls that the value of the corre- 
sponding ratio for He* was estimated by Feynman! as 


TEMPERATURE, °K 
04 ~«06 

1.0 7 . 

0.9} 


0.8} 
& 
~O.7}+ 





O6F 
0.5F 





@ 0.02} 
x 
© 0.01} 


- _, a 














4 a! A ts 
04 06 os Lo 
TEMPERATURE, °K 
Fic. 2. Plots of nuclear magnetic susceptibility x and the 
parameter y2 defined in Table II against temperature. C in xT7/C 
is the normalization constant such that lim y7/C=1. The black 
Tt 


circles are experiments by Fairbank, Ard, and Walters.” The 
solid curves are the calculated ones based on the simple cubic 
lattice treatment (“pair” and “square” approximations) and 
m'/m=5.5. The broken curves are the calculated ones based on 
the face-centered cubic lattice treatment (“tetrahedron” approxi- 
mation) and m’/m= 3.5. 





‘SE. C. Kerr, Phys. Rev. 96, 551 (1954). 
® Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954). 
* L. Goldstein and M. Goldstein, J. Chem. Phys. 18, 538 (1950). 
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about 1.5 and was 1.3 by the author’s calculation. It 
was suspected that this ratio might change when one 
improves the approximation and uses a square as the 
basic figure, just as was done for the Ising model in 
Sec. D of TCP I. But the actual calculation based on 
the “square” approximation gave practically the same 
curve" for x7/C as a function of r. This shows on one 
hand that the result shown in Fig. 2 is practically the 
rigorous solution of the model we used in this section, 
and on the other that the value of m’/m in (4.14) is 
inherent in the model itself and does not depend on the 
approximation used in this section. 

Therefore, as the next step to examine m’/m, the 
face-centered cubic lattice is taken with a hope that it 
might give a lower value of this ratio. It will be ex- 
plained in the next section. 


5. FACE-CENTERED CUBIC LATTICE TREATMENT 


The calculation based on the face-centered cubic 
lattice is essentially the same as that for the simple 
cubic lattice. But in order to make clear the approxi- 
mation used in the process of the calculation, some of 
the equations will be listed below. 

Equations (2.1) to (2.14) remain valid for this case, 
but as the reciprocal of a face-centered cubic lattice is 
a body-centered cubic lattice, Eq. (2.15) should be 


Taste IV. Definition of parameters, 2;’s, for a tetrahedron. 
+i is the number of configurations having the same probability 3;. 
This table is the same as Table VII(a) of TCP I with different 
notations. 











Configuration Probability vm 

a 

| 

a 1 1 
P 
a a 

‘ 

a Ze 4 
Y 
a a 

i 

B 23 6 
F athe. 
a a 

i 

8 % 4 
ot Ny 
8 a 

8 

| 

B Zs 1 
eM 
8B 
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Taste V. Relations among parameters. The meaning of the 
table is the same as Table ITT. 

1 & ¥2 &: % 

% ; 1 -2 —1 1 

23 ! —1 

Bs - -1 

Zs ; -1 - 1 1 








modified accordingly. Equation (2.17) is replaced by 


kX pw 
Biw)=O(—— se"), (su) 
KKK 
where 
O(x,y,2; )=05(2x; 0s(2y; )0s(22; 0) 
+8,(2x; )d2(2y; )8s(2; 1) 
+02(2x; 1)83(2y; t)02(2s; £) 
+08;(2x; )82(2y; )82(22; 0), 


and #,(x; ¢) is another theta function defined by 


(5.2) 


d.(x;)= © {OrD2pritntie. 


n= 


(5.3) 


Consequently, Eq. (3.13) is changed into 
B(k,k) => exp(—ax*—2rix-k)[p(x)—p..] 


1 (- A pb ‘ 
soa, —-,— 0°" }. (SA 
. KKK ) fia 


As it is known that the “pair” approximation for the 
face-centered cubic lattice is poor” because the corre- 
lation among the first shell points is neglected, the 
tetrahedron approximation™ will be taken up in this 
section. Then in order to proceed further, one uses 
besides Tables I and II probability parameters defined 
in Table IV. These parameters, 2z;’s, are expressed as 
functions of £ and y, of Table III and additional two 
variables, £ and 23, as shown in Table V. 

For the free energy F, the expression (4.6) is used 
with different definitions for G and Q: 


InG a 6 2 
—=6 .o Vivi Iny;—2 } 2 va; Inz;—5 > xy Inx;, (5.5) 
N t= tml jm] 
and 


Q= (4+ 2:7) 0 (x,y,2; 7") +-4— 26? 


+ (4—2y2—2&;*)2e-" & cos2x(x+y), (5.6) 
where 
LX cos2x (x+y) = cos2x(x+y)+cos2x(y+z) 
+cos2x(z+x). (5.7) 





* See, for instance, Fig. 9 of TCP I for the two-dimensional 


™ The deviation was only 0.3% even at the lowest temperature i net. 
calculated, r=0.5. r = This corresponds to Sec. H of TCP L. 
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Equation (5.5) follows from Eq. (H1.2) of TCP I. The 
next procedure is to minimize F with respect to inde- 
pendent variables to obtain 


v2 22 dr 
3 In——2 In—=4e f= conte (s+), 
21 2% 


¥1 (5.8)*4 


corresponding to Eq. (4.11). In place of Eq. (4.12), one 
has 


14y.—4 
+ 4 f drlO(s,y,85¢ »*) 
(1 —2y2)(1 — 32) 


~1—2e-" ¥ cos2x(x+)} a4] (5.9) 


The two equations (5.8) are solved for y2 and 2; 
numerically and these values are inserted in (5.9) to 
evaluate x. The results of the calculation are shown 
in Fig. 2 with dotted curves. In the process of arriving 
at these curves, the temperature scale was changed 
from r to T by the relation 


T= 1.6(m/m’')r, (5.10) 


and the value m’/m=3.5 was used. The range of the 
value of this ratio which gives fairly good fit with the 
experiments is 


3.2<(m'/m) tec <3.8. (5.11) 


In order to make sure of these numbers, a calculation 
taking into account the second and the third neighbors 
was carried out. It was found that this improved 
approximation gave essentially the same values as in 
(5.11), and one can conclude, for this lattice also, that 
the values in (5.11) are very close to the rigorous 
results of the model. 


6. DISCUSSION 


Equations (4.14) and (5.11) show that (m’/m)tce is 


smaller than (m’/m),.. This can be interpreted as 


follows. As one sees from the lower curves of Fig. 2, 


¥2 is greater than }. This means that a—8 (and 8—a) 
pairs appear more often than a—a and 8—8 pairs; in 
other words the system shows an “antiferromagnetic” 
tendency. Wannier® proved that the Ising model of a 
two-dimensional triangular net does not exhibit anti- 


™ These are the equations obtained by minimizing the free 
energy F with respect to y: and s, and then putting £, and & 
equal to zero. The other two equations, which correspond to 
Eq. (4.10) and are derived by minimizing F with respect to & 
and £ were not listed here, though Eq. (5.9) is derived from these 
two equations. As was mentioned in connection to Eq. (4.10) we 
know that £,—0 and ,=0 are possible solutions of these unlisted 
two equations for the vanishing value of H, and we are interested 
only in these values of é’s. &; and § are both long-range order 
parameters and their nonvanishing values correspond to ferro 
magnetic state which does not occur in our problem. 


* G. H. Wannier, Phys. Rev. 79, 357 (1950). 


KIKUCHI 


ferromagnetic state whereas the square net*® does. 
This is interpreted as due to the fact that triangular 
net is divided into three equivalent sublattices whereas 
the square net divides into two. The same argument 
holds for the three-dimensional case and one expects 
that the antiferromagnetic state is difficult to be 
realized for the face-centered cubic lattice which is 
divided into four sublattices whereas it is easier for the 
simple cubic lattice which has two sublattices. This is 
the reason why one obtains smaller values of y: and 
hence smaller deviation of x7/C from unity for the 
face-centered cubic lattice than the simple cubic, 
corresponding to the same value of r. The larger the 
xT/C is, the lower the m’/m becomes. 

Another factor to lower (m’'/m)tec compared to 
(m'/m)s. is the change of the numerical factors, 2.0 
and 1.6, of Eqs. (4.13) and (5.10), respectively, which 
are inversely proportional to square of the hypothetical 
lattice constant, as is seen in Eq. (2.19). When one 
assumes no holes, the lattice constant for the face- 
centered cubic lattice is larger than that for the simple 
cubic in order to give the same macroscopic density. 
The smaller this numerical factor is, the smaller the 
m'/m becomes. 

Even though one knows the values of (4.14) and 
(5.11) for the two regular lattices, for the present there 
is no practical way of calculating the value of m’/m 
for a random distribution of atoms, though probably 
it is not too unreasonable to guess that the true value 
would lie in between the two. 

The final problem which still remains is why the 
value of m’/m should be so large (3.2~5.5) in order to 
fit the observation. Probably the answer lies in the 
passage from Eq. (2.4) to Eq. (2.5) as Feynman pointed 
out,‘ but it will not be discussed further in this paper. 

It is certainly of much importance to calculate the 
entropy of the system in order to discuss the nature of 
the approximation and also to check Pomeranchuk’s 
prediction,” but the entropy which we can calculate 
using the method of this paper is only related to q of 
Eq. (3.3) and is not the total entropy of the system, 
as the factor Qo of that equation is unknown. Since the 
interpretation of the entropy derived from g is not 
settled yet, it will not be reported here. 

As a conclusion we can say that the partition function 
which Feynman proposed can explain at least qualita- 
tively the properties of liquid He‘ and also of liquid 
He’ without contradiction. 
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APPENDIX. DISCUSSION OF EQ. (3.8) 


For simplicity let us look at the part of Eq. (3. 8) 
related to the x-component. Then the problem is to 
evaluate the value of the function 


g(x) = , eribdk 


keC 


(A.1) 


where & and « are the same as in Eq. (2.15). In the 
complex number plane, g(x) is the vector connecting 
the origin to the end point of the succession of vectors 
of the summand. When one assumes that points 
belonging to the group C are scattered at random, the 
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problem is looked upon as random walk in the complex 
number plane, and the probability W(r)dr of finding 
the vector g(x) lying within the interval (r, r+dr) 
from the origin is given by 


W (r)dr= (en) exp(—|r|?/m)dr. (A.2) 


In this equation n is the total number of arrows con- 
sidered, i.e., n= N'p(C). As p(C) is independent of N, 
when NV becomes larger W(r) approaches to the delta 
function, 5(r), closer and closer. Therefore for very 
large V, Eq. (3.8) is justified. 

8 See, for instance, S. Chandrasekhar, Revs. Modern Phys. 15, 
1 (1943). 
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Beats have been obtained between incoherent light sources by mixing Zeeman components of a visible 
spectral line at a photosurface. Periodicity in emission was observed through the excitation of a 3-cm 
cavity. Because of incoherence between the spectral lines and incoherence between the beats from different 
photocathode areas, the signal-to-shot-noise ratio at the cavity is only 3X 10~* but the beats were modulated 
optically, while maintaining constant total intensity and our receiver was able to yield a signal-to-noise 
ratio of two at the indicator. The basic idea is that, in the photoelectric process, the emission probability 
for electrons is proportional to the square of the resultant electric field amplitude, implying an interference 
between light originating in independent sources. This is a point of view which does not appear to be tested 
in any other experiment involving quantum effects. The experiment also demonstrates that any time 
delay between photon absorption and electron release must be significantly less than 10~” second. 


I. INTRODUCTION 


] ‘HE combination of two wave trains of slightly 
different frequencies is equivalent to a wave of 

the average frequency modulated by the difference 
frequency. This is evidenced in the phenomenon of 
acoustical beats and is responsible for the operation of 
superheterodyne radio receivers. The periodic variation 
in intensity which occurs at a fixed point on the image 
of a Michelson interferometer when one of the mirrors 
is moving may also be interpreted as beats between 
the light reflected from the stationary mirror and light 
which has had its frequency changed by reflection 
from the moving mirror.'~* However, the problem of 

. Supported in part by the Office of Naval Research. Repro- 
duction in whole or in part is permitted for any purpose of the 
United States Government. 

t Now on leave at Westinghouse Research Laboratories, East 
Pittsburgh, Pennsylvania. 

i Now at Hughes Aircraft Corporation, Culver City, California. 

Now at North American Aviation, Downey, California. 

1A. Righi, J. Physique 2, 437 (1883) describes an in 
production of light beats. To demonstrate that light which has 
passed thr a rotating Nichol prism may be resolved into two 
circularly po beams, one increased and one decreased in 


frequency with respect to the incident light, he performed an 
experiment, in its essence a double-slit interference iment, 
in which one slit was illuminated by light of reduced frequency 


beating incoherent light waves, i.e., light waves which 
originate in different sources, is quite different, and 
since the publication of the original suggestion,‘ it has 
been argued® that the observation of such beats is 
impossible. These arguments, when examined carefully, 
really provide reasons why beats between incoherent 
light sources are difficult, rather than impossible, to 
detect. Were optical lines much sharper than they are, 
or possible to produce, without great broadening, in 
much greater intensity than present techniques permit, 
beats between incoherent light waves would be easy 
to observe. 

Following the publication of the original suggestion‘ 
for this experiment, Ruark,’ calling attention to an 
and the other slit by the increased frequency, both altered to be 
plane polarized in the same plane. The moving fringe pattern he 
observed, and [eee as beats, is, in principle, no different 
— those produced by moving a mirror of a Michelson inter- 
ferometer. 

2 E. Riichardt, tik 6, 238 (1950), raises an objection to this 
point of view based on a requirement for coherence over a beat 
period. His objection is adequately answered in reference 3. 

*C. V. Fragstein, Optik 8, 289 (1951). 

‘ Forrester, Parkins, and Gerjuoy, Phys. Rev. 72, 728 (1947). 

§ Gerjuoy, ‘Forrester, and Parkins, Phys. Rev. 73, 922 (1948). 

*L, R. riffith, Ph . 73, 922 (1948). 

7A. Ruark, Phys. 73, 181 (1948). 
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Fic. 1. Spectrum required for the production of sharp beats 


earlier paper,’ pointed out that waves of different 
frequencies are not necessarily incoherent, a point of 
view with which we are in complete agreement. When 
the mirror of a Michelson interferometer is moved, or 
in Righi’s experiment,’ the two frequencies are thor- 
oughly coherent. When a periodic modulation of a 
wave occurs, the sidebands generated in the process 
have phases which are related and are therefore co- 
herent. We wish to make a special point of the fact 
that the lines we are mixing are regarded as completely 
incoherent with respect to each other; i.e., that the 
relative phase shift of the two lines is completely 
random and occurs at a rate limited only by the widths 
of the two lines. 

Imagine a source of light emitting two spectral lines 
arising from two sets of atoms and therefore incoherent. 
The line widths 6, and 42, shown in Fig. 1, can arise in 
many ways, €.g., as a natural width or from Doppler 
broadening. Whatever the source of the broadening, 
this curve may be thought of as a plot of the squares of 
the amplitudes of the Fourier components of the 
electromagnetic field which is the light. The combi- 
nation of these two lines should show beats between 
all of the Fourier components of one line and all of the 
components of the other (and also between components 
of a single line which can be ignored because they occur 
in a different frequency range). The variation in 
amplitude with time is shown in Fig. 2(a) where the 
effect of a line width which is not negligible is displayed 
by irregularities in the wave envelope. The beat fre- 
quencies will vary approximately from f,;—/,—é to 
fo—fit6 but will nevertheless be a well-defined beat 
pattern providing that 


fr— fi >, (1) 


which is equivalent to stating that the coherence time 
1/6 should be long compared to the beat period 
1/(fa— fi). 

Line widths, in the visible region, for allowed trans- 
itions, run about 10° cps but because it is hard to avoid 
a great deal of broadening when high intensity is 


* Breit, Ruark, and Brickwedde, Phil. Mag. 3, 1306 (1927). 








AND JOHNSON 





sought, 10° cps is a more reasonable figure to use in 
making estimates. The inequality (1) then requires 
that f2—f, be of the order of 10 cps or greater to 
produce a sharp beat frequency. Fortunately 10” cps 
is a very convenient region of the electromagnetic 
spectrum in which to detect energy and is a frequency 
separation easily produced by the Zeeman effect. 

A nonlinear device is required for the generation of 
the difference frequency. For light waves a solution is 
provided by the photoelectric effect, in which, over a 
small range of frequencies, the current is proportional 
to light intensity, or electric field amplitude squared. 
Indeed, the assumption that the probability of emission 
of an electron is proportional to the square of the total 
electric field intensity is really the fundamental assump- 
tion of this experiment. It implies an interference 
between light originating in different atoms, which 
many physicists find contradictory to their ideas about 
the nature of interference. 

The validity of this approach to the photoelectric 
effect, rather than, for example, a squaring of the 
amplitudes of the Fourier components before addition 
(which would yield a time-independent current), al- 
though extremely basic, does not appear to be tested, 
at least with anything like this degree of directness, 
in any other experiment. Furthermore, it seems that in 
no other experiment involving a quantum effect as 
detector, is an effect observed which must be interpreted 
as interference between independently generated waves, 
including wave functions for, say, electrons. 

It is worth noting that the generation of the beat 
frequency depends on what would ordinarily be called 
a one-quantum process. Any effect which required 
that photens act in pairs, or successively, to produce 
emission is so small compared even to the observed 
effect, as to be considered, at present, indiscernible. 

Makinson® has made a calculation which is a more 
rigorous treatment of the photoelectric effect than we 
attempted. Since he describes the electric fields classi- 
cally and permits the addition of waves of different 
frequencies, it is a calculation which we would expect 
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Fic. 2. Electric field variation (a) due to an admixture of two 
spectral lines and the accompanying photoelectric current (b). 
The irregularities show the effect of line widths which are not 
negligibly small. 


*R. E. B. Makinson, Phys. Rev. 75, 1908 (1949). 
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to reduce to our own. However, in his application of 
his results to the problem of light beats he finds the 
phase of the beats to vary with the velocity of the 
emitted electrons which, he states, would result in a 
very smal] percentage modulation, whereas the starting 
point in our calculations is that the photocurrent from 
a sufficiently small area is 100 percent modulated, as 
shown in Fig. 2(b). Makinson’s conclusion should be 
based on a demonstration that the variation in phase 
with velocity is of the order of x or greater. As far as 
we are aware, the magnitude of this phase variation 
has not been calculated. 


Il. ORDER OF MAGNITUDE CALCULATIONS 
A. Comparison between Signal and Shot Noise 


It is shot noise which provides the basic obstacle to 
the observation of the process as outlined and a very 
simple picture suffices for an estimation of the signal- 
to-shot noise ratio which can be expected. In Fig. 2(b) 
the photocurrent, resulting from a spectrum made up 
of two lines satisfying the criterion (1), is shown. Shot 
noise which would cause variations in current not 
mirroring those in the field intensity is neglected for the 
moment. Unfortunately, beats from widely separated 
areas of the cathode cannot be expected to be in phase, 
unless we use perfectly plane light. In a more realistic 
case we can expect the relative phase of each of the 
light waves and, therefore, the phase of the beats to 
be constant over an area of the order of the size of the 
diffraction pattern of a single point on the source," i.e., 
d?/Q, where © is the solid angular spread in the light 
at the photocathode. From this area the average peak 
value of the ac current, at the beat frequency, is equal 
to the average or dc current, so that the mean square 
value of the ac current from this elementary area is 


(ig?) = fia =} (D\*/ AQ)’, (2) 


where J is the total photocurrent from a cathode of 
total area A. If we consider the signal from each area 
of coherence (meaning an area of the size \7/Q) to be 
randomly phased with respect to all others, then we 
must increase the ac current for the entire cathode by 
a factor 4/n, where n= AQ/X* is the number of times 
the area of coherence goes into the entire cathode area. 
Thus for the entire cathode, the mean square current is 


(i) = (ig?) AQ/N = PA*/2AQ. (3) 


The dc current is proportional to m, so that, if m is 
very large, the current has the character of dc current 
modulated by the minute amount given by Eq. (3). 
Inevitably associated with a de photocurrent J is the 
mean square shot noise current (i,”)=2eJAf. To com- 
pare this with the signal, Af should be taken as the 
frequency interval throughout which the signal is 
spread, approximately the line width 4 times v2, 


® Discussed at greater length in Sec. IVB. 
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leading to 
(#)/(in*) = NT /4V205 AQ, (4) 


an equation which we can use in determining the order 
of magnitude of the expected signal-to-noise in the 
emitted current. The experimental signal-to-noise ratio, 
aside from errors arising from the character of the 
approximations made in deriving Eq. (4), will be worse 
than this due to receiver noise. However when circuit 
noise is minimized and 7 made as large as inequality 
(1) allows, the shot noise does become the major source 
of noise. 

Using the green line \= 5.461 X 10~* cm of Hg™, and, 
after passing the light through an optical system con- 
taining a filter to remove all Hg lines but this one and 
a polaroid to select the appropriate components of the 
Zeeman spectra, we were able to get a photocurrent of 
3.85X 10-* ampere from an AQ of 0.17 cm*-steradian, 
under conditions for which 6=8X10* cps." These 
numbers in Eq. (4) lead to an expected signal-to-noise 
ratio of approximately 10~. 


B. Observability of this Effect 


The detection of an effect so heavily overwhelmed by 
noise demands that a modulation be imposed on the 
signal in such a way that the noise remains unmodu- 
lated. In a technique which is now common™ the 
modulated signal, after detection, is passed through a 
very narrow band amplifier, preferably phase selective, 
before registering on the indicator. A system of this 
kind gives a signal-to-noise ratio at the final indicator 
which is," approximately, 


5S/N= €(Aif/Asf)!, (S) 


where ¢ is the input signal-to-noise ratio, A, f the band 
width of the input, and 4,f the band width of the 
narrow-band amplifier. 

Unfortunately, it is not feasible to choose A,f equal 
to the spectral line width, approximately 1000 mega- 
cycles per second. It was found difficult to make a very 
low-noise microwave receiver with a band width greater 
than 7 megacycles. Since we arrived at e=10™ in 
Sec. ITA, we require here, for S/N =1 that A,f=0.07 
cps. Actually effects not taken into account in this 
rough calculation, such as the effect of extraneous light 
on the photocathode, worsen the situation so that, in 
practice, a response time of 250 seconds, implying 
A, f~0.004, was able to give a signal-to-noise ratio of 
only two at the final indicator. A great deal of patience 
is required to obtain data under these conditions and 
pains have to be taken to see that effects of amplifier 
drift do not give spurious signals. 


" Factors governing the choice of this spectral line, and condi- 
ag a which these numbers were obtained are discussed in 
*R. H. Dicke, Rev. Sci. Instr. 17, 268 (1946). 
4 Easily seen to be an imation to the exact Eq. (17) 
as shown f ing Eq. (22). A qualitative argument is presented 
by R. H. Dicke (reference 12). 
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The accurate quantitative calculation from which 
Eqs. (4) and (5) may be found as approximations, is 
deferred to Sec. IV so that it can be developed 
with specific reference to the circuitry presented in 
Sec. TIID. 


Ill. EXPERIMENTAL EQUIPMENT AND PROCEDURES 
A. Modulation Technique 


While producing the modulation of the signal it is 
necessary that the shot noise remain unmodulated to 
the order of one part in 10°. It is not possible, for 
example, to produce the desired modulation by modu- 
lating the magnetic field responsible for the line sepa- 
ration because the light intensity is too dependent on 
the magnetic field intensity. It did prove possible to 
modulate with constant total intensity by taking 
advantage of the difference in the polarization of the 
central and outer components of the Zeeman spectrum 
with the optics shown in the upper left of Fig. 3. 
Ignoring, for the moment, the optics to the left of the 
light source, light from the source passes through a 
rotating half-wave plate whose effect on a polarized 
beam of light is to cause a rotation of the plane of 
polarization at twice the rate at which the retardation 
plate rotates. The action on polarized light of the 
rotating \/2 plate followed by a polaroid is to produce 
an interruption of the light at four times the rotation 
frequency. Viewed perpendicular to the magnetic field, 
the light is composed of the x components polarized 
parallel to the magnetic field, and the ¢ components, 
polarized normal! to the magnetic field so that the effect 
of the rotating \/2 plate plus polaroid B is to produce 
an alternation between the x and o components at the 
photosurface. If the magnetic field is set so that beats 
between ¢ components occur at the frequency of the 
cavity, then this will result in a modulation of these 
beats. 

If the total light from the source is unpolarized this 
modulation will occur with no variation in total light 
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Fio. 3. Basic apparatus for the photoelectric mixing experiment. 
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intensity or photoelectric emission. However, it was 
found that our sources were never unpolarized to a 
degree even approaching one part in 10°. Even in the 
absence of a magnetic field a light source is usually 
polarized by an amount of the order of 1 percent. In a 
magnetic field the polarization of our microwave 
excited electrodeless discharges was of the order of 10 
percent, or 10* times too large. An adjustable tipped 
glass plate which could compensate for 6-8 percent 
polarization was placed between the source and the 
rotating 4/2 plate as shown in Fig. 3. The remainder 
of the polarization compensation was accomplished by 
making use of the light leaving the source in the reverse 
direction. This light was polarized, adjusted in intensity 
and plane of polarization and sent back through the 
source so as to produce zero signal on the compensation 
monitoring oscilloscope and zero signal on the recording 
meter which is the output of the compensation moni- 
toring circuit chain. 


B. Photomixer 


It is in the photoelectric mixing tube, or photomixer, 
shown in Fig. 4, that the beat frequency is generated. 
Because of the small signal, even under the most 
favorable conditions, it is important that the photo- 
surface be as sensitive as possible. The other require- 
ments for the tube can be quantitatively obtained from 
the calculations of Sec. IVA, but it is easy to under- 
stand qualitatively what they are. The cathode must 
have the largest possible area and see the largest solid 
angle so that the photocurrent can be large. The 
signal-to-shot-noise ratio is not affected by this increase 
in total current but it is important in order to get 
above detector noise. For the same reason it is im- 
portant that the resonant cavity in which the current 
pulses are converted to electrical energy receive almost 
all of the current and have as high a Q and R (shunt 
resistance) as possible. The latter requirement calls for 
a large gap in the cavity which in turn requires high- 
energy electrons in order that transit time be held to 
less than half a period. 

The obvious photosurface is the SbCs,; photosurface 
because of its great sensitivity and because it can be 
laid down on the glass in a semitransparent layer having 
a very large light-gathering power. For electron focusing 
purposes the front surface of the tube was ground to the 
shape of a sphere of radius of curvature 2 in. Contact 
to the }-in. diameter cathode was made by means of a 
layer of platinum laid down on the glass as shown. The 
electrode following the cathode was a sheet of molybde- 
num formed to be a sphere concentric with the cathode. 

“ The large degree of polarization in a magnetic field has an 
interesting een explanation. Electrons moving along the 
magnetic field are quickly swept out of the discharge. Electrons 
moving at right angles to H are confined to tight spirals. The 
plasma can be expected, then, to be made up predominantly of 
electrons whose velocity is normal to H. These can be expected 
to excite radiation polarized normal to H, the ¢@ lines. These are 
observed to predominate. 
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A grid strung across the }-in. diameter hole was woven 
of 0.0005-in. diameter tungsten wire spaced 0.020 in. 
between wires. The purpose of the cylindrical electrode 
is to permit slight adjustments in focal length, and of 
the flat plate to shield the cavity from electrons which 
originate elsewhere than at the photosurface and to 
make possible a focusing prior to examination of the 
microwave power delivered to the cavity. The entire 
electrode structure except for the cathode is assembled, 
as shown in Fig. 4, on three columns of Pb glass beads 
held together with platinum tie rods, and carried on a 
single 0.100 in. diameter tungsten lead. 

The requirement of high voltage, in order to minimize 
transit time, and the use of Cs in the photosurface 
manufacture, almost proved incompatible. After the 
admission of Cs it becomes impossible to hold high 
voltage across Pyrex. The Cs appears to form a con- 
ducting layer which does not leave the glass at temper- 
atures up to 150°C, the highest temperature to which 
the tube could be subjected after the photosurface was 
laid down. However the use of lead glass"* in strategic 
locations makes it possible to hold high voltages. Each 
lead-in had a graded seal and a }-in. length of lead 
glass and the support structure was made of lead glass 
beads held together by a tie rod made of platinum to 
match the coefficient of expansion of the glass. 

Serious technical difficulties associated with the 
making of seals for bringing energy out of the cavity 


%V. K. Zworykin and E. G. Ramberg, Photoclectricity (John 
Wiley and Sons, Inc., New York, 1949), p. 88. 


were eliminated by folding the envelope down into a 
hole in the side of the cavity, so that a pick-up loop on 
the end of a coaxial line could be inserted externally. 
The portion of the glass inside the cavity was a very 
thin-walled bubble and did not load the cavity meas- 
urably. A low-loss glass had been planned for this 
application but Pyrex was found satisfactory. Here, 
again, to prevent electrical leakage a lead glass shield 
had to be used. This method of withdrawing energy 
from the cavity not only eliminated the problem of 
difficult vacuum seals but provided the very great 
advantage of permitting external adjustment of the 
coupling to the cavity. 

To correct for the effects of stray magnetic fields and 
misalignments, the tube was mounted between two 
pairs of Helmholz coils so that a variable field in any 
direction perpendicular to the electron beam could 
easily be generated. 


C. The Light Source 


Equation (4) establishes as a figure of merit for a 
light source photosurface combination \*//4AQ or 
\*g4/6, where g is the photoelectric sensitivity and 4 
the intensity of the spectral line used. It has been found 
that the quantity 9/6 increased with 9 and that it is 
desirable to make the light source as bright as possible, 
consistent with the condition (1). Although it is not 
necessarily so, under certain circumstances 6 will vary 
as 1/,. In that case the figure of merit becomes \*g4. 
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The semitransparent SbCs, photosurface has its 
maximum sensitivity at about 5000 A."* The factor A*g 
has its maximum at 5300 A and A*g at 5400 A. These fig- 
ures immediately suggest the use of the Hg 5461 A line 
(see Fig. 5). In addition many other factors point to the 
use of this line. Mercury is an excellent choice because its 
large mass minimizes Doppler effect, its availability in 
separated isotopes makes it possible to eliminate hyper- 
fine structure as a source of broadening, its sparse 
spectra contains very intense lines which are easily 
separated from each other and its convenient form and 
vapor pressure makes its use in discharge tubes ex- 
tremely convenient. The green line not only occurs 
close to the optimum wavelength but is very brilliant 
and there is a great practical convenience in working 
with the wavelength which has become the standard 
for retardation plates, nonreflecting coatings, etc. There 
are two drawbacks to this line. The ease with which the 
line reverses prevents the use of deep columns at high 
intensity; and the Zeeman spectra for this line, shown 
in Fig. 6, are such that only 60 percent of the energy in 
the « components is effective in producing beats. It is 
not inconceivable that a careful examination of the 
lines (4046 or A4358 might make them intrinsically 
somewhat better than (5461 but the difficulty of sepa- 
rating the blue and violet lines with filters of sufficient 
transmissivity rules strongly in favor of the green line. 
The filter used was made up of 3 mm of Jena glass BG 
20 and 2 mm of Jena Glass GG 11 “A” which passed 
97 percent of the green line, excluding the effect of 
surface reflections, while effectively eliminating all of 
the other mercury lines. To minimize surface reflections 
the filter components and a polaroid were cemented 
together with Canada balsam. 

In line with recent light source developments,'’-” 

*V. K. Zworykin and E. G. Ramberg (reference 15), p. 98. 

" W. F. Meggers and F. O. Westfall, J. Research Natl. Bur. 
Standards 44, 447 (1950). 

‘Kerr and Des Lattes, Office of Naval Research Technical 
Report No. 10, Contract Nonr, 248, T. O. 8 (unpublished). 

® Zelakoff, Wykoff, Aschenhand, and Loomis, J. Opt. Soc. Am. 
39, 12 (1949). 

Be Jacobsen and G. R. Harrison, J. Opt. Soc. Am. 39, 1054 
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our light source was a microwave-excited electrodeless 
discharge using a Raytheon Microtherm CDM-2 with 
a maximum rating of 125 watts (but measuring only 
100 watts) as a source of power. The advantages of 
exciting at 2450 Mc/sec were very great as compared 
to lower frequency excitation. With this supply we 
were able to get greater intensity and much more stable 
operation than with a 70-megacycle 2-kilowatt gener- 
ator we had used previously; and the lifetimes of the 
tubes, limited by blackening of the walls of the quartz 
tubes, were much longer at the higher frequencies.” 

The tubes were made of quartz and shaped as shown 
in Fig. 5, with light drawn off through the broad faces. 
The discharge was narrow in one dimension to minimize 
self-absorption and of large area to produce the maxi- 
mum total amount of light. With this source we were 
able to get intensities of 6X10~* watt per cm? per 
steradian™ through an optical system containing the 
green filter and a polaroid under conditions for which 
the line width, using Hg”*, was approximately 10° cps. 
This was obtained with 100 percent of power to the 
source and cooling of the source by directing jets of 
air at the two 1-in. long edges. The cooling air was 
directed at the edges, rather than the faces so that the 
condensed mercury would not obscure the light. 

It was possible, by cutting down on the cooling, to 
get intensities as high as 2.4X10~* watt per cm? per 
steradian through the filter and polaroid, but under 
circumstances in which the line widths were too great 
for this experiment. 


D. Circuits 
The essential circuitry is shown in block form in 
Fig. 3. The power delivered to the cavity by the 
electrons is withdrawn by a coupling loop on the end of 
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Fic. 6. Zeeman pattern for the 5461 A line of Hg, a *S;—*P; 
transition. x lines, polarized with the magnetic field, are drawn 
above and @ lines below. Heights of lines represent relative 
intensities and the circles indicate the positions in the normal 
triplet. 

™ The light source is described much more fully in a separate 
paper being prepared for another journal. 

Intensities quoted are values estimated from the photocurrent 
from a 929 and the bandbook value of photosensitivity at \5461. 





PHOTOELECTRIC MIXING OF INCOHERENT LIGHT 


a coaxial line coupling into a waveguide which feeds 
the power to a magic T. In the T this power is mixed 
with local oscillator power at a pair of crystals in a 
technique now common in microwave detection. To 
avoid the difficult transformation problems encountered 
in changing a balanced signal from the crystals to a 
one-sided input for the intermediate frequency (i.f.), 
the crystals are Microwave Associates IN23CMR, a 
matched pair of crystals of opposite polarity with 
respect to the cartridge. This retains the advantage of 
balanced detection, i.e., the cancellation of local oscil- 
lator noise, and simplifies the problem of an appropriate 
input transformer for the i.f. amplifier. Since the trans- 
former is one of the most important components in 
achieving a low-noise, wide-band amplifier, this is an 
important feature of the detector. The i.f. amplifier is 
a 30-megacycle amplifier with a noise figure of 1.0 db 
and a band width of 7 Mc/sec with a gain of about 
80 db. The i.f. detector output is fed into a 4-cycle 
wide 45-cps amplifier whose output was rectified by the 
phase detector which was a mechanical switch made 
up of four 90° segments, rotating with the half-wave 
plate which produced the signal modulation, and three 
brushes at 45° intervals connected as shown in Fig. 4. 
The phasing was adjusted to produce a maximum 
output for a signal of the proper phase by rotating 
polaroid B. The rectified signal was passed through a 
low-pass RC filter with an RC of 250 seconds, which 
sets the band pass of the 45-cps detecting circuitry at 
approximately 1/250 cps. The filter output is fed to a 
low frequency (0.1-cps) periodic chopper at the input of 
the balanced dc amplifier which eliminates dc amplifier 
drift as a source of spurious signal. The effect of the 
chopper is to discriminate between signals originating 
prior to the dc amplifier and de amplifier drift in a 
manner which is made clear in the photographs of 
Fig. 7. The positive and negative portions of the 
chopper cycle are unequal in length to discriminate 
positive from negative signals. This is particularly 
important when working near noise level, as in trace 3, 
Fig. 7, in order to be able to observe, when frequent 
reversals occur, whether the trace is not more often in 
one direction than another. 

The system has inherent in it a method of checking 
to see whether an apparent signal originates anywhere 
else in the circuitry. A rotation of polaroid B by 90° 
should reverse the sign of a signal which originates in 
the light source, but leave unaffected a signal originating 
between the photosurface and the chopper. 

Because of klystron drift a device for maintaining the 
local oscillator frequency at 30 Mc/sec from the cavity 
frequency is necessary. A 120-cps frequency-modulated 
signal is reflected from the cavity as shown in Fig. 3. 
Far from the cavity resonance, the signal displayed on 
the oscilloscope trace mirrors the i.f. response, as shown 
by the dotted curve on the oscilloscope. When the local 
oscillator is properly set with respect to the cavity, the 
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oscilloscope trace shows a dip whose width is character- 
istic of the cavity Q and whose depth is characteristic 
of the coupling to the cavity. This simple circuit, then, 
provides us with a guide to i.f. alignment, a monitor for 
holding the local oscillator at the correct frequency with 
respect to the cavity, and a guide for proper adjustment 
of the cavity coupling. The 120-cps signal and its 
harmonics are unable to pass through the narrow-band 
45-cps amplifier. 

The polarization compensation monitor chain is fed 
by the 45 cps component of the current to the resonant 
cavity, and is essentially identical to that portion of 
the main detector chain following the i.f. detector. 
However, it contains a phase shifter so that the two 
chains can be set to amplify exactly in phase. 


IV. CALCULATIONS 


A. Precise Calculations for an Arbitrary Area 
of Coherence 


Because some interesting conclusions can be drawn 
from an accurate comparison of the observed signal 
with the theoretical signal strength, and because the 
detecting system is one which has a wide application, 
it seems pertinent to present an outline and the results 
of a precise calculation. 

If two spectral lines of equal intensity and equal 
width, and with Gaussian shapes, are split into Fourier 
components which are added and squared, representing 
the action of the photosurface, that part of the current 
per unit area which arises from differences in frequencies 
in the two lines is 


i=[(2In2)/x]*(iae/ V8), exp — (1n2) (wo—wy)*/8"] 
Xcos(wal+,)(4w)!, (6) 


where wo is the difference in frequency between line 
centers, 6 is the line width, ige is the photocurrent per 
unit area, ¢, is a random phase and Aw is the band 
width of a single component of the sum. (All frequencies 
are here expressed in radians/sec.) The current is 
proportional to cathode area only over a small area 
y\"/Q, referred to as the area of coherence, where Q is 
the solid angular spread in the light striking the cathode, 
d is the wavelength, and y is a numerical constant of 
the order of one.™ Since the beats from separate areas 
are randomly phased, the rms beat current from the 
entire cathode is proportional to the square root of the 
number of such areas in the cathode surface. This leads 
to a mean square current, in the frequency range w to 
w+ dw, including here the effect of the modulation at a 
frequency wy, 


1 /ln2\ * a7] Ay? 
m-i(3)'2 
2\ 277 8A 


2(In2) (wo—w)? 
fe 


(Aw) cosw ul, (7) 


xexp| — 
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where /, is the de current to the cavity, a; is the fraction 
of the photocathode area from which electrons enter 
the microwave cavity and az is the fraction of the 
photoelectrons due to light from the two lines being 
mixed. 
Accompanying this current is the unavoidable shot 
noise given by 
(1 7)=el Aw/x, (8) 


where ¢ is the electron charge. The currents given by 
Eqs. (7) and (8) deliver power to the cavity according to 


(I*)R 


P = ——_____—__ (9) 
1+4F(w—w.)*/w? 


where R, QO, and w, are the shunt resistance, Q-factor 
and resonant frequency of the cavity, leading to a 
power per unit frequency range into the microwave 
receiver, including receiver noise referred to its input, 
dP, 1 

+Kr 
do 1+40?(w—w,)*/w2 

Ke coswyl 
, -- (10) 
1+40?(w—w,)?/w? 


. 1/rin2\!y*? la? 
acageeyees 
2 2 e 6a,AQ 


is the signal-to-shot-noise ratio at the cavity and 


K p= FRT(1+8)/2el RS 


(11) 


(12) 


is the ratio of the contribution of receiver noise to that 
of shot noise at the central frequency. F is the noise 
figure of the microwave receiver and 8, the coupling 
coefficient, is the ratio of power withdrawn from the 
cavity to power dissipated in the cavity. Q and R are 
both inversely proportional to (1+). 

The effect of the superheterodyne detection and i.f. 
amplification is to lower all frequencies and multiply 
the power by G,(w), the i.f. power gain, leading to 
dP, | 1 

=(r;(w) | 
deo AAO 
K BK COSw ast ' 
4 , to 
1+40* (w—w;.1.)?/w? 


An expression for the output of the detector following 
the i.f. may be obtained by repeating the process which 
led to Eq. (6), ie., representing the power P; as the 
square of the voltage expressed in terms of the Fourier 
components. If we retain only terms w~wy = 24X45, 
we get for the input to the 45-cps amplifier: 


V=2Y 3, cos(wf+¢,)(Aw)'+K eX coswyt, (14) 


™In ordinary microwave circuitry this would be the second 
detector. In this application it is the third, the first being the 
photosurface. 
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where 
” Gi(w)dw 


0 14402 (w—wis)?/o? 


(15) 


and 


x“ 1 2 ; 
Y= if Gie)| Kr+ : ]a.| . (16) 
0 1+-40?(w—w}.1.)?/w? 


The effect of the phase detector plus the low-pass filter 
is to give, finally, a signal-to-rms-noise ratio”® at the 
indicator: 





S/N=K,X/2YZ, (1 
where 


~ 4 


G;(w) being the voltage gain of the low-pass filter. 

In going from Eq. (13) to Eq. (14) we assumed, 
above, a square-law detector. Our detector, as operated, 
is more nearly linear than square-law but, according 
to Selove,”* this will not alter Eq. (17). 

For the low-pass filter shown in Fig. 3, 


S/N =(RC/2n)'KpX/Y, (19) 


where R is the parallel impedance of the filter resistance 
and dc amplifier input. 
For a flat i.f. response over a band width B, 


(20) 


X= B(ian"'s)/s, 


where s=(B/w, is the ratio of i.f. to cavity width, and 


tan-'s /1 - , 
r=a| ( +2Ky)+ —_ +Kel], (21) 
s 2 21+s° 


so that 


S Kg(RCB’)*(tan~'s)/s 
- (22) 


N tans /1 ao 
: (+2Kr)+ | +Ke] 
5 2 21+s? 


where B’= B/2x is the if. band width in cycles per 
second. For Ke=0 and s<1, this reduces to S/N 
= (RCB’)'K in confirmation of Eq. (5). 


B. Area of Coherence 


There remains to be calculated the constant y, giving 
the ratio of the effective area of coherence to \?/Q. It 
is plain that the area of coherence must be of the order 
of the size of a diffraction image from the following 
considerations: Over a diffraction pattern a large phase 
shift occurs but, since the diffraction pattern is essen- 
tially identical for two frequencies very close together, 
the relative phase shift and therefore the phase of the 


% This result is easily seen to be quite similar to that of R. H. 
Dicke (reference 12) as expressed in his Eq. (20). 
* W. Selove, Rev. Sci. Instr. 25, 120 (1954). 
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beats remains constant over a diffraction pattern, if 
the two frequencies originated at a single source point. 
Of course, the area of a single diffraction pattern 
contains many overlapping patterns but it is still true 
that the beats will not be completely random until we 
get to two image points separated by the size of the 
diffraction image. The area of the central image is 
3.67X7/Q2 so that the effective area of coherence is 
certainly less than this, the intensity in the secondary 
diffraction rings being very small. 

Gerjuoy”” has made a calculation of the signal 
strength based on an integration over the entire cathode 
using an expression for the field intensity which con- 
siders the light as spread uniformly over an area A 
with a solid angular spread Q, at each point, and derived 
an expression for the intensity which an appropriate 
comparison with the derivation of the preceding section 
yields a value of y= 1. 

Another, and very interesting, approach to y may 
be made through a work of Landé.** He derives an 
expression for the number of degrees of freedom in a 
beam of light acting for a specified time, which can be 
converted, for a narrow band of frequencies, into an 
expression for the number of independent oscillators 
required to duplicate a light beam of given area and 
angular spread. If this number of oscillators is equated 
to the number of areas of coherence, we are again led 
to y=1. 


V. EXPERIMENTAL RESULTS 


Several recording meter traces are shown in Fig. 7, 
The signal size is gotten from a comparison of trace 1 
with trace 3, corresponding to a rotation of the polaroid 
B, Fig. 3, through 90°. The signal does not merely 
change sign in this process, as it should, indicating 
that some signal originates in the circuitry and this is 
borne out by trace 2 taken for zero light intensity. The 
source of the spurious signal apparently lies in a 
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Fic. 7. Photograph of meter traces. 
” E. Gerjuoy, University of Pittsburgh (unpublished). 
%* A. Landé, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1928), Vol. 20, p. 453. 


H x 107 Gauss 


Fic. 8. Final signal-to-noise ratio »s Zeeman field. Cavity current 
= 3.85 wa. Accelerator voltage = 5400 v. 


mechanical coupling between the rotating \/2 plate 
and the microwave circuitry. At least it is true that 
pains taken to isolate these and to make the rotation as 
quiet as possible reduced this to the low level shown from 
a very much higher one. The signal obtained in this 
manner, divided by the rms deviation from the mean 
was taken for several magnetic field variations and is 
shown plotted in Fig. 8. The lengths of the lines drawn 
through each point are the probable error in the results 
and are less than the rms values of the deviations out 
of the dc amplifier because the trace was observed for 
a time long compared to RC for the low-pass filter. 
Because of darkening of the light source tubes, and 
other effects, it was not possible to duplicate the 
conditions for each point and the signal heights have 
all been corrected to 3.85 wa. 

The relative contribution of circuit noise and shot 
noise is contained in Eq. (22) and a measurement of 
the variation in total noise with cavity current yielded, 
through this equation, a value of Kr=0.206 at /, 
= 3.85 wa. [This value in Eq. (12) yields a noise figure 
for the microwave receiver of approximately 8, which 
is consistent with that expected from the measured i.f. 
noise figures and checks the value roughly measured 
directly. ] 

For the calculation of Kg by Eq. (11), 6/29 was 
taken as 8X 10* cps. This value is obtained from Fig. 7 
if it is realized that the width, at half-maximum, of 
the best spectrum is V2 times the spectral line width. 
The fraction of photocurrent which entered the cavity 
was a,=0.6, and for the spectral line used (see Fig. 6) 
a,=0.6. The factor AQ was approximately 0.17, leading 
to Kp=2.63X10~°. 

When these values of Kg and Ky together with 
RC=240 sec, B’=6.8X10* cps and s=1 are used, 
Eq. (23) leads to 


(S/N )esteutares™ 0.83. (23) 


This is one-half of the observed S/N shown in Fig. 8, 
close enough to be regarded as good agreement. Further- 
more, a spatial variation in emission over the cathode 
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area, due either to light source or photocathode inhomo- 
geneity, will cause an S/N greater than that calculated 
on the basis of uniform emission and it is likely that 
the nonuniformity in emission was considerable. 


VL. CONCLUSIONS 


The agreement between calculations and observations 
is regarded as a verification of the basic premise dis- 
cussed in the introduction, i.e., that photoelectric 
emission is proportional to the square of the total wave 
amplitude, implying an interference between indepen- 
dently generated light waves, and as a generalization, 
perhaps, the same kind of interference between other 
waves such as quantum mechanical wave functions. An 
alternative to this conclusion would be that there existed 
some coherence between components of a Zeeman 
spectrum. However, from a quantum-mechanical point 
of view two Zeeman lines originate in two distinct sets 
of atoms with different orientations in the magnetic 
field and are as independent as if they originated in 
different atomic species. Furthermore, it seems unlikely 
that an effect due to a completely unrelated cause 
would produce so nearly the same size signal as the 
one we calculated. 

A secondary conclusion is that any delay between 
photon absorption and electron emission must be 
significantly less than 10~-” second, since a decay time 
equal to the beat period would decrease the signal by a 
factor of 6.4. This time is so short compared to the 
lifetimes of allowed transitions in the visible that it 
becomes significant. For example, the possibility that 
an electron could be raised to some metastable state 
from which it might decay to the free electron state 
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is ruled out at least for the antimony-cesium photo- 
surface used in this experiment. 
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The continuity equations for positive ions and for electrons coupled to each other by the Coulomb force 
and the effect of ionizing collisions have a solution representing traveling density waves whose frequencies 


are widely different from the usual plasma oscillations. 





HE aim of this paper is to show that there can 
exist, in the positive column, traveling waves of 
ion density and electron density whose physical nature 
is different from the so-called plasma or plasma-ion 
oscillations.’ It is premature to identify these waves 
with the moving striations, but a further elaboration of 
the theory accompanied by an adequate consideration 
of modes of excitation of the waves may perhaps provide 
a theoretical basis for explaining moving striations. The 
present paper differs from the previous papers by 
various authors which tried to explain positive striations 
with the help of diffusion equations, for they considered 
only the electron density or assumed equality of the 
electron and ion densities.” 

The starting equations are diffusion equations for 
positive and negative ions. Since the observed wave- 
lengths of striations are larger than the mean free paths 
and since the observed frequencies are smaller than the 
reciprocal of the time necessary to establish local equi- 
librium, the use of the diffusion equations is justifiable. 
These two diffusion equations are coupled to each other 
through two physical phenomena. First, the electro- 
static field generated by positive space charges reacts 
on negative charges, and vice versa. Second, both 
positive and negative ions are created by collisions of 
electrons with neutral molecules, the density of which 
is much larger than the ion and electron densities. The 
coupling between the two ion densities under an external 
electrostatic field gives rise to the possibility of traveling 
density waves. 

In the following, more emphasis should be placed on 
the possibility of the existence of such waves than on 
the numerical results. However, a rough approximation 
gives as the wavelength something of the order of 
magnitude of the radius of the tube, which is com- 
parable with the observed data. The propagation 


' This can be seen in Eq. (19) which gives the frequency de- 
pending on the external electric field. 

2M. T. Druyvesteyn, Physica 1, 273 and 1003 (1934); M. F. 
Shirokov, Doklady Akad. Nauk S.S.S.R. 89, 837 (1953). See a 
Armstrong, Emeleus, and Neill, Proc. Roy. Irish Acad. 54-A, 291 
(1951). Our thanks are due to Professor Emeleus who informed 


us of Dr. V. D. Farris’ yet unpublished th on moving 
striations. [Proc. Phys. Soc. (London) (to be published).] His 
work, however, also assumes approximate equality of positive and 
negative densities. Yoshimoto ef al., treat the same problem with- 
out this assumption, but their results are essentially different from 
ours since they do not take creation of ions into consideration. 
Our results, as can be seen from our Eq. (26), depends crucially 
on the rate of production of ions. See Yoshimoto, Sato, and Nakao, 
Repts. Phys. Dent., Okayama Univ. 10, 15 (1954). 


velocity of waves in the first approximation is of the 
order of magnitude of the positive ion mobility times 
the impressed electric field. This is apparently smaller 
than the observed velocity of moving striations.’ How- 
ever, a qualitative discussion at the end of the paper 
will show that a further refinement of the theory may 
probably bring the propagation velocity to the neigh- 
borhood of the sound velocity of the neutral gas in 
the tube. 
The basic equations are: 


(dn-/dt)+div(n-v~)—zn- =0, 


(dnt /dt)+div(ntv+)—sn-=0, (1) 


v-= —K-E—(D~/n-) gradn-, 
yr +K+tE-— (D*/n*) gradnt, 


where the symbols have the following meanings: 


(2) 


n*,n~: positive and negative ion densities, respec- 
tively, 
positive and negative drift velocities, 
K+, K~-: positive and negative mobilities, 
D*, D~: positive and negative diffusion coefficients, 
z: number of ion pairs created per unit time 
per one electron. 
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The assumption that z is constant may be justified if 
the temperature variations can be considered very 
small. The electric field E consists of two parts: EB» and 
E’, where Ep, is the impressed electric field and E’ the 
electric field generated by space charges. 


E= Eo+ FP’, 
divE=divE’ =4re(n+—n-), 


where ¢ is the electronic charge. We consider only singly 
charged ions and assume that the tube has a circular 
cross section and ignore the effect of the both ends of 
the positive column. 

We propose now to solve these equations by assuming 
that the actual solution is a superposition of a steady, 


(3) 


* In a tube approximately one centimeter in diameter and con- 
taining argon at 12 mm pressure, we have observed positive 
striations in the glow discharge moving with velocities of 25 
meters per second or higher. Using the data of J. A. Hornbeck, 
Phys. Rev. 84, 615 (1951), on drift velocities of A* in argon, one 
finds that an average field intensity of 2600 volts per meter would 
be required to account for the observed velocity. The velocity of 
sound in argon under the above conditions is 320 meters per 
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uniform solution m¢* plus a small nonsteady, nonuniform 
disturbance y*. The assumption that » is small com- 
pared with mo* may not be realistic if the theory is to 
be applied to the actual striations. This assumption 
thus is a mathematical expediency to linearize the 
equations and to help discover certain aspects of the 
complicated physical situation. 


n* =ngt-+-y*, | vt | <<not, 


n =n +y, |v \<Kne. 


(4) 


We shall write & for the electric field generated by 
the steady, uniform charge densities mo*. The word 
“uniform” here means that the quantities do not depend 
on the x-coordinate taken along the axis of the tube. 


Ong, ‘Ol= Ong / dt = 0&/at = 0, 
Ong* /dx= Ong /dx= 06/dx=0, (5) 
&,=0. 


These no*, no and &=E’ must satisfy Eqs. (1), (2) 
and (3). 

The well-known ambipolar diffusion solution‘ may 
be considered as an approximate solution satisfying 
these conditions, i.e., Eqs. (1), (2), (3), and (5). This 
ambipolar diffusion solution is not self-consistent in the 
sense that the assumption mo~=mo* leads to E’= &=0 
according to Eq. (3), while the other assumption which 
is also used that v,*= v,~ (ry meaning radial component) 
leads, on account of Eq. (2), to the electric field given by 

D*—D 1 dno 
b,=—__—.—.—, (6) 
Kt+K- No dr 
where ¢ is the radial distance from the tube axis. 

However, we can expect that a rigorous solution of 
Eqs. (1), (2), (3), and (5) under adequate boundary 
conditions is not very different from the ambipolar 
diffusion solution, in particular in the region not too 
close to the wall of the tube. We assume specifically 
that the rigorous solution has, in common with this 
approximation, the following features. First, in the 
region which is not very far from the tube axis the 
densities no* and no~ are almost constant and approxi- 
mately equal to each other. Second, the rate z of pro- 
duction of ion pairs is roughly given by 


c= (2.405/R)*D,, (7) 


where the ambipolar diffusion coefficient D, is de- 
fined by 


D.= (D*K~+ D~-K*)/(K*++ K-)=K*«T./e, (8) 


where « is the Boltzmann constant and 7, is the electron 
temperature.‘ R in Eq. (7) is the radius of the tube. 

Now we substitute Eq. (4) in Eqs. (1) and (2), and 
simplify the equations with the help of the fact that 
* See for instance J. D. Cobine, Gaseous Conductors (McGraw- 
Hill Book Company, Inc., New York, 1941), p. 236 ff. 
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no* is the solution of Eqs. (1), (2), and (3), satisfying 
Eq. (5). The second order term in the disturbance is to 
be neglected. For instance, in the term div(n*v+) of 
Eq. (1), there will appear a term like 
div(»*K=e), (9) 

where e is the electric field generated by the disturbance 
v=, i.e., 

dive=4re(v+—v~). (10) 
The term (9) is neglected. Then Eq. (1) becomes a set 
of linear equations for y+ and v~, which are 
(dv~/dt)+div[ — K- (no-e+ y~Eo+ v-&) 

— D~ gradv-]—zv-=0. 
(dv*/dt)+div[ + Kt (note+ v+ Eo+v*8) 

— D* gradv* |—2zv-=0. 
where & and e are the fields generated respectively by 
no* and v*. 

As we are interested in the region not too close to 
the wall, we assume 
dv-/dr= dv /dr=0, 
e,=0. 


(11) 


(12) 


Remembering that &,=0, Eq. (5), and that mo* is 
almost constant in the central region, we can simplify 
Eq. (11) to the form 
(dv-/at )— K-E,y(dv—/dx) —D- (Py, ‘Ax*) 

+7 — yt =0, 


(dv+/dt)+ Kt+Eo(dvt/dx) — Dt (d?vt/dx*) (13) 
+7 vt —yw =0, 
with 
¥1= 4reK— (2ng-— not) — 2. 
=4reK-ng, 
¥2 0 (14) 


3= 4reK* (2ng+— no), 
“= 4reKtng*+2, 


where mo* and mg are approximately equal to each 
other. 


(15) 


The coefficients y2 and 4 represent the coupling be- 
tween the two densities. 

We now proceed to show that Eq. (13) has a solution 
which represents traveling waves of y+ and » both 
having the same space-time dependence. Let us insert 
in Eq. (13) the expression: 


not = ny (= No). 


y-=a-e'! fo-tot 
yr= atets—tat (16) 
where a~ and a* are complex amplitudes. We then 
obtain 
(—iw—iK-Egk+ D-k*+-7;)a- —y20* =0. 


17 
—ysa~+ (—iw + iK* Ek+ D*?+3)a* =0. a7) 
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Compatibility of these two homogeneous linear equa- 
tions leads to two real equations: 


(D-F+74;)(Dtk?+73)—vev 
+RPE?(Kt+K-)(DtP+y3)(D-P+y1)/ 


((Dtk+73)+ (D-F+7:)P=0, (18) 
and 
w= kE (K*+D-— K~D*)k*— (K-ys— K*y) / 
[(Dt+ D~)R+ (yitvs)]. (19) 


The fact that these Eqs. (18) and (19) have real 
solutions for k and w shows the possibility of traveling 
waves. We can use Eq. (18) to determine k, and then 
use Eq. (19) to determine the propagation velocity 


V=o/k. (20) 


In order to obtain an approximate solution of Eq. 
(18), we introduce two variables 


f=Dk+y1, 1=Dtl’+43, (21) 
and observe the intersection of two straight lines: 
n=st (Dt/D~)(—70), (22) 
n=s—{(1+)*/[e(1+8)*+ gh/vs]} (E—g73), 
with 
g=rrv0/r8, h=(Kt+K-)Ee/D*. (23) 


The first equation in Eq. (22) is a direct consequence of 
Eq. (21). The second equation in Eq. (22) is the 
tangent at »=7; to the curve representing Eq. (18) in 
the —n plane. The substitution of this tangent for 
the curve is justified by the fact that D->D*, which 
means that the straight line: n=y3;+ (Dt/D~)(E—y;) 
cuts the said curve at a point very close to §=y274/7s, 
n=~73. This approximation yields 


B= (yg—71)/{(D-+D*[g+ gh/ys(1+g)*}}. (24) 
Making use of Eqs. (14) and (15) and noticing that 
2<4reKtn, (25) 
we obtain from Eq. (24): 
k? = (K++ K-)z/(K*+D~+ K-D*+-K*+K-E¢/4nne), (26) 
or by the help of Eqs. (7) and (8), 
A= 29/k= (24R/2.405)[1+40"/(eEo/xT.)*}, (27) 
where a is the Debye-Hiickel radius of the electron: 
a= (xT./4rnce)}. 


To determine the sign of the propagation velocity V, 
Eq. (20), let us take the case Ey>0. Then, Eq. (19) 
shows that V is positive (i.e., traveling from anode to 
cathode) for sufficiently large values of & and negative 
(i.e., traveling from cathode to anode) for sufficiently 
small values of k. When & is very large, we obtain from 
Eq. (19), with the help of the usually satisfied condi- 
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tions: (K+/D*+)>(K-/D~) and D->D*, 
View = K*Ep. (28) 
V vanishes, when 
P=:/D-<1 cm™. (29) 
The amplitude ratio and phase relation between the 
ion density wave a* and the electron density wave a~ 
can be easily calculated from Eq. (17). Putting 


at/a~=Ae~*, (A,¢ real), (30) 
we obtain 
tan¢= (K++ K-)kEo/[(Dt+ D+ (yi+73)], (31) 
and 
A=(1/y:)(D-k+7;)(1+ tan’). (32) 


The order of magnitude of the factor (D~k*+y:)/y2 in 
Eq. (32) is unity, meaning that the positive amplitude 
and the negative amplitude are of the same order of 
magnitude unless tan@ becomes very large compared 
with unity. 

If we assume A>0, k>0, Eo>0, then we see from 
Eq. (17) that 


0<¢<x/2. (33) 


This means that for a wave propagating from anode to 
cathode, the phase of the positive density wave is 
leading that of the negative density wave by an angle 
between 0 and 2/2. For very large values of k and for 
very small values of k, this phase difference vanishes, 
as can be seen from Eq. (31). Between these two limits 
tan@ takes one maximum which is given by 


(tan@) max?= (K*++K~)*Eo/[4(Dt+D>)(y:+73)]. (34) 


Under the usual discharge conditions, the order of 
magnitude of Eq. (34) cannot be said to be either 
extremely large or extremely small. 

It should be noted that the actual drift current of 
ions (as well as of electrons) is composed of three parts: 
(1) the part due to the external field notK*Ey in the 
axial direction, (2) the part constituting the ambipolar 
diffusion in the radial direction, no+K*&—D* gradng*, 
and (3) the part due to the disturbance. Except for the 
negligible term given in formula (9), this last part is 
given by the expression in the brackets following div in 
Eq. (11). As the radial field & is negligible in the central 
region, this part of drift current is in the axial direction, 
i.e., in the direction of propagation of the wave repre- 
sented by Eq. (16). Furthermore, the time average of 
this drift current vanishes since each term in this 
quantity is oscillating in time. In other words, the 
traveling wave in question is accompanied by a longi- 
tudinal drift current whose time average is zero. In this 
respect, this wave is a kind of “sound wave,” only its 
mechanism is electrical instead of being dynamical. 

The ions, as far as their dynamic properties are con- 
cerned, are almost identical with the neutral molecules. 
Therefore, once the ion density wave described in the 
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foregoing occurs, a genuine sound wave of neutral 
molecules will be excited on account of the collisions 
between ions and molecules. If such a genuine sound 
wave is excited, the ions will “ride on” this wave, i.e., 
they will participate on this wave. 

The drift velocity determined in Eq. (2) is essentially 
the terminal velocity in the presence of friction between 
the neutral molecules and ions due to the relative drift 
velocity. The calculation given in this paper is based on 
the assumption that the drift velocity of the neutral 
molecules is zero. If the neutral molecules perform 
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sound motion, then the friction will be proportional to 
the difference between the ion drift velocity and the 
molecule drift velocity accompanying the sound. When 
these two drift velocities coincide, the friction will 
disappear and a “resonance” will set in. This situation, 
which is outside the scope of Eqs. (1) and (2), may 
explain the fact that the actual propagation velocity of 
positive striations is found to lie between the value as 
given by Eq. (28) and the velocity of sound in the gas. 
We are now undertaking an investigation in this 
direction. 
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Helium Film Transfer Rate from 0.14 to 2.19°K* 
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The transfer rate of the mobile helium film, over Pyrex glass, was measured as a function of temperature 
in the range from 0.14°K to the lambda point. The bulk of the observations was concerned with film 
transport due to a thermal gradient but a measurement, using the same apparatus, was made at 1-1°K 
under a gravitational potential as a comparison. At this temperature it was found that the transport rates, 
in the two cases, differ by a factor of nearly two, and below 1°K the rate was found to increase with decreas- 


ing temperature by about 10%. 


| INTRODUCTION 


MBLER and Kiirti' have recently measured the 

rate of transfer by the helium film, under a 
gravitational potential difference, at temperatures below 
1°K. They observed a 30% increase in the rate as the 
temperature was reduced from 0.85°K to 0.15°K. The 
only other data, that of Lesinsky and Boorse,? whose 
lowest temperature point was 0.75°K, lend some support 
to this result. Since all but about one percent of the 
liquid is already superfluid at 1°K, these observations 
seem to negate the hypothesis that the temperature 
dependence of the transfer rate is given by 


R= (p,/p)vd, 


where the product od is a constant approximately 
equal to #/2m. Here R is the flow rate in cm’ cm™ sec™, 
v, is the critical velocity of the superfluid, d is the film 
thickness, and p,/p is the fraction of the liquid which 
is superfluid. 

Liquid helium may also be transferred, by the mobile 
film, from a position at low temperature to a position 
at a higher temperature providing that no portion of 
the surface over which the helium must flow is above 
the lambda point. Thus thermal film transfer rates 
may be measured by allowing the film to flow into a 


* Assisted by the Office of Ordnance Research, U. S. Army. 
¢ This work formed part of a Ph.D. dissertation. 

' E. Ambler and N. Kiirti, Phil. Mag. 43, 260 (1952) 

* L. Lesinsky and H. A. Boorse, Phys. Rev. 87, 1135 (1952). 





region where it evaporates, the rate of vapor efflux 
then being determined. In view of the results of Ambler 
and Kiirti it appeared desirable to investigate the 
thermal transfer rates at temperatures below 1°K, and 
this method offered a convenient means for observing 
these as well as rates above 1°K. 


THE APPARATUS 


The portion of the apparatus contained in the helium 
cryostat is schematically represented in Fig. 1. The 
bulk liquid helium mu, which supported the film flow, 
was contained in a small Pyrex reservoir (a), the flow 
being constricted by a 211-micron i.d. Pyrex capillary 
(b). Except for a baking process to be described, this 
capillary was untreated. The surface of the liquid in 
reservoir (a) was always farther from the lower end of 
the Pyrex capillary than the surface tension rise 
appropriate to a 211 micron tube (~5 mm). This 
prevented the Pyrex capillary from filling with bulk 
liquid via the film.’ 

Above this constriction was a glass to Kovar seal 
(c) leading to a 0.014-inch i.d. stainless steel tube (d) 
with a 0.003-inch wall. A tube this fine was used in 
order to inhibit recondensation, into the reservoir, of 
helium evaporated from the film. It was necessary, 
since excessive recondensation would have caused the 
salt to warm up too rapidly after a demagnetization, 


* Dyba, Lane, and Blakewood, Phys. Rev. 95, 1365 (1954). 
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and in addition would have introduced an error into 
the transfer rate measurements. 

Upon leaving the stainless steel capillary the film 
entered the valve (f), which was adapted from a 
commercial needle valve. This was included, because 
at temperatures above 1°K the vapor pressure of 
helium in the reservoir becomes high enough so that 
large amounts of vapor (apart from that produced by 
the film) could enter the measuring system and thus 
create an error. When the valve was “‘closed’’ it acted 
as a superleak preventing the escape of any significant 
amount of vapor from reservoir (a) but offering free 
passage to the mobile film. A nonopening superleak 
could not have been used, since it was necessary to 
pump out the reservoir and constriction thoroughly 
before cooling them to liquid helium temperatures. 
Had this not been done, air present would have solidified 
onto the surface of the constriction giving rise to 
anomalous results.‘ Further, the valve made possible 
certain precautions and tests which will be described 
hereafter. It was actuated from outside the cryostat by 
means of a thin-walled stainless steel tube (g) which 
was soldered at the top to a brass rod, which in turn 
passed through an O-ring seal (4) in the Dewar cap. 
The copper tube (i) served to bypass the threaded 
portion of the valve, since this would have acted as a 
severe constriction in the pumping line. 

The film arising in the reservoir was rendered mobile 
by the thermal gradients in the vicinity of the outer 
bath level. When the reservoir was below 1°K, there 
were, of course, other gradients. It passed up to a 
point at which the temperature was 2.19°K, and here 
any liquid which had not already evaporated at lower 
temperatures became vapor. It then passed out of the 
cryostat through the stainless steel tube (j) and into 
the pumping system. This consisted of a 50-liter/second 
oil diffusion pump backed by an adequate forepump. 

A method which has been used to measure the efflux 
rate of helium evaporating from the film’ is to allow it 
to flow into a previously evacuated bulb and, simul- 
taneously, to measure the time rate of pressure rise in 
the bulb. For the present experiment, however, instan- 
taneous measurement of the rate was desirable, since 
the temperature of the helium changed with time in 
the demagnetization range. The method chosen for 
this investigation consisted of measuring the fore- 
pressure in the pumping system as a function of the 
rate at which helium gas entered the system through a 
calibrated leak. This leak consisted of an ungreased 
stopcock with the plug waxed in at top and bottom to 
prevent the entrance of air. The leak rate through it 
was varied by changing the pressure on one side of it, 
the other side leading into the high-vacuum side of the 
diffusion pump. In order to calibrate the device, a 
large, accurately known volume was attached to the 

*R. Bowers and K. Mendelssohn, Proc. Phys. Soc. (London) 


A63, 1318 (1950). 
*H. A. Fairbank and C. T. Lane, Phys. Rev. 76, 1209 (1949). 
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vacuum system; and, with the fore pump closed off 
and the diffusion pump not operating, the rate of 
pressure rise in the vacuum system was measured as a 
function of the pressure of helium on the other side of 
the leak. A simple calculation converts this to the units 
in which film transfer rates are expressed. The volume 
of the part of the vacuum system involved in this 
measurement was calculated from its dimensions. Since 
these were small compared with those of the attached 
container, any errors in the computation resulted in a 
negligible error in the total volume. The pressure on 
the leak was measured with a mercury manometer, and 
the position of the plug in the stopcock was adjusted 
so that the range of leak rates desired corresponded to 
a pressure range of about one atmosphere. The pressure 
in the known volume was measured with a McLeod 
gauge and did not rise above 100 microns. 

In order to calibrate the pumping system, the large 
known volume was removed, and helium was admitted 
into the pumping system at known rates, via the leak, 
with both the diffusion pump and the fore pump 
operating. The fore pressure was then measured as a 
function of the known leak rate, and the fore pressures 
observed during the filrn flow measurements were then 
compared with this calibration. A valve between the 
cryostat and the diffusion pump permitted a pumping 
system calibration to be made at any time during a run. 

Manganous ammonium sulfate was chosen as the 
paramagnetic salt for this work, since it is known to 
have a very high specific heat in the neighborhood of 
0.15°K. To make the salt pill (¢) powdered salt was 
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pressed onto a copper tube in #y-inch sections inter- 
spaced with 0.005-inch-thick copper disks.* These had 
central holes about 0.010 inch smaller in diameter than 
the central tube, and thus they had to’be forced onto it. 
These measures insured good thermal contact between 
salt and copper. A small amount of silicone vacuum 
grease was mixed with the powdered salt to act as a 
binder. 

The salt pill assembly fitted closely over the glass 
reservoir in the position shown in Fig. 1, and silicone 
grease was used to establish thermal contact. On each 
end of the pill was placed a “spider” (%) consisting of 
eight evenly spaced quartz points projecting from a 
brass ring. These served to isolate the salt from the 
exchange gas cavity wall (J). 

In order to determine the magnetic temperature of 
the salt its magnetic susceptibility was measured using 
the mutual inductance coil (m). No conversion of the 
magnetic temperatures to Kelvin temperatures was 
attempted, but the shape correction for a 3:1 ellipsoid, 
as calculated by Kiirti and Simon,’ was applied. Thus 
the temperatures quoted below 0.95°K actually ap- 
proximate the magnetic temperatures of a sphere of 
the salt used. The measuring coil had two bucking 
secondaries, and the short ferromagnetic Kovar section 
(c) of the capillary line (d) was placed accurately 
between them. In this position it proved to have a 
negligible effect upon the mutual inductance. The 
exchange gas pressure was controlled with a standard 
vacuum system employing a five liter per second oil 
diffusion pump. Warm-up times were on the order of 
two hours. The apparatus shown in Fig. 1 was contained 
in a liquid helium bath whose temperature was con- 
trolled and measured in the usual manner. 


RESULTS 


The transfer rates observed are plotted against 
temperature in Fig. 2. The scatter may be partly a 
result of day-to-day variations in the pumping speed 
of the measuring system. Two features of the curve 
appear of particular interest. First, it displays partial 
agreement with the results of Ambler and Kiirti. The 
increase observed below 1°K is, however, in the 
neighborhood of 10% rather than 30%, and it saturates 
at about 0.5°K. It should be emphasized that these 
measurements were made under entirely different exper- 
imental conditions than were those of the above 
mentioned authors. In the present work the film was 
rendered mobile by thermal means, and radiation was 
completely excluded. 

The second noteworthy fact is that the rates above 
1°K prove to be considerably higher than accepted 
gravitational rates in the same region. This is in 
disagreement with the often repeated statement in the 
literature that critical thermal flow rates are identical 


King and H. A. Fairbank, Phys. Rev. 93, 21 (1954). 
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*N. Kirti and F. Simon, Phil. Mag. 26, 849 (1938). 
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F1s. 2. Dependence of critical film transfer rate upon tempera- 
ture. The upper curve presents the results of the present work. 
The star signifies the gravitational flow rate obtained with the 
same equipment. The lower curve shows the smoothed values 
obtained by Ambler and Kiirti (reference 1) 


with the gravitational ones. In the next section we 
shall present certain arguments to support the validity 
of the present measurements. 


SUPPORTING ARGUMENTS 


Extensive precautions were taken in order to avoid 
contaminating the surface of the constricting Pyrex 
capillary. The entire vacuum apparatus, including the 
system for condensing helium into the reservoir, was 
tested for leaks using a helium mass spectrometer leak 
detector. Before cooling down the system was pumped 
out for about 48 hours. A cold trap was used at all 
times to prevent migration of pump oil. The pressure 
reached 5X10-* mm as measured with an ion gauge 
between the cold trap and the diffusion pump. 

After cooling down to about 1°K, helium was slowly 
injected into the system through a charcoal trap held 
at liquid air temperature. During the process the valve 
({) was closed in order to prevent the passage into the 
reservoir of any impurities remaining in the helium. 
To preclude the possibility of low vapor pressure 
contaminants which might have been condensed onto 
the constricting surface during soldering operations on 
the vacuum system the reservoir and capillary were 
baked at 300°C for two hours while the system was 
evacuated through a liquid air trap. That temperature 
was regarded as high enough, since the only joints made 
after the glass was attached were soft soldered. Actually, 
this operation was performed after the runs of April 
20-23 (see Fig. 2) and no significant change resulted. 

As a-final check the reservoir was broken off above 
the 211-micron constriction, and a gravitational film 
flow measurement was made with it at 1.1°K. No 
exceptional precautions were taken to avoid air con- 
tamination, but the result (indicated by the star on 
Fig. 2) falls within the range of the latest reported 
rates for gravitational flow over Pyrex.* 


* B. Smith and H. A. Boorse, Phys. Rev. 98, 328 (1955). 
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In order to insure that the flow was indeed being 
constricted at the 211-micron Pyrex capillary, enough 
helium was admitted to bring the liquid level up into 
the valve. The transfer rate was then measured as a 
function of time (Fig. 3). Each step corresponds to 
liquid levels between known constrictions, and the 
length of each step corresponds to the mass of liquid 
removed. The latter fact confirms the validity of the 
method for measuring the rate of vapor efflux, since 
known amounts of liquid flowed out in times corre- 
sponding to the transfer rates as measured. To support 
the observations below 1°K it was also necessary to 
demonstrate that the flow was not then being con- 
stricted at a point whose temperature was controlled 
by the bath. This was done by raising the bath from 
0.95 to 1.7°K while the reservoir was well below 1°K. 
No significant change in the transfer rate was observed. 

A calculation based upon the extrapolated thermal 
conductivity of glass,* upon the specific heat of liquid 
helium” below 1°K, and upon the quality of thermal 
contact between salt and copper" indicates that thermal 
equilibrium between the salt and the liquid in reservoir 
(a) should have been reached within a few minutes 
after demagnetization. Further, the approximate rate 
of flow of vapor through the stainless steel tube could 
be determined, with the reservoir (a) in thermal contact 
with the helium bath, by noting the difference between 


*R. Berman, Advances in Physics 2, 103 (1953). 

® Hull, Wilkinson, and Wilks, Proc. Phys. Soc. (London) A64, 
379 (1951). 

1 E. Mendoza (private communication). 
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the observed transfer‘rates with the valve open and 
those with it closed. This was on the order of one 
percent for bath pressure of 80 microns. From this one 
may conclude that the reverse flow occurring with the 
salt below 1°K was too small to carry an appreciable 
amount of heat into the reservoir, and thus disturb 
the temperature equilibrium there. 


DISCUSSION 


Experiments on the rate of thermal film flow above 
1°K fall into two classes. The class represented in the 
present work includes those in which the film creeps up 
to a region where it evaporates, the resulting mass rate 
of flow of vapor being determined and converted to 
volume rate of flow of liquid. The second class, the 
isolated beaker experiments, consists of measurements 
of the volume rate of flow between baths at different 
temperatures or with different heat inputs and the 
results cannot be compared with those being reported 
here. 

In addition to the present experiment three others of 
the first type have been described,®"" and they all 
yielded thermal rates lower than those reported here. 
However, each appears to be open to one or both of 
the following criticisms. First, in the cases of references 
5 and the first experiment reported in reference 13, 
one would be inclined to question whether all the 
helium evaporating from the film actually arrived at a 
point where it could be observed. Second, in the work 
reported in reference 13 the constricting periphery was 
not necessarily isothermal throughout its length, and 
the film flow rates quoted depend upon the assumption 
that this will have no effect. 

On the basis of the evidence so far accumulated it 
does not appear impossible that a real difference exists 
between the film flow rates under, respectively, gravi- 
tational and thermal impetus. 
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Changes in resistivity due to the addition of substitutional 
impurities and due to the presence of vacancies or interstitials 
in copper have been evaluated. It was assumed that the free- 
electron approximation is valid and that Matthiessen’s rule holds. 
Relaxation of the lattice about the imperfections was neglected. 
The scattering potentials for the various imperfections were 
derived from the appropriate Hartree fields, and the partial 
wave method was employed in the evaluation of the scattering 
cross sections. In each case, the potentials were adjusted until 
the phase shifts satisfied the Friedel sum rule. The phase-shift 
calculations were carried out on the ILLIAC (University 
of Illinois Graduate School High Speed Electronic Digital 
Computer). 

The calculated resistivities due to small concentrations of 
gallium, germanium, and arsenic in copper, though consistently 
too large, are in fair agreement with measurements of Linde. 


The calculated change in resistivity due to interstitials in copper, 
1.4 wohm-cm per atomic percent, is essentially the same as that 
due to an equal concentration of vacancies. This result is at 
variance with earlier predictions based on annealing experiments 
on irradiated copper. A recent interpretation of the annealing 
spectrum of irradiated copper by Cooper, Koehler, and Marx 
appears to be consistent with the present results and offers 
agreement with a variety of theoretical and experimental work, 
although some difficulties remain unresolved. 

On the basis of the calculations reported here and comparison 
with Linde’s results for dilute substitutional alloys of copper, 
it is concluded that the resistivity increase due to a concentration 
of one atomic percent of Frenkel defects in copper is probably 
between 1.5 and 2.0 wohm-cm, with vacancies and interstitials 
contributing about equally to the scattering of conduction 
electrons. 





I. INTRODUCTION 


URING the past few years interest in the effects 

of nuclear radiation on solid materials has grown 
considerably. In particular, radiation damage of metals 
has been the subject of many experiments and much 
discussion and speculation.'* These investigations are, 
in a general sense, directed toward an understanding 
of the properties of imperfections introduced into the 
metallic lattice as a result of bombardment by fast, 
massive particles, and also toward a knowledge of the 
effects which these imperfections have on the physical 
properties of the substance under examination. 

By far the most numerous imperfections which 
appear as a result of irradiation are vacancies and 
interstitials, these being created by collisions of the 
bombarding particle with atoms of the lattice. If the 
energy of the incident particle is sufficient, the particle 
will not only be capable of creating single interstitial- 
vacancy pairs with each collision, but the primaries so 
formed may in turn eject secondaries from the normal 
lattice sites. The problem of the total number of 
interstitial-vacancy pairs to be expected as a result of 
bombardment by massive charged and uncharged 
particles of known energy has been treated by Seitz,’ 
and more recently by Harrison and Seitz‘ and by 
Snyder and Neufeld.* These more recent investigations 
indicate that the original results obtained by Seitz 
probably underestimated slightly the number of 
Frenkel defects produced by irradiation. 

At sufficiently elevated temperatures the vacancies 
and interstitials created by radiation become mobile, 


° Supported by the Office of Naval Research. 
,G. . Dienes, Ann. Rev. Nuc. Sci. 2, 187 (1953). 
‘. _ Koehler and F. Seitz, Z. Physik 138, 238 (1954). 
Seitz, Discussions Faraday Soc. 5, 271 (1949). 
*W. A. Harrison and F. Seitz, Phys. Rev. 98, 1530(A) (1955). 
*W. S. Snyder and J. Neufeld, Phys. Rev. 94, 760 (1954). 


and annealing of radiation damage takes place. The 
annealing spectrum is of fundamental interest and has 
been the object of considerable experimental study. 
The results of such investigations, yielding values for 
the mobility energy of the imperfection which is 
believed to be responsible for the observed annealing 
peak, are of much concern also in studies of self- 
diffusion® and nuclear resonance.’ 

Vancancies and interstitials as well as other point 
imperfections, such as substitutional impurities, produce 
measurable changes of many of the physical properties 
of the metal in which they are present. For example, 
conductivity,* thermoelectric power,’ elastic con- 
stants," and rate of self-diffusion,*~“ are among the 
numerous properties which exhibit significant changes 
for relatively small impurity concentrations. 

Because electrical measurements can be performed 
with high precision and relative ease, by far the most 
numerous data available pertain to changes of the 
electrical properties, particularly of the conductivity. 
Point imperfections in otherwise pure metals cause an 
increase in the resistivity proportional, at low concen- 
trations, to the concentration of the imperfection. If 
the resistivity change resulting from the presence of 
one atomic percent of a given imperfection is known, 
resistivity measurements lead most directly to a 


* H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 
¥ . D. F. Holcomb — R. E. Norberg, Phys. Rev. 93, 919 (1954). 
O. Linde, Ann. Physik 10, 521 (1931); 14, 353 (1932) ; 
15 219 (1932). 
* Borelius, Keesom, Johansson, and Linde, Leiden Comm. 206a, 
206b (1930). 
* W. Késter and W. Rauscher, Z. Metallkunde 39, 111 (1948). 
"= G. J. Dienes, Phys. Rev. 86, 228 (1952). 
A953) E. Hoffman and D. Turnbull, J. Appl. Phys. 23, 1409 
" D. Lazarus, American Society of Metals Meeting, Chicago, 
October, 1954 (unpublished). 
“ E. Sonder, Phys. Rev. 98, 245(A) (1955). 
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ELECTRICAL PROPERTIES OF Cu 


knowledge of the concentration of that imperfection 
in a specimen. Thus, residual resistance is often used 
as a measure of the purity of a metal sample.” 

In the case of radiation damage the analysis of 
resistivity measurements is complicated for two reasons. 
First, bombardment creates two types of imperfections, 
vacancies and interstitials. Second—even more serious 
an obstacle to an interpretation of experimental 
data—, the magnitude of the effect of these imperfec- 
tions, particularly of interstitials, on the resistivity is 
somewhat uncertain. Estimates of the resistivity due 
to one atomic percent of interstitials in copper range 
from 0.6 to 10 wohm-cm.'*!7 

In order to arrive at a more reliable value for the 
resistivity increase due to interstitials in copper, a 
detailed calculation of the cross section for scattering 
of conduction electrons by an interstitial copper ion 
was undertaken. The present work is similar to an 
investigation of Jongenburger'® concerning the effect 
on the resistivity of vacancies in copper. 

In Sec. II, the method of calculation is briefly 
described. Section III is devoted to the application of 
this method to a calculation of the resistivities of 
dilute solid solutions of gallium, germanium, and 
arsenic in copper. The results which are obtained and 
the measured resistivity changes due to these impurities 
are compared, and it is found that the calculated 
resistivity changes are consistently too large although 
they are of the correct magnitude. The method is 
next applied, in Sec. IV, to the calculation of the 
resistivity changes due to interstitials in copper. In 
Sec. V the results of these calculations are discussed 
and compared with results of recent annealing experi- 
ments on irradiated copper. The experiments are 
examined in the light of the present and previous 
theoretical as well as experimental work, and a tentative 
interpretation of the annealing spectrum is advanced 
which is consistent with many related results, although 
certain difficulties still remain unresolved. A conclusion 
summarizes the significant results and speculations. 


Il. METHOD OF CALCULATION 
A. The Scattering Cross Section 


The following assumptions, commonly made in 
calculations of the resistivity due to point imperfec- 
tions, are used: 

(1) The free-electron approximation for conduction 
electrons is valid. 

(2) The scattering potential associated with the 
imperfection is spherically symmetric. 

(3) Matthiessen’s rule is valid. 

(4) The effect on the resistivity of relaxation of the 
lattice about the imperfections is negligible. 

16 G, Chaudron, Nature 174, 923 (1954). 

% TD. L. Dexter, Phys. Rev. 87, 768 (1952). 

17 A. W. Overhauser, Phys. Rev. 94, 1551 (1954). 


8 P, Jongenburger, Phys. Rev. 90, 710 (1953); Appl. Sci. 
Ba. 237 (1953). 
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The first three assumptions need no further dis- 
cussion; the effect of relaxation of the lattice about 
imperfections had not been considered in detail until 
Dexter showed that the last of the above assumptions 
is justified.'* 

The resistivity increment due to a concentration of 
one atomic percent of a point imperfection is given by” 


hk 


senmncninn ft Thue 
—-— =f cos6 Jo (0)deo, (1) 


where & is the magnitude of the wave vector of the 
electrons at the Fermi surface, m is the number of free 
electrons per atom, @ is the angle through which the 
electron is scattered by. the imperfection, o(@) is the 
differential scattering cross section, and dw is the 
element of solid angle. 

The differential scattering cross section is calculated 
by the partial wave method.” The application of this 
method, in which the scattering cross section is given 
in terms of the phase shifts 4,, requires the solution of 
the radial wave equation 


au; i(1+-1) 
——+[#-U@)-——}u=o, 


r? 


where U(r)=2mV(r)/f?, and V(r) is the potential 
associated with the scattering center. 

Since analytic solutions of Eq. (2) can be obtained 
only for the very simplest potentials, the differential 
equation usually must be integrated by numerical 
methods. Generally, the partial wave method is suitable 
when the only nonvanishing phase shifts are those for 
small values of /. For the potentials which appear 
appropriate to scattering by either substitutional 
impurities or vacancies and interstitials, 6<~0 for 
i> 4 and for energies corresponding to those of conduc- 
tion electrons in copper. Although it is, therefore, 
necessary to perform at most four numerical inte- 
grations for each potential, a great deal of time is 
still required if this is to be done with the aid of a desk 
calculator only. The task would have been all the more 
tedious because the criterion which, in part, deter- 
mines the potential that is to be used, involves the 
phase shifts themselves [see Eq. (5) below]. Fortu- 
nately, Dr. R. Rubenstein made available to the writer 
a program he had written for the solution of the radial 
wave equation by the ILLIAC,” and the calculation 
could be performed in very short order. The coding 
was done most expertly by Mrs. M. C. Huse. 

Once the phase shifts are known, the differential 


* N. F. Mott and H. Jones, Theory of Metals and Alloys (Oxford 
University Press, London, 1936). 


*L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949). 

“R. A. Rubenstein, Ph.D. thesis, University of Illinois, 1954 
(unpublished). 
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scattering cross section is obtained from the expression 


(3) 


| l 
| 


1| « 
o(6)=—| & (21+1) exp(id,) sind; P;(cos8)| . 
| im | 


The resistivity can be evaluated directly in terms of the 
phase shifts. When Eq. (3) is substituted into the 
integrand of Eq. (1) the following results®: 


4arh 
Ap=- ri 2/+-1) sin’, 
100ne*h 


—2] sind; 1 sind; cos (6,_ 4) (4) 


As a partial check on the self-consistency of the 
potential, one may employ the Friedel sum rule.” 
Friedel has shown that if NV is the number of electrons 
which must be attracted locally to the imperfection to 
give effective screening, then 


2« 
N=-> (21+1)8,. (5) 


Ti 


In the case of a vacancy in a monovalent metal 
N= -—1, for an interstitial V= +1. 


B. Choice of Potential 


Changes in resistivity of the ideal metals due to 
addition of small concentrations of substitutional 
impurities were measured by Linde,’ and his results 
were explained by Mott,* who calculated the cross 
section for scattering of conduction electrons by a 
substitutional impurity in the free-electron approxi- 
mation. Mott assumed that the impurity could be 
represented by the screened Coulomb potential of a 
point charge Ze, where Z is the valence difference 
between solvent and solute atom, and he made use of 
the Born approximation in the evaluation of the 
scattering cross sections. He found that agreement 
between calculated and experimental results could be 
obtained only if the screening radius, which appears as a 
parameter in the expression for the resistivity increase, 
was chosen to be about half that predicted by the 
Fermi-Thomas model. However, an important empirical 
conclusion of Linde, namely that the change of resis- 
tivity is proportional to the square of the valence 
difference, is a direct consequence of Mott’s calculation. 

Recently, Friedel has redetermined the scattering 
cross section from a screened Coulomb potential using 
a partial wave analysis.** He obtained reasonably good 
agreement with Linde’s results by requiring that the 
phase shifts give the correct Friedel sum when substi- 
tuted into the right-hand side of Eq. (5), V being set 


"kK. Beene, Proc. Phys. Soc. (London) 60, 161 (1948). 

. Friedel, Phil. Mag. 43, 153 (1952). 
=} . F. Mott, Proc. ambridge Phil. Soc. 32, 281 (1936). 
% J. Friedel, Advances in Physics 3, 446 (1954). 
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equal to the valence difference Z. He also found that 
under these conditions the appropriate screening radii 
did not differ greatly from those obtained by the 
Fermi-Thomas model. 

In his calculation of the resistivity due to vacancies 
in copper, Jongenburger'* also made use of the free- 
electron approximation, but he assumed that the 
removal from the lattice of an ion with its associated 
potential is equivalent to adding, at that position in 
the lattice, a potential of opposite sign. He, therefore, 
chose for his scattering potential the negative of the 
Hartree potential of a free copper ion,” and this 
potential he then modified to account for the screening 
by the conduction electrons. Since the vacancy must 
be neutral, screening is accomplished by effectively 
displacing one conduction electron from the vicinity 
of the vacancy. Jongenburger assumed that this 
screening can be approximated by creating in the 
electron gas a spherical hole of unit charge and of 
radius r,, where r, is defined by 4rr,?/3=Q, Q being 
the atomic volume. On calculating the phase shifts 
he found that they nearly satisfied the Friedel sum; 
substitution of these phase shifts into Eq. (4) gave for 
the resistivity due to one atomic percent of vacancies 
in copper 

Ap, = 1.25 wohm-cm. 


The scattering potentials for the calculations which 
will be reported in the following sections were obtained 
by taking the difference between the Hartree potentials 
for the case with and without the presence of the 
imperfection, and then adjusting the screening charge 
distribution until the phase shifts satisfied Eq. (5). 
It was found that if, in Jongenburger’s calculation of the 
resistivity due to vacancies, r, is used as an adjustable 
parameter and so chosen that Eq. (5) holds exactly, 


Ap, = 1.33 wohm-cm. 


It has been pointed out by Friedel** that the calcu- 
lated resistivities do not depend critically on the choice 
of potential as long as Eq. (5) is satisfied. Thus, for 
example, the use of a square barrier of extension equal 
to the radius of one atomic volume may be used to 
represent a vacancy. If the height of the barrier is 
adjusted so that the Friedel sum is —1, the resistivity 
which is obtained is”’ 

Ap,= 1.28 wohm-cm, 


in agreement with the values quoted above. For 
calculations of the thermoelectric power, however, the 
choice of potential appears to be more critical, and, 
in the case of substitutional arsenic in copper, the 
potential derived from the Hartree self-consistent 
fields by the method which has just been outlined gives 
better agreement with experiment than an equivalent 
square potential well.” 

*D. R. Hartree, Proc. Roy. Soc. (London) A157, 490 (1936). 


wF. Abelés, Comp t. rend. 237, 796 (1953). 
=F. J. Blatt (to be published) 
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Ill. SUBSTITUTIONAL IMPURITIES IN COPPER 


The Hartree potentials for gallium, germanium, and 
arsenic for various states of ionization are known,” 
and the resistivity increments due to small concen- 
trations of these impurities in copper have been 
measured by Linde.* These substitutional dilute alloys 
of copper are, therefore, ideally suited to test the 
validity of this method of determining the resistivity 
increases due to point imperfections and of the assump- 
tions which have been made. 

Since the valences of these impurities exceed that 
of copper, the scattering potentials will be attractive, 
and the screening electrons may go into bound states in 
such potentials. This is likely to be the case for the 
two 4s-electrons of the impurities considered here, and 
may also occur for all but one of the remaining valence 
electrons. Indeed, it was found that the phase shifts 
added to nearly the correct Friedel sum if a scattering 
potential was used which is the difference in the 
Hartree potentials of Cu* and, for example, As*. 
However, use of the Hartree potentials of As** or 
As*++ screened by one, respectively two, negative 
charges distributed uniformly in one atomic volume, 
did not give rise to phase shifts which met with the 
condition imposed by Eq. (5). This is indicated in 
Table I which also lists the calculated and measured 
resistivity increases per atomic percent due to these 
impurities when in solid solution in copper. The 
calculated resistivities were obtained by making slight 
adjustments in the scattering potentials so that the 
Friedel sums were exactly equal to Z. The required 
changes were made by extending the range of the 
scattering potential for the case of Ga*, and reducing 
the ranges for the cases of Ge* and As*; these adjust- 
ments were accomplished by slightly altering the 
screening charge distributions, leaving the core po- 
tentials unchanged. 

From the tabulation of the calculated and experi- 
mental resistivities it appears that the calculated 
resistivities, although of the correct magnitude, are 
consistently larger than the measured. Figure 1 shows 
the results of the present calculation and the resistivity 


Taste I. Resistivities due to one atomic percent of gallium, 
germanium, and arsenic in copper. The state of ionization of the 
impurity refers to the Hartree potential which was employed in 
arriving at the scattering potential for use in Eq. (2). 














Impurity and 
state of 
ionization 


Gat++ 1.0 2.0 
Ga* 1.86 2.0 
Get* 1.87 3.0 
Get 3.2 3.0 
As*++ 40 
As*+ 7 40 
As* . 40 


(2/#)Zi(21 +1) N#Z 

















* A. J. Freeman, Phys. Rev. 91, 1410 (1953). 
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Zn Go Ge as 
Fic. 1. Resistivity increase due to small concentrations of 

impurities in copper. Circles show the results of the present 

calculation; squares show the measured resistivities obtained b 

Linde; triangles are the calculated values obtained by Friedel 


changes as measured by Linde, as well as those obtained 
by Friedel using a screened Coulomb potential to 
represent the impurity. It is seen that the best agree- 
ment occurs for large valence differences; this is not 
particularly surprising in view of the fact that nearly 
all effects except those attributable to valence difference 
were neglected. Part of the discrepancy may well be due 
to neglect of relaxation of the lattice, since, as Dexter 
has shown,"* relaxation tends to reduce the resistivity 
changes. On the whole, agreement between calculated 
and experimental values is reasonably good. Further 
justification for the use of scattering potentials derived 
from the Hartree fields may be the good agreement 
between calculated and measured thermoelectric power 
changes due to small concentrations of arsenic in 
copper.”* It is also significant that the most satisfactory 
potentials are those obtained by taking the difference 
between singly ionized copper and the impurity in the 
same state of ionization. Apparently, the screening 
of the impurity is accomplished by electrons whose 
charge distribution closely resembles that of electrons 
occupying bound states in the Hartree potential of the 
free impurity ion. 


IV. RESISTIVITY DUE TO INTERSTITIALS IN COPPER 


An interstitial copper atom presumably enters the 
copper lattice in the state Cu*. Hence, for the scattering 
of electrons by an interstitial in copper, the scattering 
potential which is to be used in our approximation 
is the Hartree potential of Cu*, suitably screened. 

The self-consistent potential of Cut is, of course, 
sufficiently strong to bind all of the core electrons. In 
particular, the bound states lying closest to zero energy 
are the 3s, 3p, and 3d states. In calculating the phase 
shifts for an electron of energy slightly greater than 
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zero, the /=0 phase shift, for example, will be in excess 
of 5/2, that phase shift which corresponds to the 
n= 3, l= bound state. However, this state is already 
occupied by two electrons of the core, and these are 
not taken from the conduction electron distribution. 
It is only the /=0 phase shift in excess of 54/2 which 
gives the zero angular momentum contribution to the 
screening charge associated with a loca] disturbance 
of the electron gas. Thus, before evaluating the Friedel 
sum the values 54/2, 34/2, and x/2 must be subtracted 
from the /=0, /=1, and /=2 phase shifts, respectively. 

As in the case of the substitutional alloys, it was 
assumed that the core potentials of the free ion and of 
the ion in the lattice are the same, and only the screening 
charge distribution was adjusted to meet the Friedel 
sum condition. Since, in the case of the substitutional 
alloys of valences higher than copper the most satis- 
factory screening charge distributions were those 
corresponding to bound states, a screening charge 
distribution resembling that of a 4s-electron was used 
for the interstitial calculation. This is, of course, a 
somewhat arbitrary choice, but, as anticipated,™ the 
results are not very sensitive to these particular details 
as long as the phase shifts conform to Eq. (5). 

Figure 2 shows twice the effective nuclear charges 
for singly ionized copper,” for the assumed screening 
charge distribution, and for the resulting interstitial 
potential as functions of radius. For this potential the 
calculated phase shifts are 


bo= 39+-0.258; 6;=2"+0.516; 8:=0.252; 5:=0.011. 


When the phase shifts corresponding to the highest 
bound states of the core are subtracted from the above 
values one finds that the Friedel sum is unity. Substi- 
tution of the phase shifts into Eq. (4) gives for the 
resistivity increase due to one atomic percent of inter- 
Stitials in copper: 


Ap;= 1.40 pohm-cm. 


Twice the effective nuclear charges for two different 
screening distributions are shown in Fig. 3. The solid 
curve is the same as the corresponding one of Fig. 2; 
the other two distributions were also adjusted until the 
phase shifts calculated from the resulting scattering 
potentials satisfied the Friedel condition. The sharp 
cut-off distribution (dot-dash curve) leads to the follow- 
ing phase shifts: 

bo= 34-+-0.32 ; 5, = 2940.52; 52=0.24; 5:=0.01; 


the corresponding resistivity increase per atomic 
percent is 


Ap;= 1.29 pohm-cm. 


The scattering potential obtained by using the long- 
tailed distribution (dotted curve) gives rise to phase 
shifts: 


bo= 39-+-0.22 ; 5: = 29 +4-0.50; 59=0.27 ; 65=0.01. 
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Substitution of these phase shifts into Eq. (4) leads toa 
resistivity change: 
Api= 1.41 wohm-cm per atomic percent. 


It is seen that although the assumed screening 
charge distributions for these three cases differ con- 
siderably (the effective nuclear charges are drawn to 
logarithmic scale in Fig. 3) the change in the calculated 
resistivity increase is not very significant. 

Thus, the calculated increase in resistivity due to 
the presence of interstitials in copper is about 1.4 
pwohm-cm per atomic percent, and this is practically 
the same as the resistivity due to an equal concentration 
of vacancies. 

To the extent to which it is valid to extrapolate the 
results of the previous section to the effect of Frenkel 
defects on the resistivity of copper, it is reasonable to 
presume that the calculated values reported here and 
also by Jongenburger overestimate the true resistivity 
increase. A reasonable estimate for the change in 
resistivity due to vacancy-interstitial pairs in copper 
is probably 1.5-2.0 wohm-cm per atomic percent, with 
each type of lattice defect contributing about equally 
to the total. These conclusions are in good agreement 
with earlier estimates of Dexter.'* 


V. DISCUSSION OF RESULTS 


In recent years, a number of experiments on the 
annealing of radiation damage in copper have been 
performed, and two of these will be considered in some 
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Fic. 3. Twice the effective nuclear charges for three screening 
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detail here. In addition to this work, the results of 
investigations on self-diffusion in the noble metals and 
on the quenching-in of vacancies in gold also yield 
valuable information on the properties of lattice 
defects in copper. 

Simultaneous resistivity and calorimetric measure- 
ments on irradiated copper were carried out by Over- 
hauser,'?” who studied in this manner the annealing 
spectrum in the temperature range extending from 
about —180°C to room temperature for samples 
irradiated at liquid nitrogen temperature. Some 
annealing was observed over the entire temperature 
range from —180°C to —40°C, but no unique acti- 
vation energy could be assigned in that range. An 
initial bending of the resistivity versus bombardment 
curve was apparent, and this was attributed, in part, to 
thermal annealing at the bombardment temperature. 
This anneal was ascribed to a recombination of close 
pairs, and an activation energy of approximately 0.2 ev 
was assigned to that process. 

At about — 30°C Overhauser found a sharp annealing 
peak with an activation energy of 0.68 ev. An analysis 
of the kinetics of the anneal indicated that it was 
governed by a process of bimolecular recombination, 
and from this it was inferred that the anneal corre- 
sponded to a recombination of vacancies and inter- 
stitials. The simultaneous measurements of resistivity 
and of stored energy released during anneal lead to the 
value of 1.7 (cal/gram) per wohm-cm for the stored 
energy to resistivity ratio in this material at —30°C as 
well as in the lower temperature range. If one now uses 
a specific value for the energy of formation of a Frenkel 
defect in copper, the resistivity due to one atomic 
percent of vacancy-interstitial pairs may be obtained. 
Overhauser used energies of formation of 4 ev for 
interstitials and 1 ev for vacancies; the latter value is 
probably somewhat low, 1.3 to 1.5 ev being perhaps 
more nearly correct." Taking 5.3 ev as the energy of 
formation of a Frenkel defect, the stored energy from 
one atomic percent concentration of pairs is 19 cal/ 


» A. W. Overhauser, Phys. Rev. 90, 393 (1953). 
© H. B. Huntington, Phys. Rev. 61, 325 (1942). 
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gram. Hence, the resistivity per atomic percent of 
Frenkel pairs is 19/1.7=11.2 ywohm-cm. When the 
calculated resistivity due to one atomic percent of 
vacancies is subtracted from the above, one arrives at 
the estimate of Overhauser, namely a resistivity 
increase of approximately 10 wohm-cm per atomic 
percent of interstitials in copper. This value is evidently 
in substantial disagreement with the results of the 
previous section. 

Before discussing the second experiment, some diffi- 
culties in the interpretation which was outlined above 
will be indicated. If the anneal at —30°C is due to 
recombination of vacancies and interstitials, then the 
activation energy of the process must be that associated 
with motion of the more mobile of the two imperfections. 
The most recent measurement of the activation energy 
for self-diffusion in copper yielded the value 2.04 ev.” 
Since it is fairly certain that self-diffusion in copper 
proceeds by a vacancy mechanism, 2.04 ev is the sum of 
the energies of formation and of motion of vacancies 
in copper. Subtracting the calculated energy of forma- 
tion of vacancies, one arrives at an energy of about 0.7 
ev for motion of vacancies in copper. Further evidence 
that the energy of motion of vacancies is approximately 
0.7 ev is provided by the measurements of Kauffman 
and Koehler,” who found that in gold the activation 
energies of formation and motion of vacancies are 1.28 
ev and 0.68 ev, respectively. Although similar measure- 
ments on copper have not been reported, the fact that 
the two metals have the same crystal structure, have 
almost identical activation energies for self-diffusion, 
and are otherwise similar in many respects, gives 
support to the belief that the activation energy for 
motion of vacancies in copper is about 0.7 ev. If, then, 
the energy of 0.68 ev of the — 30°C anneal is associated 
with motion of vacancies, recombination of Frenkel 
pairs at that temperature can occur only if interstitials 
are less mobile than vacancies. However, Huntington™ 
recently calculated the energy of motion of interstitials 
in copper and found that it is rather small, in the 
neighborhood of 0.1 or 0.2 ev. It then follows that 
interstitial-vacancy recombination should occur at a 
temperature considerably below — 30°C, and it is the 
low-temperature anneal reported by Overhauser, to 
which he assigned a tentative activation energy of 
0.2 ev, that might well be due to recombination. 

A more recent experiment® throws considerable 
light on these questions. Copper, silver, and gold were 
bombarded with 12-Mev deuterons at liquid helium 
temperature, and the resistivity increases were deter- 
mined as functions of the integrated beam intensity. 
Following the irradiation the samples wens permitted 
6 ih dese” , Slifkin, Sonder, and Tomizuka, Phys. Rev. 


"suntan, Pye Rev. 97, 555 (1 
ok, Hun Rev. 91, 1 Sponge ig od Kio 
bad , and Marx, Phys. Rev. 97, 599 (1955). 
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to warm to room temperature, and the resistivity 
annealing spectrum was obtained. 

A small amount of curvature of the resistivity 
versus bombardment curve was observed even at these 
low temperatures, the effect being attributed to so- 
called radiation annealing. The annealing spectrum 
of copper observed by Cooper, Koehler, and Marx 
exhibited a very marked annealing peak at about 
40°K, at which temperature about half of the initial 
resistivity increase annealed out. Additional resistivity 
decrease was observed in the range 45°K to 220°K, 
which was followed by another peak corresponding 
to the one found by Overhauser. 

The estimated activation energy for the 40°K anneal 
is about 0.1 ev, and this is approximately the same as 
the activation energy for motion of interstitials as 
calculated by Huntington. It is, therefore, reasonable 
to associate this low-temperature anneal with motion of 
interstitials. Since the activation energy for motion of 
vacancies in copper is very nearly identical to the energy 
of 0.68 ev assigned to the —30°C anneal observed in 
both experiments, it is concluded that this anneal 
arises from the motion of vacancies. 

According to this interpretation, however, there 
should be essentially no interstitials in the lattice at 
the higher temperature, and the bimolecular nature of 
the process requires an explanation other than vacancy- 
interstitial recombination. It has been suggested** 
that as vacancies become mobile they will combine to 
form divacancies, and that this process accounts for 
the second-order kinetics. Calculations of Bartlett and 
Dienes* indicate that such combined pairs should be 
stable and also considerably more mobile than single 
vacancies. Because of their high mobility, the effect 
of divacancies on the resistivity will not be subject 
to measurement, for these double vacancies will 
anneal out practically as soon as they are formed, 
moving to traps such as dislocations or grain boundaries, 
or giving rise to small holes by clustering. 

Further confirmation of a divacancy process comes 
from the work of Kauffman and Koehler on the anneal- 
ing of vacancies in gold. The annealing here also 
proceeds by a bimolecular reaction,” and since vacancies 
only are present, formation of divacancies is the only 
consistent interpretation of these findings. 

Let us now see if the above interpretation of the 
annealing spectrum of irradiated copper leads to 
agreement with the calculated resistivities due to 
vacancies and interstitials. Bartlett and Dienes ob- 
tained for the energy of dissociation of a divacancy 
0.6 ev, and this is then the energy released when two 
vacancies combine to form such a pair. Additional 
energy will, however, be released as the divacancies 
anneal out at —30°C either by going to trapping sites 
or by the formation of small pores. That most of the 


* J. W. Kauffman and J. S. Koehler (private communication). 


H. Bartlett and G. J. Dienes, Phys. Rev. 89, 848 (1953). 
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divacancies do not disappear at the surface is indicated 
by measurements on the recovery of volume change due 
to radiation damage.” It is found that on warming to 
room temperature only a very small fraction of the 
original volume increase disappears. The existence of 
small holes in cold-worked copper has also been postu- 
lated by Blin and Guinier® from measurements of 
small-angle x-ray scattering. If it is assumed that 
divacancies form pores encompassing about 200-lattice 
sites, the energy released per vacancy in the annealing 
process may be estimated. To obtain the energy of a 
small hole we assume that all of the energy is due to 
the surface,” and taking as the surface tension that of 
the molten metal, the surface energy of such a hole is 
then about 10-" erg. The energy released per vacancy 
as they combine to form divacancies which, in turn, 
cluster into these holes, is then about 0.9 ev, assuming 
that the energy of formation of a vacancy is 1.3 ev. 
The measured stored energy to resistivity ratio of 1.7 
(cal/gram) per wohm-cm now leads to a resistivity 
increase due to one atomic percent of vacancies of 
about 1.6 wohm-cm, in fair agreement with the calcu- 
lated values. 

A rough estimate of the resistivity due to inter- 
stitials may also be obtained. Let us assume that, 
immediately following bombardment at helium tem- 
perature, interstitials and vacancies exist in equal con- 
centrations. It follows that annealing of interstitials 
with a simultaneous decrease of residual resistivity by 
half implies that the resistivity due to these imper- 
fections is probabiy of the same order of magnitude 
and definitely less than that due to vacancies, since 
interstitials will combine at least in part with vacancies. 
This conclusion is also in qualitative agreement with 
the present results. 

Although so far the foregoing interpretation of the 
annealing spectrum appears to be internally consistent 
andYin agreement with a variety of theoretical and 
experimental results, there remain several difficulties 
which are unresolved. Overhauser reported that the 
ratio of energy released to resistivity change was the 
same in the region —100°C to —40°C as at —30°C, 
an observation which would indicate that the same 
process is responsible for the annealing over the entire 
temperature range studied by him. This conclusion 
may be difficult to reconcile with a process other than 
vacancy-interstitial recombination. 

Another discrepancy arises when one calculates the 
expected resistivity increase due to bombardment with 
that which is actually observed. Multiplication of the 
estimated resistivity due to Frenkel defects by the 
number of defects as calculated by Harrison and 
Seitz‘ yields values about three times as large as those 
measured by Cooper, Koehler, and Marx. 


* H. A. Kierstadt, Phys. Rev. 98, 245(A) (1955). 
* J. Blin and A. Guinier, rend. 236, 2150 (1953). 
®S. Machlup, Phys. Rev. 98, 1556(A) (1955). 
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VI. CONCLUSIONS 


The results of calculations on the resistivity increase 
due to substitutional impurities and due to vacancies 
and interstitials in copper were presented. The partial 
wave method was used to obtain the differential 
scattering cross section for scattering of conduction 
electrons by these point imperfections. The calculations 
were carried out in the free-electron approximation, and 
relaxation of the lattice about the imperfections was 
neglected. 

The scattering potential was approximated by 
taking the difference of the Hartree potentials with 
and without the imperfection present, and suitably 
screening this potential by an appropriate charge 
distribution. The screening charge distribution was 
adjusted until the calculated phase shifts satisfied the 
Friedel sum criterion, Eq. (5). Approximate agreement 
with resistivity changes measured by Linde was 
obtained under these assumptions, although the 
calculated resistivities are consistently too high. The 
most satisfactory screening charge distributions about 
impurities with valences greater than copper are very 
similar to the charge distributions corresponding to 
bound states in the free ion. As anticipated by Friedel, 
the details of the scattering potential do not influence 
the results very much as long as the phase shifts 
satisfy the Friedel sum condition. 

The resistivity due to interstitials in copper was 
determined in the same manner. The calculated 
resistivity, 1.4 wohm-cm per atomic percent of inter- 
stitials, is practically the same as the calculated 
resistivity due to an equal concentration of vacancies. 
In view of the results in the case of substitutional alloys, 
it is believed, however, that the true resistivity increase 
due to Frenkel defects is overestimated by these 
calculations, and that a reasonable value lies between 
1.5 and 2.0 wohm-cm per atomic percent of vacancy- 
interstitial pairs. 

This result is in substantial disagreement with an 
earlier estimate of Overhauser. An attempt is made to 
reinterpret Overhauser’s results in the light of more 
recent work of Cooper, Koehler, and Marx. It is 
suggested that at 40°K interstitials become mobile, 
and that the annealing peak observed by Overhauser 
and also by Cooper, Koehler, and Marx at about 
— 30°C is due to motion of vacancies. These presumably 
combine to form divacancies, thereby accounting for 
the bimolecular nature of the anneal, and the divacan- 
cies, in turn, rapidly combine to form larger clusters. 
With this interpretation the resistivity due to vacancies 
as deduced from Overhauser’s measurements is in 
fair agreement with the present estimates. This interpre- 
tation of the annealing spectrum is also consistent with 
the estimated resistivity due to interstitials. 

Furthermore, the approximate mobility energy of 
interstitials as obtained from the 40°K anneal is in 
agreement with theoretical estimates of Huntington. 
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The energy of motion of 0.68 ev associated with the 
— 30°C anneal is in very close agreement with mobility 
energies of vacancies as deduced from self-diffusion 
measurements and quenching experiments on gold. 
There remain, however, several! difficulties which have 
not been resolved. 
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Note added in proof.—Recently, Jongenburger [Na- 
ture 175, 545 (1955) hereafter referred to as J] reported 
results of a calculation of the change in resistivity due 
to interstitials in copper, using a square-well potential 
as an approximation to the scattering potential of the 
interstitial. He found that Ap,, the resistivity increase 
due to the interstitial, is between 1 and 2 wohm-cm/ 
atomic percent, in substantial agreement with the 
results reported here. The contribution to Ap arising 
from the displaced nearest and next nearest neighbors 
was also estimated with the result that Apg, the resis- 
tivity increase due to these displacements, is 3.5 wohm- 
cm/atomic percent, leading to a total resistivity due to 
interstitials of about 5 wohm-cm/atomic percent. The 
writer believes, however, that, for the following reasons, 
assumption 4 is valid and that the influence of the dis- 
placed atoms was considerably overestimated by Jong- 
enburger. 

(1) It is assumed in J that an ion which has suffered 
a static mean-square displacement from its equilibrium 
position contributes just as much to the resistivity as 
an ion in thermal vibration at a high temperature (7'>@) 
with the same mean-square displacement. In the latter 
case, however, primarily phonons of maximum wave 
vector are excited, so that in each collision an electron 
suffers a large momentum change. In the case of a 
static displacement the same is not true and a much 
smaller average momentum transfer is to be expected. 

(2) In J the mean-square displacements of all the 
nearest and next nearest neighbors to the interstitial 
are added to give a total mean-square displacement 
about the imperfection. In this approximation all inter- 
ference effects between the several displaced atoms are 
neglected, an approximation which is probably not 
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very good when the displaced atoms are nearest neigh- 
bors to each other. Including interference terms need 
not, of course, necessarily reduce the scattering, and 
may, when treated in detail, even lead to an enhance- 
ment of App. 

(3) The results of J would indicate that |m|* and 
|M|?, in the notation of Dexter,’* are, in arbitrary 
units, of order 1.5 and 3.5, respectively. Now it was 
shown in reference 16 that the matrix elements m and 
M are, in the case of interstitials, very likely of opposite 





F. Jj. 
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sign. Since the resistivity is in fact related to |m+M|?, 
the above values for | m|* and | M|* may well lead to a 
rather small resistivity change due to interstitials, per- 
haps of order 0.5 wohm-cm/atomic percent. This crude 
argument is used here only to point out that it is 
essential to include interference effects when scattering 
from the imperfection and from the associated lattice 
distortion appears to be of the same magnitude when 
considered independently. [See also D. L. Dexter, 
Phys. Rev. 98, 543 (1955). ] 
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The de Haas-van Alphen effect has been studied in single crystals of rhombohedral (metallic) arsenic 
in the liquid helium temperature range and in magnetic fields up to 25 kilogauss. The effect in arsenic is 
characterized by long-period (up to ~4X10~* gauss) oscillations upon which are superposed three short 
period (up to ~6X10~" gauss~) terms. Analysis in terms of existing theory attributes the long-period 
oscillations to electrons occupying a constant energy surface in momentum or wave-number space which to a 
first approximation is an ellipsoid of revolution with a degeneracy energy E:=1.59X10~ erg. The per- 
tinent electrons in the case of the short-period oscillations can be attributed to three identical ellipsoidal 
constant-energy surfaces oriented so as to satisfy the trigonal symmetry of the arsenic lattice and having a 
degeneracy energy E,,=29.4X10™ erg. In addition, the electronic effective masses have been evaluated. 

A method for growing arsenic single crystals is described. 


INTRODUCTION AND THEORY 


HE de Haas-van Alphen effect is characterized by 

a periodic dependence of the magnetic suscepti- 

bility of meta! single crystals upon reciprocal magnetic 

field at low temperatures. Since its discovery by de 

Haas and van Alphen' in bismuth, the effect has been 

observed in fourteen other metal single crystals,? and 

correlations have been established between the suscep- 

tibility oscillations and similar oscillations in the mag- 

netoresistance,*~* Hall effect,*-’ thermoelectric effect,* 
and thermal conductivity.’ 

The discovery of short-period susceptibility oscil- 
lations in arsenic was reported briefly in an earlier com- 
munication” by the author. In addition, much-longer- 
period oscillations have subsequently been detected, 


'W. J. de Haas and P. M. van Alphen, Leiden Comm. No. 
212 A (1930). 

* D. Shoenberg, Trans. Roy. Soc. yo oon “Wg 1 (1952). This 
reference discusses most of the work before 1 

*P. B. Alers and R. T. Webber, Phys. Rev. cr 1060 (1953). 

* Ted G. Berlincourt, Phys. Rev. of 1277 (19 $3). 

* T. G. Berlincourt and J. K. I , Phys. Rev. 93, 348 (1954). 

* Laird C. Brodie, Phys. Rev. , 935 (1954). 

* Reynolds, Leinhardt, and Herostreet, Phys. Rev. 93, 247 


(1954). 
*M. C. Steele and J. Babiskin, Phys. Rev. 94, 1394 (1954). 
* J. Babiskin and M. C. Steele, Phys. Rev. 96, 822 (1954). Also, 
P. B. Alers, Phys. Rev. 98, 1180(A) (1955). 
* Ted G. Berlincourt, Phys. Rev. 92, 1068 (1953). 


and the present paper concerns detailed investigations 
of both the long- and short-period terms. 

The theory of the de Haas-van Alphen effect was 
developed by Peierls," Blackman,” and Landau™ and 
is based upon a free-electron model. In the presence of 
a magnetic field the electronic energy levels coalesce 
into quantized levels of field-dependent spacing and 
degeneracy. As the field is varied, the electrons are 
redistributed among these levels in such a way as to 
give rise to the susceptibility oscillations. The effect of 
the periodic electric field of the lattice is taken into 
account by the introduction of anistropic effective 
electronic masses, and in many cases (including arsenic) 
the pertinent constant-energy surfaces in momentum 
or wave-number space may be approximated by one or 
more ellipsoids. Such approximately ellipsoidal pockets 
of electrons (or holes) presumably exist where the Fermi 
surface overlaps (or underlaps) Brillouin zone bound- 
aries. The resulting high curvature and correspondingly 
low degeneracy energy and low effective electronic 
masses favor easy detection of the de Haas-van Alphen 
effect. 

Equation (1), obtained from Landau’s theory (see 


" R. Peierls, Z. Physik nd 186 os Cae. 
= M. army Proc. Roy. Soc. (London) A166, 1 (1936). 
™L. Shoenberg, Proc. Roy. Soc. 


D. Lan se Appendix of D. 
(London) A170, 3 341 (1939) 











reference 2), gives the difference between the magnetic 
susceptipilities (Ax) per unit mass in two directions at 
right angles to each other for the case of ellipsoidal 
constant energy surfaces. (Recent modifications of this 
theory and methods for evaluating electronic parameters 
from the experimental data will be discussed later.) 


Adm(rsk\' 1 /2ekT\! 
wer IE(2)-1(8) 
p '6\Eo T'\ BH 


C7 (—1)?# eee 1) 
2p! sinh(2x*pkT/BH) 





p= 


provided E,>kT and E,.>6H. As will be evident later, 
the latter is not fulfilled for the long period oscillations 
at the highest fields of this investigation. A is a constant 
given by 

Eo 


Aw-————. 


wh (2k)*(m’)" 





(2) 


p is the density, 8 is a double effective Bohr magneton 
given by 


B=eh/m''c, (3) 


and m’, m'’, and Am are functions of the relevant effec- 
tive masses. These functions depend upon the geometry 
of the experiment and the shape of the electronic 
constant energy surface in momentum space for the 
crystal under investigation. Eo is the energy at this 
surface measured from the bottom of the relevant zone 
in the case of electrons (or from the top in the case of 
holes) and is given by a quadratic function of the 
momenta. The first summation sign in Eq. (1) is 
included in order to account for the existence of several 
ellipsoidal surfaces characterized by different param- 
eters and giving rise to beats. As will be borne out by 
the experimental data, it is possible to account almost 
completely for the observed oscillatory terms in arsenic 
by the introduction of four ellipsoids. At this point it is 
convenient to write the pertinent equations for these 
ellipsoids, postponing a discussion of their applicability 
to a later section. 


1. Long-Period Oscillations 


The long-period oscillations in arsenic will be inter- 
preted in terms of a single ellipsoid of the form 


+ * 3 
p Po ? 


Eu= , 
2m, 2my 








(4) 


where pz, p,, and p, are the components of momentum 
parallel respectively to the binary axis, the bisectrix 
axis, and the trigional axis. m, and m,, are the effective 
electronic masses perpendicular and parallel respec- 
tively to the trigonal axis, and the subscript / refers to 
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the long-period term. 


m= m, (mu), (5) 
(Am) := ma— mu, (6) 
ch 
B,.= —————-(m, sin’o+m, cos*¢)', (7) 
com, (mu)? 


where ¢ is the angle between the trigonal axis and the 
magnetic field. 


2. Short-Period Oscillations 


The three-ellipsoid scheme proposed by Shoenberg 
for bismuth and antimony is appropriate, and the per- 
tinent equations are copied below with only slight 
changes in notation. 


(8) 


and in addition the two ellipsoids derived from this one 
by rotations of + $4 about the p, axis. The subscript s 
refers to the short-period oscillations, me is the free- 
electron mass, and 


2mokos = apetarp+asp2+ 2asPyPs 











mo Moms Moms 
Qay="", Gs? s: @@ _— 
my) myms—m? myns—m¢ 
Moms, 
a= ° 
myms— me 


These ellipsoids lead to three periodic terms in Eq. (1) 
which, for the modes of measurement indicated, have 
the following values for 8, and (Am), provided H is in 
a horizontal plane and @ is the angle between the 
trigonal axis and the field. 


(a) Binary axis vertical, trigonal axis horizontal 
8, =)(msy cos*d +m, sin*h-+ 2m, sing cos@)!, 


B2=Bs=X(m, cos’ + } (39m,+ ma) sin’ (9) 
—m, sing cos¢)', 

(Am), sind cosd = } (mz— my) sin2d+m, cos2¢, 

(Am) sing cosp= (Am); sing cose (10) 


= }(3m,+ 4m.— ms) sin2o— hm, cos2¢. 


It should be noted that for this mode of measurement, 
¢ and x—¢ are not equivalent. As in Shoenberg’s work, 
the sense of ¢ has been so chosen that ¢ increases from 
zero as the field turns away from the trigonal axis 
(0001) into the acute-angled sector between (0001) and 
(1011). 


(b) Binary and trigonal axes horizontal 
B1=X(my cos*o+m, sin*g)! 


B2,83= {ms cos’ + 3 (m+ 3m) sinte 
+V3m, sing cos¢ }}, 


(11) 
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(Am); sing cosé= j (m,—mzs) sin2¢, 


(Am) sing cosd, (Am); sing cosd (12) 
= 4 (4m,+ im.—m;) sin2dg+ }v3m, cos2¢. 
In both (a) and (6) above, 
eh 
A= —, (13) 
cL. m,(mym,— m¢) | 

and the m’ of Eq. (2) is given by 

m’ = [ m,(mym,— me) }}. (14) 


EXPERIMENTAL WORK 
1. Torsion Balance Method 


The torsion balance method (which is described in 
detail elsewhere*-"*) was used to measure the couple C 
per unit mass in a vertical direction acting on the 
crystal in a homogeneous magnetic field. This couple 
is related to Ay [as given by Eq. (1) ] by the expression: 

C= AyxH* sing cos¢, (15) 
where 7 is the magnetic field strength and ¢ is the angle 
“ Ted G. Berlincourt, Phys. Rev. 88, 242 (1952). 
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short-period oscillations were present in general. 


measured in a horizontal plane between a given crystal- 
lographic axis and the magnetic field. Three modes of 
measurement were employed in this investigation, (a) 
binary axis vertical, trigonal axis horizontal, (6) binary 
and trigonal axes horizontal, (c) trigonal axis vertical. 

Angular displacements of the crystal never exceeded 
1° and displacements of approximately 0.0005° were 
detectable. Values of @ were corrected for these displace- 
ments, and measurements of the short-period terms 
were carried out over small ranges of field in order to 
avoid complications arising from their sensitive orien- 
tation dependence. Absolute values of CH~* may be in 
error by as great as 2 percent because of possible errors 
in balance calibration, but relative values should be 
accurate to about 0.2 percent at high fields. 

Temperatures were determined by observation of the 
vapor pressure of the liquid helium bath with mercury 
and oil manometers used in conjunction with the Mond 
vapor pressure tables.'® 


2. Magnet 


An Arthur D. Little electromagnet capable of rotation 
about a vertical axis supplied horizontal magnetic 
fields up to 25 kilogauss in strength. Pole pieces 5.75 


~ iH. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
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inches in diameter and a gap of 1.75 inches assured 
field homogeneity to within a few gauss over the volume 
of the crystal. The magnet was calibrated with a nuclear 
fluxmeter to an accuracy of better than 0.02 percent, 
and time variations of the field were limited to less than 
5 gauss during the course of a single measurement. 


3. Arsenic Crystals 


Two arsenic crystals were used in this investigation. 
The first crystal, As 1, (weighing 13.7 milligrams) was 
a well-formed hexagonal plate cleaved at a small con- 
necting link from a large crystalline mass of Fisher A892 
“Purified Arsenic.” A spectrochemical analysis kindly 
carried out by S. Cress of this laboratory revealed the 
following impurities: 0.1 to 1 percent Sb, 0.01 to 0.1 
percent Bi, 0.01 to 0.1 percent Si, 0.001 to 0.01 percent, 
Cu, 0.001 to 0.01 percent Pb, and traces of Mg. The 
second crystal, As 2, (weighing 14.0 milligrams) was 
grown from the vapor with Johnson Matthey and 
Company, JM 640, Laboratory No. 6126 very high- 
purity arsenic. The spectroscopic report listed faintly 
visible lines from Ag, Cu, Mg, and Si. 

Difficulties were anticipated in growing a crystal 
because of the many allotropic modifications of arsenic 
and the fact that it melts only at relatively high 
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pressures and temperatures (see Mellor'*). However, 
since it sublimes readily at moderate temperatures, 
growth from the vapor is feasible.'? The method finally 
adopted will be described in some detail. 

A simple furnace was constructed in the following 
way: A slot $4 inch wide, 5 inches long and open at one 
end was cut in a j-inch thick slab of transite, and along 
both sides of the slot small holes were drilled 3 mm 
apart and 1.5 mm from the edge. Nichrome heater wire 
was threaded through these holes in spiral fashion. This 
piece was then placed on a 1-inch thick transite slab, 
and two small j-inch thick transite blocks were placed 
on top, each covering nearly half the length of the slot 
leaving a gap of about } inch at the center. The nichrome 
wires were spread apart slightly at this gap to provide 
a “cool spot.”” Roughly 20 milligrams of arsenic were 
sealed under high vacuum into a 7-mm o.d, quartz 
tube about 3 inches long, which was in turn placed into 
the furnace slot. Heat was supplied until all of the 
arsenic was vaporized. A crystal was then nucleated by 
touching the quartz tube at the “cool spot” with a 


J. W. Mellor, A Comprehensive Treatise on Inorganic and 
Theordical Chemisiry (Longmans, Green and Company, London, 
1929), Vol. 9, p. 16. 

‘7 McLennan, Niven, and Wilhelm, Phil. Mag. 6, 666 (1928). 
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cool, sharp metal probe for a few seconds, and decreas- 
ing the power supplied to the furnace. The growth of 
the crystal was observed visually, the power being 
adjusted to obtain a suitable growth rate. In order to 
condense only the rhombohedral form of arsenic, it 
appeared to be necessary to vaporize all of the arsenic 
and then condense it at a relatively high temperature. 
Attempts to sublime a small part of a large quantity of 
arsenic from one region to a cooler region produced 
unwanted allotropic forms. It should be mentioned that 
the temperatures used often exceeded the softening 
point of Pyrex, which was used in place of quartz in 
early attempts. 

As 2, produced in the above manner, displayed well- 
formed facets, and a goniometric investigated yielded 
reflections from the [0001], [0112], [1011], [2021], 
[1014] planes. All except the third of these forms were 
noted by Palache"* in a natural arsenic crystal. Despite 
the fact that As 2 was the best crystal obtained, a Laue 
back-reflection x-ray picture taken after the magnetic 
measurements had been completed revealed consider- 
able asterism. Since the crystal was attached to the 
torsion balance with Duco cement, strains were prob- 


Charles Palache, Am. Mineralogist 26, 709 (1941). 


ably introduced via differential thermal expansion as 
the crystal was repeatedly cooled and warmed between 
room and helium temperatures. In fact it was noted by 
observation with a microscope that the quality of the 
facets deteriorated noticeably with successive runs. 


EXPERIMENTAL RESULTS 


The features of the susceptibility oscillations in ar- 
senic are illustrated in Figs. 1 through 6, where CH~* 
which is directly proportional to Ay [see Eq. (15)], is 
plotted against reciprocal field for the indicated modes 
of measurement. The reciprocal of the magnetic field is 
chosen for the abscissa in order to illustrate the period- 
icity in H~ in agreement with Eq. (1). CH- is plotted 
as negative in all cases to indicate that (x,,—x,) is 
negative where x,, and x, are the components of sus- 
ceptibility parallel and perpendicular respectively to the 
trigonal axis. Rather complete data for the long-period 
oscillations are included because of the presence of 
some unexplained features to be discussed later. Note 
the greater amplitude of the oscillations in As 2 in 
keeping with its higher purity. 

In general, CH~ is made up of a steady portion, plus 
a long-period term, plus three short-period terms, 
although usually only one short-period term is strong 
enough to be measured. For some orientations and at 
low fields the short-period terms were so weak that they 
could be ignored in taking the long-period term data. 
However, at high fields, points which determine the 
long-period curves were taken as the mean of the short- 
period oscillations over small intervals of field. It 
should be remembered that Figs. 1 through 5 are in 
most parts schematic in that the short-period terms 
were usually present. They were not traced out in 
detail over the entire range of fields as this procedure 
would have been prohibitively time-consuming. Note 
the presence of beats in the blow-up of the short-period 
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oscillations for ¢=—17.5° in Fig. 5 indicating the 
existence of two short-period terms. 


ANALYSIS AND EVALUATION OF PARAMETERS 


1. The One Ellipsoid Scheme and the Long- 
Period Oscillations 


Inspection of Eq. (1) reveals that the period of the 
susceptibility oscillations in reciprocal field is given by 
8/2». In order to deduce this parameter for the long- 
period term, envelope curves were drawn, and the mean 
of the oscillations was ascertained in each case. Then 
values of reciprocal field at which maxima, minima, and 
crossover points (or zeros of the sine function) occur 
were plotted against odd, even, and half-integers respec- 
tively as in Figs. 7 and 8. Values for 8,/ Zo; were deduced 
from the slopes of the linear plots and are listed together 
with the corresponding amplitudes in Table I for the 
various orientations and modes of measurement. 

At some orientations, as illustrated by the dashed 
lines, beats were present, and insufficient information 
was obtainable to permit determinations of the periods 
of the components. The presence of beats could indicate 
the inadequacy of the one ellipsoid scheme as outlined 
in the first section for the long period term, or the 
existence of small inclusions of different orientation in 
the crystals (even though not detected by the x-ray 
examination), or possibly both. 

In any event, a test of the fit of the available experi- 
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beats 

0.47 

5.17 

3.87 

5.14 

1.42 


2.16 
2.75 


and trigonal axes horizontal 


5.28 


horizontal 


5.90 


20 September 1954 


7.3 


20 October 1954 


5.9 


4.224 
4.224 


— ee BS ee 


— 
Se Ot 
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2 November 1954 


1.44 
8.2 


7.1 


89 


4.220 
3.282 
2.385 
1.373 
1.373 
1.372 
1.368 
1.366 
1.363 
1.349 
1.357 
1.356 
1.342 


17 January 1955 


(3.0 


1.58 


45 


2.2 


4.216 
3.301 
2.403 
1.380 
4.216 
3.301 
2.395 
1,366 
4.216 
4.216 
4.216 


24 January 1955 


3.2 


3.6 
3.9 
5.3 
3.6 
45 


4.217 
4.217 
4.217 
4.217 
4.217 
4.217 
4.217 
4.217 
4.217 








*@ is the angle in degrees between the » eteneel axis and the magnetic 
field ; 8:/ Es is in gauss™'; a: is the amplitude of the oscillations of CH 


in dyne cm g™' gauss “4 for H~ 18 X107*; 8: is in er 


gauss; Eo: is in erg; 


xi is in °K; T is in °K; less accurate values are indicated by parentheses. 


mental data to the one ellipsoid scheme was accom- 
plished by plotting the square of the period against 
cos*¢ for the (a) and (b) modes of measurement. If Eq. 
(7) is applicable, a straight line should be obtained 
with points for both modes falling on the same line. 
Such plots appear for the two crystals in Figs. 9 and 10. 
Evidently the one-ellipsoid scheme is a fair approxi- 
mation. Note from Figs. 9 and 10 that the impure 
crystal, As 1, exhibited periods noticeably different 
from the pure crystal and far exceeding any difference 
attributable to the possible orientation errors of +2°. 
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Fic. 8. As 2 (pure). Values of H~ at which maxima, minima, 
and crossover points occur for the long-period oscillations plotted 
against odd, even, and half integers, respectively 











Additional support for the one-ellipsoid approxima- 
tion, which predicts isotropy in the plane perpendicular 
to the trigonal axis, was obtained from measurements 
performed on both crystals with the trigonal axis ver- 
tical. These measurements yielded only very weak 
oscillations, too weak to analyze with any certainty, 
although the evidence suggested terms having periods 
of approximately 0.85 10~-* gauss“ in As 2. 

The phase of the long-period oscillations is also of 
interest and can be obtained from the intercepts on the 
integer axis of those plots in Figs. 7 and 8 for which an 
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Fic. 9. As 1 (impure). The square of the period for the long- 
period term versus the square of the cosine of the angle ¢ between 
the trigonal axis and H. The circles correspond to measurement 
mode (5), the triangles correspond to mode (a) with ¢ positive, 
and the squares correspond to mode (a) with ¢ negative. 


extrapolation to infinite field appears justified. For As 1, 
the observed phase 6=0.50r and for As 2, 6=0.314 
whereas the theoretical phase as given in Eq. (1) is 
j= —2/4. 


2. The Three-Ellipsoid Scheme and the Short- 
Period Oscillations 


In determining periods for the short-period terms, a 
process similar to that described in the foregoing was 
adopted except that only crossover points were plotted 
against integers. Wherever beats occurred, the dominant 
period was taken as the mean period over several beat 
periods. The subordinate period could then be deter- 
mined from the beat period. The values so obtained as 
well as the amplitude of the oscillations are tabulated 
in Table II. 

In order to test the applicability of the bismuth- 
antimony type three-ellipsoid scheme to the short- 
period terms in arsenic, the square of the period was 
plotted against ¢ for measurement modes (a) and (6). 
Now according to Eqs. (9) and (11) the orientation 
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Fis. 10. As 2 (pure). The square of the period for the long- 
period term versus cos*d. The circles correspond to measurement 
mode (6), the triangles correspond to mode (a) with ¢ positive, 
and the squares correspond to mode (a) with @ negative. 


dependence of the period for the ith short-period term 
should be of the form 


(8;/ Eo.) = frtgi sin(2¢+6,), (16) 


where f; and g, involve the effective masses as well as 
Eo, and other constants, 6; involves the effective masses 
only, and i runs from 1 to 3 for each measurement 
mode. Once any four of these parameters have been 
determined, the other 14 are fixed. By a method of suc- 
cessive approximations a self-consistent set of param- 
eters was ascertained which gave a satisfactory fit to 
the experimental points, verifying the applicability of 
the three-ellipsoid scheme. The curves in Figs. 11 
through 14 were drawn by using these parameters, and 
it should be pointed out that very slight modifications 
(of the order of one percent) of the parameters produce 
noticeably poorer fits to the data. Note again that 





DE HAAS-VAN ALPHEN EFFECT IN As 


TaBLE IT. Summary of data on the short period terms in arsenic.* 











(B./ Ee) 
° x1ie" Eu X10" Xe 


a.X10 8:x10" 


(8. /Eos) 
° x10 aXe gixi0® ) Ey X10" Xe T 








As 1, binary axis vertical 13 August 1953 
14.2 5.79 0.46 
28.7 5.85 0.74 
43.6 5.28 1.00 
58.7 452 0.34 
74.2 (3.9) (0.05) 

—2.7 544 0.38 

—139 627 0.57 

—284 673 0.56 

—43.0 681 0.37 

-583 627 0.72) 

—58.3 6.27 1.59) 

—73.7 5.34 0.21) 

—73.7 5.34 0.59) 


(27.6) {(60) 


(27.7) { 


(1.73) 
(1.48) 


As 1, binary and trigonal axes horizontal 30 September 1954 
5.99 1.06 
6.42 0.241) 
6.42 0.332 . 
0427, 1-86 


1.383 
1.379 
1.381 
1.384 
1.390 
1.391 
1.392 
1.392 
1.393 


— 59.9 
—67.4 5. 
—75.0 4.69 0.280 
17 January 1955 

4.216 
3.301 
2.403 
1.380 
4.216 
3.301 


As 2, binary and trigonal axes horizontal 
5.76 2 30) 
5.76 3.33 *, e 
376 436f «7029S 
5.76 5.82} { 
4.62 0.35 
4.62 0.49 





As 2, binary and trigonal axes horizontal January 17, 1955-——-Continned 
9.0 4.62 0.69 2.403 
9.0 4.62 0.91 1.380 

24.0 6.11 1.82 4.216 
24.0 6.11 2.69 3.301 
24.0 6.11 3.42 2.395 
24.0 6.11 4.45 1.366 
24.0 5.02 0.57 4.216 
24.0 5.02 0.82 3.301 
24.0 5.02 1.13 2.395 
24.0 5.02 (1.70) 1,366 
39.0 6.35 1.53 4.216 
4.50 0.30 4.216 

5.95 3.40 4.216 

5.25 1.91 4.216 

4.16 (0.4) 4.216 

5.80 4.00 4.216 

6.30 1.38 4.216 

6.29 2.37 4.216 

5.61 2.90 4.216 

4.216 


4.92 (1.3) 
As 2, binary axis vertical 24 January 1955 
4.217 


7.5 5.52 
12.5 5.53 4.217 
18.0 3.81 4.217 
35.0 5.00 4.217 
42.5 5.60 4.217 
50.0 5.37 4.217 
4.217 


57.5 4.85 
65.0 4.23 4.217 
72.5 4.217 
80.0 4.217 
—7.5 4.217 
—17.5 4.217 
—17.5 4.217 
— 25.0 4.217 
— 32.5 5 4.217 
—47.5 7 4.217 
— 55.0 4.217 
—70.0 4.217 
4.217 


—77.5 
— 85.0 4.217 


(1.0) 


1.43 
(1.0) 
3.80 0.10 
3.47 
5.68 
6.21 
4.33 
6.59 
6.62 2.2 
6.57 3.2 
6.40 
5.57 
4.77 
4.36 


3.17 
0.48 


1.03 











*@ is the angle in degrees between the trigonal axis and the magnetic field; @./Eos is in gauss™'; a, is the amplitude of the oscillations of CH™ in 


dyne cm g™! gauss™* for H~! =4.1 107; 8, is in erg gauss”; x, is in 
appears under a., oscillations were counted. 


small differences exist between the results for As 1 and 
As 2, the impure crystal again exhibiting the longer 
periods. No determination of the phases of the short- 
period oscillations was possible since extrapolation to 
infinite field could not be made with any certainty. 


3. Effective Masses and Degeneracy Energies 
Provided Eq. (1) is valid, a plot of 
log.{a7—"1—exp(—4x°kT/8H) }} 


(where a is the amplitude of the oscillations in CH 
for a given term) against T for fixed H should yield a 
straight line of slope —2x*k/8H. Thus, a first approxi- 
mation to 8 may be obtained from the slope of a plot 
of log.(a7~") against 7. This value of 8 may then be 
used in a plot of 


log.{a7-"[1—exp(—42°kT/8H) }} 


K; T isin °K; less accurate values are indicated by parentheses; wherever no entry 


against 7, yielding a second approximation to 8. This 
process may be repeated until a value of 8 of the desired 
accuracy is obtained. Values of 8 so derived appear in 
Tables I and II, and examples (using log,9) of such final 
plots appear in Fig. 15. The theoretical form of the 
temperature dependence of amplitude is verified by the 
linearity of these plots. [Incidentally, the harmonics 
appearing in Eq. (1) were not important at the fields 
and temperatures involved in these plots. } 

Once 8 had been determined, EZ») was determined from 
the period 8/E». Values for both long and short period 
terms in both crystals appear in Tables I and II. 

Comparisons of Eq. (7) with Figs. 9 and 10, Eq. (9) 
with Figs. 11 and 12, and Eq. (11) with Figs. 13 and 14 
permitted evaluation of the pertinent electronic effective 
masses. These are listed together with the best values 
for Eo, Table III. (The values for m,,/mo in parentheses 
were derived by another method discussed in a later 
section.) 
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Fic. 11. As 1 (impure). Square of the period for the short- 
= terms versus @ for mode (b), binary and trigonal axes 
,0rizontal. 


4. Field Dependence of Amplitude 


According to a modification of Landau’s theory by 
Dingle,” broadening of the electronic energy levels re- 
sulting from the presence of impurities has the effect of 
reducing the amplitude of each term in the summation 
over p in Eq. (1) by a factor 


exp(—2x*pkx/8H), 
50 














8) 


-90° 6or = 90” 


-6o°  -3x0” { x 


Fic. 12. As 1 (impure). Square of the period for the short 
period terms versus ¢ for mode (a), binary axis vertical, trigonal 
axis horizontal. 


~ # R. B. Dingle, Proc. Roy. Soc. (London) A211, $17 (1952). 
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~ 
Fic. 13. As 2 (pure). Square of the period for the short-period 


terms versus @ for mode (6), binary and trigonal! axes horizontal. 
Where two points occur for one angle, beats were observed. 





wv lh 


where x has the dimension of temperature and is related 
to the collision time 7 by the expression 


x=h/2xkr. (17) 


It can be shown that if Eq. (1) is valid, 7+ is given 
by the product of —8/2*k and the slope of the straight 
line obtained when log.{aH'![1—exp(—4x°k7T/8H) }} is 
plotted against H~ for fixed T. Several such plots 














3 6 30 COSC 
¢ 
Fic. 14. As 2 (pure). Square of the period for the short-period 
terms versus @ for mode (a), binary axis vertical, trigonal axis 
horizontal. 
























appear in Fig. 16 for the long-period term in As 2. The 
linearity of these plots verifies the theoretical field 
dependence of amplitude. Where the plots are non- 
linear, it appears that the beats already mentioned 
prohibit a comparison between theory and experiment. 
For the indicated fields and temperatures the harmonics 
were again negligible, although at the lowest tempera- 
tures and highest fields their presence was easily recog- 
. nizable in the long-period term in As 2. 

Values of x, derived from plots such as appear in Fig. 
16, are tabulated in Tables I and II, and. the large 
magnitudes are in keeping with the known relatively 
poor crystal quality. The short-period term values are 
not very reliable because of the relatively small range 
of fields investigated. In general, x was greater in As 1 
as might be expected because of its greater impurity 
content. Although the dependence of x; upon ¢ is some- 
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what irregular, the data for As 2 suggest that x, increases 
as ® is increased from zero, reaches a maximum value 
at about 2/6, and then decreases to roughly its initial 
value as ¢ approaches /2. Croft, Love, and Nix” have 
proposed a mechanism which would give rise to an 
orientation-dependent x, but the scatter of the present 
data does not justify a detailed interpretation in terms 
of this mechanism. 





5. Absolute Amplitude, Steady Anisotropy, 
and Number of Electrons 





If the degeneracy energy, the electronic effective 
masses, and x are known for a given de Haas-van Alphen 
term, the theoretical amplitude can be calculated using 
Eq. (1) together with Dingle’s impurity damping 
factor. Such a calculation was carried out for the long 
period term for mode (6) (binary and trigonal axes 


~ ® Croft, Love, and Nix, Phys. Rev. 95, 1403 (1954). 











DE HAAS-VAN ALPHEN 


EFFECT IN As 1725 





TaBLe III. The de Haas-van Alphen parameters for arsenic.* 














As 1 (impure) As 2 (pure) 
Eu (erg) 1.43xX10™™ 1.59X10-“ 
m,/mo 3.18 10% 3.10 10° 
poe 0.468 0.231 
_— (4.4X 10°) (1.4X 10°) 
1.8x10-* 15x10" 
py cvtengee (6.4X 10-*) (3.6 10-) 
& (radians) 0.590 x O31 x 
Eo, (erg) 29.3X10-“ 29.410“ 
m,/mo 0.187 0.193 
m,/mo 0.956 1.07 
m;/me 1.77 1.78 
m,/mo —1.25 —1.33 
n, per atom 1.2x10* 1.2x10* 








* Except where double entries appear, the probable errors are of the 
order of a few percent. The values for miu/me appearing in parentheses 
were derived from the absolute amplitude of the long-period oscillations. 
The large discrepancy between these values and the ones obtained as 
described in part 3 of “Analysis and Evaluation of Parameters” is dis- 
cussed in the text. =, refers to each of the three short-period ellipsoids. 


horizontal) for As 1 with ¢=25.2°, H'=9X10-*, and 
T = 1.389°K, and for As 2 with ¢= 24.0°, H'=9X 10-5, 
and 7=4.216°K. The observed amplitudes exceeded 
the calculated amplitudes in As 1 and As 2 by factors 
of 28 and 29 respectively. Similar calculations for the 
short-period term, using long-period term values for x 
(which is probably not too bad an approximation), 
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Hx 10° GAUSS” 
Fic. 16. As 2 (pure). Field dependence of the amplitude of the 


long-period oscillations. Values of the amplitude damping 
parameter z are derived from the slopes of such plots if linear. 
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Taswe IV. Steady magnetic anisotropy of arsenic. 








(xy Hy )mtondy X10* (emu) 





T (°K As 1 (impure As 2 (pure) 

WOO —0).82 —0.54 
77 —1.2 —0.80 
42 —13 —0.91 


yielded agreement between theory and experiment to 
within a factor of two in several cases. This is quite 
satisfactory agreement in view of the uncertainties in 
the use of the long-period term x. On the other hand, 
the discrepancy in the long-period case is not easily 
accounted for. Examination of the parameters involved 
in the calculations reveals m,, (derived from the 
cos*¢@=0 intercept in Figs. 9 and 10) as the least ac- 
curately determined. Adjustment of m,, by an amount 
sufficient to bring experimental and calculated ampli- 
tudes into accord requires the values for m,,/mpo ap- 
pearing in parentheses in Table III. Further possible 
support for these larger masses exists in that they bring 
the calculated steady anisotropy [first term in Eq. (1) ] 
into accord (within 10 percent) with the experimentally 
observed values listed in Table IV. However, even 
though the effect of the short-period term electrons was 
also taken into account in this comparison, other con- 
duction electrons (whose de Haas-van Alphen oscil- 
lations are not observable under present experimental 
conditions) may exist in arsenic, making such a com- 
parison only speculative. Furthermore, it appears 
unlikely that the cos*¢=0 intercepts in Figs. 9 and 10 
could be so much in error. It is more likely that the 
answer lies in the inadequacy of the one-ellipsoid scheme 
or in the theory itself. 

The number of long- and short-period electrons per 
atom listed in Table III were calculated from the fol- 
lowing expressions. 


Se V 

ny m,my'(2Eo:)!, (18) 
3h* N 
Re V 

n, [ m,(mzm3— m2) }*(2Eo,)!, (19) 
3h? N 


where V is the atomic volume and N is Avogadro’s 
number. The values in parentheses were calculated 
using the values for m,,/mo in parentheses. 
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CONCLUDING REMARKS 


The forms of the observed temperature and field 
dependences of the amplitude of the de Haas-van Alphen 
oscillations in arsenic are in good accord with theory. 
However, the phase of the long-period oscillations is at 
wide variance with theory as is typical in other crystals. 
In this connection it is of interest to note that As 1, 
which exhibited a greater maximum period than did 
As 2, also exhibited the greater phase. Furthermore, in 
zinc” (which displays a temperature-dependent period), 
as the maximum period increases the phase increases, 
A generalization on this observation may, however, be 
premature. 

The short-period oscillations in arsenic can be ac- 
counted for quite satisfactorily by a three-ellipsoid 
constant-energy surface scheme. On the other hand, the 
one-ellipsoid scheme proposed as an approximation for 
the long-period term is less satisfactory because of the 
unexplained beats, the long-period oscillations observed 
(though weak) with the trigonal axis vertical, and the 
discrepancy between observed and calculated ampli- 
tudes. It may be mentioned that the values for m, and 
Eo: in arsenic are quite comparable with the corre- 
sponding values for graphite, and that in order to 
account for the large amplitude of the oscillations in 
graphite, Shoenberg’ found it necessary to attribute to 
m,, a value of a few hundred free-electron masses as is 
necessary in the case of arsenic. 

In order to obtain an explanation for the beats in the 
long-period term in arsenic, it is likely that better 
crystals would be necessary with correspondingly larger 
amplitude, thus facilitating measurements over a 
greater range of fields and with the trigonal axis vertical. 
It appears doubtful that the observed beats arise from 
small differently-oriented regions in the crystals in view 
of the similarity of the results for the two crystals used 
in this investigation. However, this possibility cannot 
be ruled out with certainty. 
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Infrared Spectra of Ferrites* 
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The infrared spectra of 7 ferrites of the formula MFe:O,, where M designates a divalent metal, are 
presented and analyzed. Electronic absorption was observed in the visible and near-infrared regions. Two 
absorption bands arising from interatomic vibrations were measured and force constants calculated for the 
stretching of bonds between octahedral or tetrahedral metal ions and oxide ions. These force constants 
are in agreement with the elastic and thermodynamic properties of these compounds and are sensitive to 
distribution of metal ions between the alternate sites. The integrated vibrational band intensities were 
measured : they are compatible with predominantly ionic bonding for these structures. 





TUDIES of the relations between structure and the 

electromagnetic response of ferromagnetic semi- 
conductors are useful in understanding their properties. 
Since the electric and magnetic properties of these 
materials are decisively dependent on the precise con- 
figuration of the atoms or ions in these structures, 
methods of nondestructive analysis are especially suited 
to such investigations. In particular, the vibrational, 
electronic, and magnetic dipole spectra can give infor- 
mation about the position and valence of the ions in 
the crystal lattices. 

In the present work, the infrared spectra of seven 
ferrites with the general formula MFe.O,, where M 
represents a divalent metal ion, were examined in the 
frequency range 280-4000 cm~'; in several cases the 
investigation was carried up to the visible range. No 
previous infrared studies of these materials were found 
in the literature with the exception of the reflection 
spectrum of magnetite in the near infrared measured by 
Coblentz.! 


EXPERIMENTAL 


The spectra were recorded on a Beckman IR-3 
spectrophotometer equipped with CaF:;, KBr, and 
KRS-5 prisms. Calibration was made by recording 
H.O, NH;, CO», CH,, HCl, and HBr lines previously 
measured with considerable accuracy on grating 
instruments.” 

The samples were made according to the technique 
of Stimson’ and Schiedt* ; 2.5 mg of the ferrite was mixed 
with 0.8 g of powdered KBr, and placed in a cylindrical 
die of 20 mm diam. The die was evacuated (0.1 mm Hg) 
for about 30 min to insure dryness and the sample then 
pressed for about 10 min at 30 tons/inch*. Clear disks 
of approximately 1 mm thickness were obtained with 
usable transmission to 280 cm~. The ferrites them- 


* Sponsored by the Office of Naval Research, the Army Signal 
Corps, and the Air Force. 

1W. W. Coblentz, Additional fanetigtions of Infrared Spectra 
(Carnegie Institution, W ashington, D. C., 1908). 

? Downie, Magoon, Purcell, and Mek J. Opt. Soc. Am. 
43, 941 (1953). 

*M. M. Stimson and M. J. O’Donnell, J. Am. Chem. Soc. 74, 
1805 (1952). 

*U. Schiedt and H. Reinwein, Z. Naturforsch. 7b, 270 (1952); 
Appl. Spect. 7, 75 (1953). 





selves were prepared by precipitation and thermal 
decomposition of the corresponding oxalates as de- 
scribed by Wickham.® 

Measurements were made at room temperature and 
at liquid nitrogen temperatures in a Dewar cell with 
AgCl windows. The cell construction was essentially the 
same as described by Wagner and Hornig.* 


DATA 


Spectra of MFe,O, in the range 280-2500 cm~ are 
shown in Fig. 1; M designates Co, Fe, Mg, Mn, Ni, or 
Zn. The spectrum of the mixed ferrite Nio.sZno.7FexOx, 
the low-temperature spectrum of Fe;O,, and the 
reflection spectrum of NiFe,O, are presented in Fig. 2. 
Low-temperature spectra of the other simple ferrites 
were examined above 430 cm™, but differed only in 
minor detail from the room temperature spectra. 


ANALYSIS 


A cursory inspection of the spectra shows two ab- 
sorption bands below 1000 cm™ as a common feature of 
all the ferrites. Absorption in this region is not restricted 
to this class of compounds but occurs in the spectra of 
most metallic oxides.’ The bands arise from lattice 
vibrations of the oxide ions against the cations. At 
higher frequencies, gradually increasing absorption 
caused by electronic transitions is observed. 


Electronic Spectra 


The high-frequency absorption possesses a low- 
frequency cutoff which cannot be defined without am- 
biguity. For cases where the absorption reaches a 
maximum or approaches a limiting value, the frequency 
of 4 maximum optical density may be taken as a 
reference point. Alternatively, the inflection point in 
the graph of optical density vs frequency, if present, 
may be chosen as the reference frequency. This latter 





*D. G. Wickham (personal communication). 
( *E. L. Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 
1950). 

7 Bands in this region have been observed in Al,O;, MgO, 
Fe, TiO, BaTiOs, etc. See, for example, L. Harris, J. Opt. Soc. 
Am. 45, 27 (1955); F. Matossi, J. Chem. Phys. 19, 1543 (1951). 
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criterion will be used except where noted. Table I shows 
these values for the electronic transition. 
These data are subject to considerable uncertainty 
because that portion of the scattering caused by the 


threshold 


ferrite particles cannot be distinguished from absorption 
losses. 


Infrared absorption spectra of simple ferrites. Optical density measured relative to standard KBr 
2.50 mg (Fe 5.00 mg); sample area: 3.14 cm*. Multiple lines indicate alternate runs or 


If these absorptions represent transitions to a con- 
duction band of the crystal, the tabulated values can 
be expressed as activation energies. Some of the elec- 
tronic bands give an indication of structure at higher 
frequencies ; the scattering losses of our samples preclude 
their positive identification. 
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Fic. 2. Special infrared spectra of ferrites. To 


: reflection spectrum of single crystal of NiFe,O, (normal 


incidence [110] face). Center: low-temperature absorption spectrum of FesO, (2.50 mg). See legend of Fig. 1. 
Bottom: absorption spectrum of mixed ferrite Nio.sZno,7FegO,. See legend of Fig. 1. 


Vibrational Spectra 


The bands in the 300 to 700 cm™ region are assigned 
to the fundamental vibrations of the ions of the crystal 
lattice. For the analysis of such spectra, it is necessary 
to consider the vibrational spectrum of periodic 
structures. The vibrational problem is most con- 
veniently treated by classification of crystals according 
to the continuity of bonding as (1) continuously 
bonded; (2) discontinuously bonded; and (3) inter- 
mediate. In continuously bonded crystals, the atoms 
are bonded to all nearest neighbors by equivalent forces 
(ionic, covalent, or van der Waals) and the frequency 
distribution of vibrations given by a Debye or Born- 
von Karman treatment of the classical mechanical 
problem. In this class, we include simple ionic crystals 
such as the alkali halides; diamond and its homologues; 


metals; and rare-gas crystals. In the discontuously 
bonded or molecular crystal, sets of atoms are tightly 
bound by (intramolecular) chemical valence forces and 
separated from adjacent sets by weak (intermolecular) 
van der Waals forces. In a first approximation, the 
spectrum resembles that of a gas molecule with the 
vibrational lines slightly broadened due to weak inter- 


Taste I. Threshold frequency of the electronic absorption band. 











Compound cm" ev 

CoFe, 900+ 50 0.11 
FeFe, 1200+ 200 0.15 
MgFeO, 1060+ 50 0.13 
MnFe, 930+ 50 0.12 
NiFe,O¢ 2700+600 0.33 
ZnFeQ, 2300+ 200 0.29 








* Inflection point ill-defined due to nearly constant slope. 








_ ore 











©) Oxide ion 
@ Tetrahedral ion (M) 
@ Octahedrai ion (Fe) 


Fic, 3, Crystal structure of normal spinel (cubic unit cell 


molecular coupling ; in addition, there is a low-frequency 
branch similar to the spectrum of a heavier rare-gas 
crystal. To this class belong the solid phases of poly- 
atomic gases, most organic compounds, sulfur, and 
nonmetallic compounds. 

In the third class, the intermolecular forces are some- 
what the the 
the vibrational problem may 


greater than in molecular case and 
branches may overlap; 
occasionally be treated as a perturbation of the class 
2 case. Examples of this group include ionic crystals 
containing polyatomic ions, hydrogen-bonded crystals, 
and strongly dipolar crystals. 

X-ray diffraction studies of the ferrites* lead to a 
structure equivalent to the mineral, spinel (Fig. 3). The 
metal ions are situated in two different types of posi- 
tions, designated octahedral (0) and tetrahedral (¢) 
sites according to the geometrical configuration of the 
oxygen nearest neighbors. Some doubt exists, however, 
concerning the distribution of the different metal ions 
the alternate No molecular 
the structure, so we the 
ferrites to the class 1 or the continuous case. 

The complete frequency distribution consists of 42.V 
vibrational modes, where V is the number of primitive 
unit cells (PUC) in the crystallite (3 degrees of freedom 
for each ion; 14 ions per PUC). The selection rules 
require that only modes of proper symmetry absorb 
infrared radiation. The space group symmetry for a 
normal spin is O4’(F 4,/d32/m), with 14 atoms per 
primitive unit cell (M,Fe,O,). (The term normal or 
inverse spinel designates a structure in which M ions 
are situated on the tetrahedral or octahedral sites, 


between sites isolated 


groupings occur in assign 


respectively.) 
The complete vibrational spectrum can be classified 
in terms of the vibrations of a single unit cell. Each 
*R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Vol. II, Chap. 8. 
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normal mode of the unit cell corresponds to NV normal 
modes of the crystal which differ principally in the 
phase shift between adjacent cells. It is expedient to 
subdivide the ions of the PUC into two MO, groups 
and one Fe, group of tetrahedral symmetry (Fig. 4). 
This permits the classification of the vibrations into 
species of the point group T, by referring to the well- 
known results for gas molecules of equivalent symmetry® 
shown in Table II. Continuity requires that the same 
symmetry classification holds for the vibrations of the 
whole crystal since, if we imagine that the coupling 
between MO, and Fe, groups decreases, we approach 
the case of 3.V gas molecules in the limit of zero inter- 
ation. 

Only species F, has the symmetry of a vector set and 





Fic, 4. Species F; normal vibrations of a spinel (schematic). 
Cubic unit cell (dotted line) (see Fig. 3). Rhombohedral primitive 
unit cell PUC (solid line). Tetrahedral groups MO,(t,1,2,3,4), 
MO¢ (#',1',2',3’ 4°), Fea(a,b,c,4). 





*G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., New York, 1945), pp. 99 ff. 

















Taste II. Symmetry classification of vibrations. 











Degrees of freedom 
Ta species Degeneracy MO, Fes 2MOw+Fea 
Ay (1) (1)x1 (1)x1 (1)X3 
E (2) (2)xX1 (2)x1 eee 
F; (3) (3)X1 aoe 3)x3 
PF; (3) (3)<3 3)X2 (3)x<8 
Total 15 12 42 








hence is infrared active. The selection rules further 
require that the phase shift between successive cells 
match that of the electromagnetic wave of equal fre- 
quency. Since the ratio of sound to light velocity is so 
low, this phase shift is extremely small and the active 
mode effectively corresponds to a vibration invariant 
with respect to lattice translations. Of the 42N normal 
vibrations, 24 belong to species F, 24 are invariant 
with respect to translation, and only eight discrete 
infrared bands should occur. In an inverse spinel, the 
local symmetry is lowered by substitution of $ of the 
octahedral sites by M ions. This splits each triply 
degenerate vibration into three vibrations of different 
frequency. Disorder in the lattice would destroy the 
translational invariance of the vibrations leading to a 
distribution of infrared active frequencies. Isotopic 
substitution would also produce this effect. 

The precise form of the normal vibrations depends 
upon the potential energy field except where the re- 
quirements of symmetry uniquely determine the mode. 
Of the eight possible frequencies, three are internally 
inactive and one is the zero frequency translation. (The 
internally inactive vibrations arise because of the 
equivalence of the MO, groups and the location of the 
Fe ions on centers of symmetry.) The normal coord- 
dinates of species F; are pictured schematically in 
Fig. 4. Each oxide ion is bonded to three octahedral ions 
and one tetrahedral ion. In the normal spinel, the three 
octahedral bonds lie along the coordinate axes and 
provide an isotropic force field which would permit the 
oxide ion to oscillate in any direction with a constant 
frequency if the tetrahedral bonds were absent. The 
tetrahedral bonds have the effect of substantially 
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increasing the frequency for vibrations along the ‘—-O 
axis (»,), while vibrations at right angles (»:) would 
change frequency only slightly if small bending force 
constants are assumed. The two low-frequency active 
modes, v3 and », involve oscillations of the metal ions 
in the isotropic force fields of their octahedral or 
tetrahedral environments. 

Since only two inrared bands were accessible in the 
spectral range covered, only two potential constants of 
the energy field can be calculated, and the identification 
of these constants with particular bonds requires 
certain simplifying assumptions. In the following treat- 
ment, we shall neglect bending force constants: this 
approximation is probably closer to reality in the ionic 
then the molecular case, where it is occasionally em- 
ployed in the evaluation of stretching force constants. 
We shall use the following expression for the potential 
energy: 2V=k, > r?+k, >. r.*, where k, and k, desig- 
nate the force constants associated with unit displace- 
ment of the ‘—O and o—O bonds, respectively, and r, 
and ¢, represent the corresponding components of dis- 
placement from equilibrium in the direction of the 
appropriate bonds. 

The determination of the vibrational frequencies and 
normal coordinates can be carried out by the method of 
symmetry coordinates devised by Wilson"; but in our 
case, the modes can be determined directly by inspec- 
tion. Table ITI gives the coordinates for the four active 
vibrations. 

The zero frequency result for w, is not unexpected in 
view of the potential field chosen: if the MO, groups 
were isolated, there would be no restoring force for the 
degenerate bending vibration. Introduction of a 
bending-force constant would lead to simultaneous 
equations for w, and w, similar to the equations for w; 
and w3. 

We assign the high-frequency line observed to »; and 
the low-frequency line to v; for the following reasons: 
vz has a lower frequency than »; as was discussed quali- 
tatively; the frequencies are about those expected for 
roughly equivalent force constants (if k= ke, v1/vs~<V2) ; 
and the intensities are nearly equal, as expected if the 
motions are predominantly those of the oxide ion. The 
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J. B. Howard and E. B. Wilson, Jr., J. Chem. Phys. 2, 630 (1934). 
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Taste IV. Infrared spectral frequencies of ferrites. 























Compound vi ra Other »'s (cm=) 
CoFeD, 575 : 374 shoulder ca 320 
FeFeO, 570,515. 370-80 
MgFe, 565 406 {380 shoulder ca 735 
MnFed), 550 302 shoulder ca 645, 320 
NiFed), $87 396 

f 
ZnFed, 555{ $00 393 shoulder ca 325 
Nie sZne7FeO, 563 409 
* Liquid Ne a 


last fact rules out overtones or combinations of lower 
frequency vibrations as the source of one of the absorp- 
tion bands. The presence of weaker bands and line 
vroadening in this region may be due to splitting of 
degeneracies, overtone or combination bands and 
precise assignment is not possible. 

Table IV gives the measured frequencies of the vibra- 
tional bands of the ferrites. The customary narrowing of 
bands was not observed at liquid N, temperature, which 
may indicate splitting of degeneracies or disorder, but 
no significant trend from normal to inverse spinels was 
apparent. 

The force constants were computed as follows: v2 was 
used to determine &,: three values were obtained corre- 
sponding to m,.= Fe, M, and (Fe+M)/2, respectively. 
Next, »; and each of the values of k, were used to 
determine u and 2; the corresponding values of m, were 
M, Fe, and Fe, respectively. Finally, substitution in the 
alternate frequency equation gave k,. Table V sum- 
marizes the results. 

The first column of each section corresponds to a 
normal spinel, while the next two columns represent 
inverse structures. The mixed ferrite was calculated 
with the masses indicated. For MgFe,O,, the disparity 
in masses becomes serious, and calculations based on 
subdividing the low-frequency band into several com- 
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ponents is necessary. The accompanying spectrum is 
considerably broadened with evidence of multiplet 
structure. The assigned values are considered to repre- 
sent the actual constants for reasons discussed below. 


DISCUSSION 


Of the three ferrites believed to be predominantly 
inverse, i.e., Co, Fe, and Ni," with tetrahedral sites 
occupied by Fe, the constants &, are very nearly equal 
(ca 1.66X10*° dynes/cm). For ZnFe,O,4, which is a 
normal spinel, as well as Mg and Mn in which some 
doubt exists as to the configuration," the values of k, 
are substantially lower. This phenomenon, if generally 
true, might assist in the elucidation of the structure of 
complex ferrites. 

One would predict a lowering of the force constant 
for either site if the mean ionic charge for such a site 
were lowered. The lowered electrostatic energy would 
lead to a slight increase of the !—O bond length and a 
reduction in the repulsive forces between the ions 
leading to a lower force constant. In the case of Mg, it 
is likely that some divalent Mg ions are situated on 
tetrahedral sites which would be consistent with the 
hypothesis advanced above, and would explain the 
broad high-frequency shoulder occurring in the infrared 
spectrum. For MnFe,Q,, one would expect that either 
Mn** ions occupy some tetrahedral sites, or that Fet* 
occurs in some tetrahedral sites, and an equivalent 
amount of Mn*** or Mn**** is present in the lattice. 
The former case would represent a tendency to a normal 
spinel structure, while the latter would be atomically 
inverse but electrically normal. Either situation would 
not affect the saturation magnetic moment of the 
crystal." 

The valence bond-force constants may be used to 
calculate the elastic constants of the crystal, and they 
in turn are useful in the evaluation of the compressi- 
bility and heat capacity. For this calculation, it is con- 
venient to compute the energy required to compress 


Taste V. Force constants of the ferrites. 











he 
Compound me =Fe M iFe+M Assigned m=M Fe - Fe Assigned 
CoF es. 0838 0854 0846 0.85 1.705 1.677 1.645 1.66 
FeFeO, oo. 0.84 (632° — 
b {QO 7594 72b r d 
MgFe0, — {0-7en¢ 0864 0.86 tn. aa ee 
MnFe,0, 0920 0915 0.917 0.92 1.394 1.402 1.402 1.40 
NiFes, 0939 0957 O98 095 1.715 1.69 1.66 1.67 
ZnFeWs 0.925 0.925 ay 1.477 
Nia Ene ‘Feds me= (0.85 Fe+0.15 Ni) 1.005 1.455 


m,= (0.3 Fe+-0.7 Zn) 











ty 430-440 cmt. 
tm =540-575 cm". 


"E. J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 (1947). 
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Taste VI. Elastic constants of the ferrites. 














Ferrite re Cs xe=re/3 Ci =Ci/9 cu =e @ 1/8 
CoFe0, 0.3305 7.932 0.1102 0.8813 1.794X 10" dynes/cm? 
FeFe,0, 0.3305 7.932 0.1102 0.8813 1.772 10" dynes/cm* 
NiFe.O, 0.3188 7.656 0.1063 0.8506 1.944 X 10% dynes/cm? 











the unit cell a standard distance: A, in three dimen- 
sions; and B, along one axis. The unit-cell edge ao is 
determined by two o—O bonds parallel to ao and two 
t—O bonds at cos~!(1/ v3) with apo. 

For case A, unit displacement requires that 2r,/v3 
+2r,=1. Since the unit cell contains 32 t—O bonds 
and 96 o—O bonds, we may write: 


V3= (32/2)ka?+ (96/2)kor? 


as the potential energy per unit cell for 3-dimensional 
compression. If we set k,=yk, and substitute to 
eliminate 7,, we obtain: 


Vs= 12k y—4yrot+4(1+y7)r2]=Cily)ho 


for unit displacement. 
To determine the individual displacements yielding 
the lowest energy, we set: 


OV;/dr,=0, AL—4y+8(1+y)r.]=0, ro=y/2(1+7). 
For an arbitrary displacement, 
V3=C3k.(a—ao)?=Cskava’, 


where a= (a—d»)/ao. Dividing by the unit-cell volume 
a’, we finally obtain the expression for the potential 
energy per unit volume: 


Vi=Crka*/ao. 


Elasticity theory gives the following expression for 
the energy density: 


V= } > Ci geugen;.™* 


i,j=l 


In the special case of uniform compression of a cubic 
crystal, we have Vs=3(et-2cr2)e°. It follows that 
Cut 2¢2= 2C ko, ‘3a. 

For case B, we resolve r; into components x;, y, and 
z,, and subdivide the displacements of the 96 o—O 
bonds into 32 2x, 32 y, and 32 z,.. By symmetry, 
¥i= 24, 1e= (xe+2y,)/V3, and for unit displacement 
along the x axis and zero displacements along the y and 
z axes, we have: 


2x,+2x,.=1, xet+2y\? 
Vi= 168,“ “) + 16k, (x,?+- 2y,*). 
2yit+2y.=0, v3 





=F. M. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 94 ff. 





Substituting to eliminate x;, y,, and &; yields: 
Vi= (4ho/3) (y—4yx0— By yot 4728 + l6yxe¥o 
+16yyP+ 12x2+ 24y.2)=Ci(y)he 
for unit displacement. To minimize the energy, we set: 
OV 1/dx,=0, A(—4y+8yx_+ l6yy.+ 242.) =0, 
8V,/dy.=0, A(—8y+16yx.+32yy.+48y.)=0. 


Solving for x, and y, gives: 














Y 4y 6+2y Y 

Y 6+4y 2y Y 
"ch Ot ee OE 

27 6+4y 2y 6+4y 














or x*,=yo=7/6(1+~7). For arbitrary displacements, 
Vi=Cik,aea* and Vi=Cikat ‘do. 

From elasticity theory: Vi.= key,a*. Thus ¢4,= 2Cik./ 
do, and using the results obtained for case A, we obtain 
(12> (C3/3—Ci) ko ao. 

The compressibility is defined by the expression: 
8=—9dV/Vap, where 7 denotes the volume of the 
crystal. It can be shown that 1/8= (¢::+2¢i:)/3 
= 2C3k,/%ao for cubic crystals. Table VI gives the com- 
puted constants and compressibilities for Co, Fe, and 
NiFesO,. 

Experimental values reported for 1/8 for magnetite 
range from 1.61 to 1.78 10" dynes/cm?, with measure- 
ments of ¢.,=*2.70 to 2.7510" dynes/cm* and ¢12 
= 1.04 to 1.08 10" dynes/cm? also quoted." 

The agreement with experiment is quite satisfactory 
for the compressibility. The discrepancy with the elastic 
constants can be traced to the neglect} of the bending- 
force constants. In fact, in the approximation used for 
the potential field, there would be no resistance to one- 


‘dimensional compression if the lateral dimensions were 


free to expand (analogous to the zero frequency motion 
for v4). This leads to a value of ¢,; which is too low, and 
Ciz is accordingly too high since it is derived by sub- 
traction of a one-dimensional term from the three- 
dimensional term. The equality of ¢,, and ¢,; seems to be 
fortuitous. 

The molar heat capacity at constant volume, C,, may 
be calculated in the Debye theory approximation either 
by using the computed elastic constants or by using the 
limiting frequencies observed in the infrared spectrum. 

In the former case, the elastic wave velocities are 


4M. S. Doraiswami, Proc. Indian Acad. Sci. A25, 413 (1947). 
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Tasie VII. Molar heat capacity of magnetite (Fes0,). 











Ce Ce UR freq.) 

TK Cy* Ce (elas. const) cal/mole 
5 5.495 543 2.166 6.094 
70.5 7.331 7.25 3.359 8.128 
100.7 13.67 13.56 8.369 13.85 
127.5 19.16 19.02 13.46 18.26 
153.7 22.63 22.46 18.08 22.05 
191.4 26.98 26.77 23.54 26.34 
235.7 31.18 30.92 28.14 30.05 
261.1 32.68 32.39 w.14 31.67 
299.7 34.39 34.06 32.47 33.0 











*R. W. Millar, J. Am. Chem. Soc. Si, 215 (1929). 
Cy —Ce=O0.0011T assumed 


given by: %= (¢1;/p)*, = [(¢1+-¢12)/ 2p }', where 2, and 
v, represent longitudinal and transverse wave velocities 
and p is density. 

Using the x-ray computed density for FeFe.O,, 
5.238, and the previously derived elastic constants, we 
arrive at the following values: »,=»,=5.816X 10° 
cm/sec. From the relation Fmax=0max, WE May Ccal- 
culate the high-frequency cutoff of the elastic waves. 
We may assume that the shortest wave corresponds to 
} wave per mean interatomic distance d. Since 
d=} (3r.4+9,)=7.732 ao/32, we obtain omax=2.07/a¢ 
and Pmax= 1.43810" sec’. This corresponds to a 
frequency of 480 cm~ which represents an approximate 
mean between the cut-off frequencies of the oxide and 
metal ion vibrations, »; and v;. The characteristic 
Debye temperature is defined by 6= hcvmax/k= 1.438¥ max 
= 690°. This would give C,=21R/(7/690), where R is 
the gas constant and f is the Debye function. 

In the second method, we may employ a two- 
parameter treatment by using the frequencies »; and v3 
as cut-off frequencies for oxide vibrations and metal ion 
vibrations, respectively. »; was observed directly and 
v, was calculated by solving the simultaneous equations 
for « and 2 in Table III. The results are: »;=570 cm“, 
u=10.22, v=—19.28, »;=237 cm, 6,=820°, and 
6,= 341°. Finally C,= R[12/(7,/820)+9/(7/341) ]. 

The calculated molar heat capacity is compared in 
Table VII with the experimental values using a C,—C, 
correction calculated from the experimental! values of 
the thermal expansion coefficient and compressibility 
at room temperature and assuming the function to be 
linear in temperature. 

The agreement is fairly good, especially with the 7R 
frequency method. An improved fit could be obtained 
by empirically choosing a lower cut-off frequency in the 
elastic constant method. 


INTENSITIES 


The measurement of intensities of infrared bands can 
give useful information concerning the change of 
electric dipole moment with interatomic distance. For 
this purpose, the intensities of both », and »; were 
measured. 
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We define the extinction coefficient k by the equation : 
T ceana/ | meta= ™ = 10-42, 
where J is the intensity (power) of the radiation, x is 
the path length, and A is the absorption coefficient. It 
can be shown that® 
k= (8x*Nv/3ch)([M ]™")* 


for gas molecules, where k= {'k(v)dv, N is the number 
of molecules/cm’, v is the frequency, ¢ is the velocity 
of light, A is Planck’s constant, and [M ]*""= JYaube*dr 
is the matrix element corresponding to the electric 
dipole transition moment between the states m and n. 
We may expand the transition moment in a power 
series in the normal coordinate q: 


3 dM 
[M]}**= Mo f vatatar+ ew fvanbatar 
q 


Nemes Vugn*dr+ 
<a fVntdr+ +, 


The first term vanishes by virtue of the orthogonality 
of the wave functions, while the third term is zero in 
the harmonic oscillator approximation for fundamental 
absorption bands. For harmonic oscillators, the integral 


¢'= [vabtar= 1/(2a)!, 


where a= 42°mcv/h, where m is the reduced mass. Thus: 


dM\* 3ach 
win (My 
dq 4° N 


3mc* ~ mAx 
=Iog,( 10 -) -Ax=1.975X 10"——_" 
aNx Nx 


Tas e VIII. Intensities and derived constants of ferrites. 














Nx Mq 
Funda- : (cm~*) m (g) (esu) 
Compound mental Ax x10" x10" 10° 01 
" 108 2.14 1.477 1.78 
CoFeO, 2.1 
v2 53.5 1.69 0.922 1.11 
7 22 2.16 0.663 0.80 
FeFe,O, 2.14 
vy 10.65 1.69 0.408 0.49 
vy 120.8 2.2 1.46 1.76 
MgFe.0, 2.47 
v2 47.8 1.69 0.804 0.97 
"1 66 2.16 1.15 1.38 
MnFe, 2.14 
v: 56.5 169 0.939 1.13 
v1 140.5 2.14 1.683 2.02 
NiFe,O, 2.1 
v2 55.8 1.69 0.942 1.13 
7 88 2.2 1.37 1.65 
ZnFeO, 2.05 
vs 91.6 1.69 1.22 1.47 
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Table VIII gives the measured values for the compounds 
studied. The last column is defined by the equation 
Q=M,/v3e, where « is the electronic charge. Thus Q 
represents the effective charge in electrons equivalent 
to the measured intensities. (Since the vibrations are 
triply degenerate, M, represents the vector sum of the 
transition moments for the individual components and 
the factor 1/v3 must be incorporated to yield the 
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correct value for a single axis. The effect of refractive 
index was neglected.) 

It may be shown by a semiclassical calculation that 
the polarization per unit volume and hence the inten- 
sities of a set of weakly coupled harmonic oscillators are 
equal to those of an isolated, uncoupled set of equal 
density. The computed values are in the range of 2¢ as 
expected for oxide ion vibrations. 
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A result of the collective treatment of Bohm and Pines is that the dependence of electron energy « on the 
wave vector k differs from that for noninteracting free electrons. It follows that the expressions for those prop- 
erties, such as conductivity and thermoelectric power, which depend on the relationship between ¢ and & must 
be suitably modified. Electrical and thermal conductivity are altered in the same manner, suffering slight 
changes because of changes of the density of states at the Fermi energy and of the relaxation time. The 
Wiedemann-Franz ratio remains unaltered. For the alkali metals the calculated thermoelectric power is 
reduced slightly below the free-electron value. The changes in both conductivity and thermoelectricity are 
too small to permit quantitative comparison with experiment. 


I. INTRODUCTION 


N a series of papers! Bohm and Pines have developed 

a new method for treating exchange and correlation 
effects in an electron gas. It was found that the influence 
of exchange and long-range correlation on the one- 
electron energies results in an energy versus wave 
vector relationship which is somewhat different from 
that given by the Hartree approximation. The collective 
description of electron interaction appears to be much 
superior to the Hartree-Fock approximation which 
neglects correlation of electrons with antiparallel 
spins and leads to incorrect results. In particular, near 
the Fermi energy the following relation holds* 


3.68R* 0.611 
e(k)=——(m/m*)-— 
v2 T, 


P+3e—1 1- 
| 1-284" a 
2k 


“(= )} © 


where ¢ is in rydbergs, r, is the average interelectronic 
distance in units of the Bohr radius, and k is the wave 
vector in units of kp, ke being the wave vector at the 


* Supported by Office of Naval Research. 

1D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951); 85, 836 
(1952) ; 92, 609 (1953); D. Pines, Phys. Rev. 92, 626 (1953). 

* The term involving §*/6 which appears in D. Pines, Report 
to the Solvay Congress, Eq. (28), has been omitted in Eq. (1) 
because it is a higher-order term which is canceled by other 
higher-order corrections. The author would like to thank Dr. 
Pines for informing him of this result before publication. 


Fermi energy. 8 is a parameter in the theory of Bohm 
and Pines which is a measure of the screening of the 
Coulomb interaction. Its value is given by 8=0.353y/r,. 
Equation (1) is to be compared with the free-electron 


expression 
3.68k / m 
eo(k) = - -(- ), 
r2 \m* 


The purpose of this note is to consider what changes 
appear in the expressions for the transport properties 
of an electron gas when Eq. (1) is used in place of the 
more common Eq. (2). 


(2) 


Il. CONDUCTIVITY 


The electrical and thermal conductivities of a metal 
are proportional to the density of states at the Fermi 
energy, V (ey), and to the relaxation time, r. 

The dependence of the relaxation time on the relation- 
ship between ¢ and & is a function of the type of scatter- 
ing (lattice or impurity) and of the temperature. For 
lattice scattering in the high-temperature limit, an 
examination of the standard calculation of relaxation 


time* shows that 
2 
m2) / 
dk? 


*D. Pines, private communication. 
4A. H. Wilson, Theory of Metals (Cambridge University Press, 
London, 1953), second edition, p. 263. 


(3) 

















1736 m Be 


Taste I, Conductivity and thermoelectric power 
of the alkali metals. 











Li Na K Rb Cs 
Ts 3.22 3.96 4.87 5.18 5.57 
(m* /m)* 1.45 0.98 0.93 0.89 0.83 

B 0.634 0.703 0.78 0.80 0.834 

N (er) /Noler) 0.837 0.9 0.935 0.945 0.965 
7/To 1.28 1.08 0.96 0.93 0.89 
@/e% 1.07 0.97 0.99 0.88 0.86 
S/Se 0.83 0.90 0.93 0.94 0.95 

* Calculated by H. Brooks, quoted by D. Pines, Phys. Rev. 95, 1090 


1954) 


where D is a constant which depends on the atomic 
mass of the metal, the Debye temperature, the lattice 
parameter, and the strength of the clectron-lattice 
interaction. Bardeen and Pines® have investigated the 
electron-lattice interaction in the Bohm-Pines collective 
description and have found that the effective matrix 
element for the electron-phonon interaction is identical, 
for wavelength of interest in conduction phenomena, 
with that found previously by Bardeen® using a self- 
consistent field method which neglects exchange and 
correlation effects. The constant D in Eq. (3) is, 
therefore, not altered when exchange and correlation 
are included. 

Substitution of Eq. (2) into Eq. (3) leads to the 
well-known dependence of the relaxation time on é}. 
, one finds 


From Eq. (1 


(de/dk) «p= X,=2A+ Bl 46°—2+21n(2/8)] (4) 


and 


(d*¢/dk*)«; 2 In(2/8) ] (5) 


Ny 


X,=2A+B[3—8 


where A = and B=0.611/r,. 
The fractional change in the density of states at the 


Fermi energy, V(er)/No(er), is given by 


(3.68/12) (m/m*) 


(6) 


This ratio also gives the relative change in the electronic 
specific heat, C/Co, and its values for the alkali metals 
are listed in the fourth row of Table I. 

The ratio of the calculated relaxation time to the 
free-electron value, r/r9, was obtained for each alkali 
metal by substitution of the parameters in the first 
three rows of Table I into Eqs. (4), (5), and (3). These 
ratios are listed in the fifth row of Table I, and in the 
sixth appear o/ao, the ratios of the calculated electrical 
conductivities to the free-electron conductivities in the 


high-temperature limit. Although the changes are 


* J. Bardeen and D. Pines (to be published 
a | Bardeen, PI 


ys. Rev. 52, 688 (1937) 
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significant, in the sense that they could easily be 
detected, there are, unfortunately, other uncertainties 
in the theory of electronic conduction in metals which 
prevent quantitative comparison with experiment. 
The fractional change of the thermal conductivity 
due to exchange and correlation is identical to that 
of the electrical conductivity, since again only the 
change due to the relaxation time and the density of 
states is involved. It follows, therefore, that the Wiede- 
mann-Franz ratio is not affected by these considerations. 
(A statement to the contrary by Kohler’ is in error.) 


Ill. THERMOELECTRIC POWER 


The absolute thermoelectric power of a metal is 


given by~ 
wrk? -(- (InN ~) 
S= —~{ —— -— : 
3e de er 


where e is the charge of the electron and fp is Boltz- 
mann’s constant. From Eqs. (2), (3), and (7) one 
readily obtains the well-known result 


So= rkeT ‘eer, (8) 
since in the free-electron approximation the logarithmic 
derivative is just 3/ep. 

It can be shown by a bit of manipulation that when 
Eq. (1) is used 


(= —) 
de PF 


== (5 X;)+ (X: /X ;*) + Bf(8) 1X :Xo, (9) 
where {(8)=38°—8-+6 In(2/8). 

The last row of Table I lists S/So for the alkali 
metals. The ratio S/S» is of the same order of magnitude 
as o/oo, and the comment regarding quantitative 
comparison with experiment applies here all the more. 
The present theory of the thermoelectric effects in 
metals is unable to account for many of the phenomena 
even qualitatively. Thus, for example, the absolute 
thermoelectric power of Li and Cu are positive although 
the free-electron model predicts the opposite sign. 
From the rather small influence of exchange and 
correlation on thermoelectricity it follows that this 
refinement in the theory does not provide a mechanism 
for explaining these anomalies. 





7M. Kohler, Abhandl. braunschweig. wiss. Ges. 5, 48 (1953). 
* See reference 4,"p. 204. 
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It is shown that the Geiger-counter x-ray diffractometer can be used for precision determination of lattice 
constants. The zero point of the goniometer (determined by two methods) and the position of the diffraction 
lines (20) were obtained with an accuracy of +0.001°. The temperature was kept constant by a special unit 
within 0.05°C. An investigation of the systematic errors was made, which shows that the extrapolation of 
lattice constants vs cos*#, according to Wilson’s equation, is permissible and the vertical divergence error, 
as computed by Eastabrook, lies within our tolerances for 20 up to 165° and may be neglected. The lattice 
constants of Al, Ag, Ge, Si, CaF2, CsI, TIC], and T1Br, determined by extrapolation, are in good agreement 
with published data. The limiting factor in the accuracy of the lattice constant determination is not in the 
error of the diffractometer, but in the x-ray wavelength. 


INTRODUCTION 


K )R the precision determination of lattice constants, 
the following methods are in use: Straumanis’ 
asymmetrical method,' the Kossel-van Bergen compen- 
sation method,? and symmetrical focusing method.’ 
Lattice constants are obtained by these with a precision 
of a few units in the fifth decimal place. The discrepancy 
between the published data, however, is frequently ten 
times higher. The spectrometer method should give the 
same precision,‘ provided the zero position of the 
goniometer is located with a proper accuracy and a 
precise extrapolation of the lattice constant to 20= 180° 
can be made. This has not been possible thus far, and 
the spectrometer method was therefore not recom- 
mended for high precision. 

Preliminary results with the Geiger-counter x-ray 
diffractometer’ encouraged us to use the spectrometer 
method. Our experience with this instrument and the 
lattice constants of eight cubic crystals are reported in 
this paper. 


GEIGER-COUNTER X-RAY DIFFRACTOMETER 


The instrument itself has been described extensively 
by Parrish and Hamacher*’ and recently by Klug and 
Alexander.* 

* Sponsored by the U. S. Office of Naval Research, the U. S 
Army Signal Corps, the U. S. Air Force, and the U. S. Ordnance 
Material Research Office 

1M. E. Straumanis, J. Appl. Phys. 20, 726 (1949); see also: M. 
Straumanis and A. Ievins, Die Prdzisionsbestimmung von Gil- 
terkonstanten nach der asymmetrischen Methode (Springer-Verlag 
Berlin, 1940). 

?H. van Bergen, Ann. Physik [5] 33, 737 (1938). 

3 E. R. Jette and F. Foote, J. Chem. Phys. 3, 605 (1935). 

4A. J. C. Wilson, J. Sci. Instr. 27, 321 (1950). 

§ This instrument is built by North American Philips Company 
and was called a “spectrometer” until 1952. A similar instrument 
is made by General Electric Company and recently by some 
European companies. 

*W. Parrish and E. A. Hamacher, Transactions of Instruments 
and Measurements Conference, Stockholm, 1952 (unpublished). 

7E. A. Hamacher and W. Parrish, Technical Report No. 42, 
Philips Laboratory, Irvington-on-Hudson, New York, April 26, 
1951 (unpublished). 

* H. P. Klug and L. E. Alexander, X-Ray Diffraction Procedures 
(John Wiley and Sons, Inc., New York, 1954). 


The accuracy of the instrument depends to a high 
degree on its alignment.’ Of particular importance is 
an accurate determination of the zero position of the 
receiving slit. For this purpose a zero-setting slit (Fig. 
1), as recommended by the manufacturer,’ was placed 
in the center of the goniometer axis and the intensity 
distribution determined by counting in steps of 0.01° of 
26 (Fig. 2). Using the same intensity on the right and 
the left side of the maximum, the center line was de- 
termined. The intersection of the center line with the 
intensity curve gives one zero position. In order to 
eliminate the eccentricity of the setting slit, the same 
measurement was repeated, turning the slit 180° and 
the second zero position determined. The mean value 
of both gives the true zero position within 0.001”. 

This method has a disadvantage, however, in that the 
axis of the sample holder has to be exchanged for a 
special axis; thus an unknown error might be intro- 
duced. As an alternative method we used therefore a 
shielding wedge,’ placed directly on the sample-holder 
axis (Fig. 3). Rotating this wedge from +0.05° to 
—0.05° in steps of 0.01°, the x-ray intensity was de- 
termined by counting for two wedge positions differing 
by 180° (Fig. 4). The intersection of the two curves 
gives the zero point position. We obtained again an 
accuracy of 0.001° of 2@ in good agreement with the 
previous method. The result of three determinations by 
each method are given in the Table L. 

The zero position of the sample holder (2:1 setting) 






X-ray tube target 


Ni filters Receiving ie 










Angie of view 
ee 





= Divergence slit 
‘e~ Zero-setting slit 


Fic. 1. Zero-setting slit for determination of the zero 
point of the goniometer. 


” *M. Tournarie, J. phys. et radium 15, 11A (1954). 
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Counts per second 











0 
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of the zero point of the 


+0050 


goniometer by 


means « I LeTO ing f two holder diflering 


by 180 


pOSi LIONS 


: 


a special sl 


ea ‘Sa et 
e position ot the sSampie holder (fT lg. 


was obtained by it? (0.05 mm wide, 50 mm 


placed in tl 
5). An accuracy better than 0.01 


long 
was acl ieved, whi h 
1s entirely adeq jate 

For 


higher than in the 


third decimal, the temperature of the sample, in general, 


lattice-constant precision 


must be controlled. The instrument as received from 
the factory does not have a temperature control, and 
) | 


therefore a special temperature chamber was built 
(Fig. 6). This chamber connected to a Hoeppler ultra- 
thermostat flu 
than 0.05°C. The sample-holder axis was heated elec- 
to the same temperature +} 
5 


when the 
temperature was below 25°C 


reduced temperature tuations to less 


trically roon 
in order to prevent a 
temperature gradient in the sample 


CRYSTALS AND SAMPLE PREPARATION 


Ge, Si, Ag, TICI, 


This selection was made because 


The materials investigated were: Al, 
TiBr, CaF», and CsI 
Al is considered as the best x-ray standard material; 


X-ray tube torget 


yn Ni filth 
» ers 


Fro. 3. Shielding wedge for determination of the zero 
z 

point of the goniometer 

” Smakula, Kalnajs, and Sils, J. Opt. Soc. Am. 43, 698 
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—, 





600 


8 





Counts per second 





§ 











12) 
- 0.050 + 0.050 


Fic. 4. Determination of the zero point of the goniometer by 
means of the shielding wedge for two holder positions differing 
by 180°, 


Ge and Si are the standard semiconductors and can be 
made in very high purity; Ag, TIC], and T|Br are strong 
absorbers for x-rays; and CaF, and CsI were not yet 
measured accurately. Only Ag was in microcrystalline 
form; the other materials were available in large single 
crystals. 

The purity of the materials was: 
contained Cu, Pb, Fe, each 
~0.0001%; Al (99.994 %) contained 0.001% Si and 
a few other elements each <0.0001%-:; Ge™ and Si® 
were characterized by the resistivity of 40 and 100 
ohm-cm, respectively; TIC], TIBr, and CsI were pre- 
pared in this laboratory ; the thallium halides, according 
to spectroanalysis, showed only traces of a few common 


Ag" (99.999%) 
<0.0001%, and Mg 


elements; a reciprocal contamination of anions was 


Taste I. Accuracy of zero-point determination of goniometer 
by zero-setting-slit and shielding-wedge method. 


Zero-setting-slit Shielding-wedge 
20 26 


0.0075° 
0.0080 
0.0073 





0.0065° 
0.0067 
0.0065 
0.0076° 


Average 0.0066° 


Difference 0.001° 





" Material and spectroscopic analysis from Handy and Harman, 
Bridgeport, Connecticut. 

Material and spectroanalysis from Aluminum Company of 
America, New Kensington, Pennsylvania 

“ Material and resistivity data from Raytheon Manufacturing 
Company, Waltham, Massachusetts (courtesy of Dr. H. Statz). 





DETERMINATION OF LATTICE CONSTANTS 


prevented by the use of Br-free HCl and Cl-free HBr 
for the synthesis; CaF,"* contained <0.001% of Ag, 
Fe, Mg, and Si, and somewhat more Sr; CsI was con- 
taminated by Fe, K, Mg, Na, Sr, and V to <0.001% 
and by Rb about 0.01%. 

The powder of the soft crystals (Al, TIC], TIBr) was 
prepared by filing with a fine jeweler saw, using light 
strokes to prevent excessive heating. The harder 
crystals (Si, Ge, CaF,, CsI) were ground in an agate 
mortar. The powder of all crystals except Si and Ge was 
annealed for 15 to 20 hours (Al, Ag, and CaF; at 500°C 
and CsI, TIC], and TiBr at 300°C) in sealed Pyrex 
tubes, then sieved through a 325-mesh screen and 
packed gently in a Pyrex specimen holder with flat 
polished surfaces on an optically flat support. A few 
drops of a dilute binder (Lucite, collodion, or oil) were 
added when necessary. The powder specimens of TIC 
and TIBr, not requiring a binder, were baked over night 
at ca 200°C with the sample top on an optical flat to 
prevent surface deformation. The packing density of 
powders was ca 65 percent. 


X-ray tube target 


” wala slit 


Receiving slit \ 


a) 














Divergence slit 


. : tt Ih 
a Ni filters 2:1 setting slit 


Fic. 5. Determination of the zero positions of the sample 
by means of (2:1) setting slit. 


LOCATION OF DIFFRACTION ANGLES 


A preliminary recording of the diffraction spectrum 
for each crystal gave the approximate location and 
intensity of the lines. After temperature equilibrium 
had been reached and the equipment stabilized, final 
measurements were taken by counting, scanning in 
steps of 0.025° or 0.05° in 26. The step setting was done 
by motor drive (4° per minute) from high to low angles. 
This method gave a better reproducibility than setting 
by hand. The total number of counts was always 
greater than 10 000 for each point. This corresponds to 
an average error of about 0.67 percent. The counting 
rate was not greater than 600 counts per second, that 
is, in the linear range of the Geiger counter. 

The peaks of the diffraction lines, which were used 
only for lattice-constant determinations, are found 
graphically by extrapolating the center lines to the 
maximum of the intensity curves (Fig. 7). The accuracy 
of 26 determined this way is +0.001°. Only sharp, 
single, and well-resolved lines in the back reflection 
region 26>120° were used. The zero point of the 
goniometer was rechecked frequently and the aperture 


4 From Optovac, North Brookfield, Massachusetts. 


Metal ring for heat tronsfer 


Mylor double window 


Temperature chamber for direct contact 
with specimen holder 


+— Wire-wound heating 
element 





constant temp bath 


(Circulating liquid 
insulation 


Fic. 6, Constant temperature chamber. 


(4°) and the receiving slit (0.006 in.) not touched during 
the measurements. The short-anode Cu tube was oper- 
ated with 35 kvp and 15 ma and nickel filter. 


SYSTEMATIC ERRORS 


Although the diffraction angles can be determined 
very accurately, the computed lattice constants contain 
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veak of diffraction-line 


Fic. 7. ee determination of the 
11/551) for Cu Ka; and Cu Kay for germanium. 
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Relative intensity 








Se a a Se, 
5° a 3° * re) i* 3° 4° 8° 
“ 26 + 
distribution of the primary beam from a short 


tube for 4° divergence slit and 0.15 mm receiving sli 


various systematic errors which have to be eliminated. 
The position and the shape of diffraction lines as given 
by the diffractometer are determined by the following 
factors*'®: (1) alignment of the instrument; (2) width 
and the profile of the primary beam; (3) width of the 


receiving slit; (4) penetration depth of the x-rays; 


(5) flatness of the sample; (6) sample displacement 
from the axis of rotation; and (7) vertical divergence 
of the x-ray beam. 

he alignment and adjustment of the instrument was 
carried out as accurately as possible according to the 
obtain maximum in- 


manufacturer’s instructions to 


tensity, optimum resolution, and correct line position. 


The 
The vertical intensity distribution of the primary 


effective width of the primary beam was 0.06 
mm 
beam of our x ray tube is shown in Fig. 8. It proves to 
be unsymmetrical; the shoulder is steeper on the low 
angle side. This might have an influence on the asym- 
) angles. 
mm, that is, 2.5 
times the effective width of the x-ray source, but still 
only about 1/10 of the half-width of the diffraction lines. 
While the first three errors cause only a broadening 


metry of the diffraction lines at hi 


gh 
15 


The receiving slit used was 0. 


of the and 


and 


lines, the next four cause a displacement 
According to Wilson‘ 


the total displacement of the center of 


asymmetrical broadening 
Eastabrook,'* 
gravity of a diffraction line caused by the last four errors 


is given approximately by 


{ sin26 t cosé 
MO ~ 


l4uR Rf exp(2yt/sind) 


A? sin26 s cos# 

6R* R 
linear absorption coefficient of the material 
for x-ray wavelengths used in cm; R=radius of the 
critical thickness of the sample 


where p 


goniometer in cm; {= 


~ i J. N. Eastabrook, Brit. J. Appl. Phys. 3, 349 (1952 
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= (3.2/4) (p/p’) sin? in cm; p=density of solid material 
in g/cm’; p’=density of the powder in g/cm*; A =one- 
half the effective length of the specimen in cm; 6= 
spacing of the Soller slits divided by their length; and 
s= displacement of the front face of the specimen from 
the axis of rotation in cm. 

The bracketed member in the above equation corrects 
for the penetration depth; the next, for the flatness of 
the sample; the third, for the sample displacement from 
the axis of rotation; and the fourth, for the vertical 
divergence of the x-ray beam. The first three are always 
negative and cause the diffraction lines to shift toward 
smaller angles. The shifting decreases with increasing 
26 and becomes zero for 20=180°. The behavior of the 
vertical divergence error is different; it is negative for 
26< 90°, zero for 20=90°, and positive for 26>90°. In 
the back-reflection region of interest here, the errors 4, 
5, and 6 oppose that of 7; hence a diffraction angle 
exists at which the sum of the error goes through zero. 


COMPARISON OF THEORETICAL AND EX- 
PERIMENTAL SYSTEMATIC ERRORS 


The error for penetration depth was computed, using 
R=17 cm and 65 percent of the linear absorption co- 
efficients (packing density of the samples was 65 
percent). The second member in the bracket, containing 
the exponential function, can be disregarded because 
it is several orders ‘smaller than any of the other 
members. Computed errors of penetration depth for 
Al, Ge, and TIC] are given in Fig. 9. It was possible to 





ray: 


sin 28 
4urR 








Systematic error 


Fic. 9. Computed errors of penetration depth for Al, Ge, 
and TICl. 
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6R* 
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Systemotic error AG 











50 


Fic. 10. Computed errors for flatness of the sample A? sin20/6R?, 
for sample displacement from the axis of rotation s cos/R, and 
for vertical divergence & cot2@/12; dashes for 6=0.04; solid line 
for 6=0.02 





DETERMINATION OF LATTICE CONSTANTS 


check the error of penetration depth experimentally by 
comparing the computed and experimental differences 
for Al (low absorbing) and T|Br (high absorbing). The 
values agree within 20 percent. 

The error caused by specimen flatness is computed 
for Ao=0.6 cm, using the change of A with 26 according 
to A=A )/cos(90—8@). The effective length A of ir- 
radiated area is not constant, but varies with 26, having 
a minimum Ao at 20=180°. An experimental check of 
this error was made on Ge with 1° and 4° apertures. A 
discrepancy by a factor three was found. This is, how- 
ever, not surprising since the theoretical value of the 
error for 1° aperture cannot be correct. The derivation 
is valid only as long as the penetration depth is small 
compared with the effective length of the sample, which 
is not the case for 1° aperture. 

The sample displacement from the center of rotation 
is somewhat uncertain. It is reasonable to assume 
s=0.01 to 0.03 mm.‘ Errors for specimen flatness and 
displacement from the center are given in Fig. 10. 

In the vertical divergence error the constant 6 was 
determined by measuring the total width of the col- 
limator slit set (in this case 10 mm), dividing it by 18 
spacings, and correcting for the thickness of the spacers, 
d=0.025 mm. We obtain for the single slit width 
w=0.53 mm. Since the length of the slit is 12.5 mm, 
6=0.53/12.5=0.042. The error computed with this 
value of 6 is for 20>140° higher than the sum of three 
others and increases rapidly with 26 (Fig. 10). If this 
magnitude of the error is true, a strong decrease of the 
lattice constant vs 2@ would take place. This has not 
been observed (Fig. 11). The lattice constant con- 
tinuously decreases with 26 without any indication of 
an inflection. We assume therefore that the vertical 
divergence error in the region of 26= 160° is approxi 
mately equal to the sum of the three other errors or 
smaller; we set the effective value of 4 to one half of the 
geometrical value. 


4.05240 
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Lattice constant o 











50 40 
J] 
Fic. 11. Lattice constant of aluminum computed from 
t 
various diffraction angles for Cu Ka; and Cu Kg 
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Fic. 12. Extrapolation of lattice constant vs cos*@ for 
aluminum for Cu Ka, and Cu Kg 


TaBLe IT. Lattice constants determined by the Geiger-counter 
diffractometer using extrapolation and Cu Ka;(A=1.54051A) in 
angstroms at 25.0°C 
Correction for Aa error 


refractive index Court 


duneort random 
4.04960 
4.08621 
5.43072 
5.65754 
3.84247 
3.98588 
5.46342 


4.56772 


0.00002 
0.00002 
0.00002 
0.00002 
0.00002 
0.00002 
0.00002 
0.00002 


0.00016 
0.00016 
0.00022 
0.00023 
0.00015 
0.00016 
0.00022 
0.00018 


0.00003 
0.00012 
0.00004 
0.00009 
0.00007 
0.00008 
0.00005 
0.00006 


4.04957 
4.08609 
5 43068 
5.65745 
3.84240 
3. 98580 
5.46337 
4.56766 


The experimental determination of total errors was 
done in the following way. The lattice constants com- 
puted from various diffraction angles were plotted 
versus cos’@ according to Wilson.‘ This plotting gives 
straight lines as shown in Fig. 12 for Al. The extra- 
polation to 24=180° gives the lattice constants a, 
corrected for systematic error. From lattice constants 
so obtained the diffraction angles were computed for 
the same Miller indices for which the diffraction lines 
were found with the diffractometer. The difference gives 
the total systematic errors. They are of the same order 
as the errors’computed from the Wilson-Eastabrook 
equation. 


FINAL DETERMINATION AND THE ACCURACY 
OF THE LATTICE CONSTANTS 


In using the cos? extrapolation one has to keep 
several points in mind. Diffraction lines obtained with 
different x-ray wavelengths have to be plotted sepa- 
rately because of absorption effect. The absorption effect 
is shown in Figs. 11 and 12 for Cu Kay and @ lines. If the 
packing density from sample to sample is different, the 
position of the lines will vary. Points obtained with 
different apertures will not lie on the same line. All 





SMAKULA AND J. 


KALNAJS 


Taste III. Lattice constants from the literature recomputed for 25.0°C 


and corrected for new wavelengths according to Lonsdale.* 





Original 


xx 


em 


snits 


Exp. 
coefficients 


Recom puted 


Error 6u°c 





4.04139 
4.04145 
4.04134 
4 04091 


9.971% 
99 9986 
99.992 
9.99 
99.999 4.07787 
4.07784 


99 S4 


99 
99.97 


Ge 99.999 


spec. pure 3.83459 


pure 


TIC! 
spec 

TiBr spec 3.97778 

CaF; ) 

CsI l 


pure 


* See reference 16 


parameters have to be kept constant for each extra- 


polation, 


ons 
Fic. 13. Determination of lattice constants by extrapolation. 
A different ordinate is used for each crystal 


4.04958» 
4.04963¢ 
4.049534 
4.04958¢ 


" +-0,00008 
+0.00002 


23.29 10~* 


+0.00006 


+0.00008 
+0.00003 


18.7210 4.08613> 


4.08610! 


+0.00034 
+0 00005 
+0). 00005 
+0.00003 


4.1510 5 43078» 
5.43078! 
5.43075 
5.43100" 


+0.000002 5.92X 10 5.65758" 
+0.00004 
+-0).00010 


7X10 


57 3.84236! 
5 X10 


5 
5 3.84270! 
+0.00004 
+0.0002 
+0.0001 


51.2 X10 3.98584! 


5.4626* 


486 x10°° 4 5678™ 


<0.0001 


The extrapolation for the eight crystals are presented 
in Fig. 13 and the final lattice constants summarized in 
Table II. Column 2 
column 3 corrections for refraction, and column 4 the 
corrected values. Table III gives the corresponding 
data from the literature.'*.!*-*4 

The accuracy of our lattice constants is determined 
by random and by systematic errors. The random errors 
are connected with the determination of diffraction 
angles. The average error of @ is +0.001°. Since the 
error in the zero position is +0.001° (Table I), the total 
random error in @ is +0.002°. Using diffraction lines 
for > 50° the A@ error has a very small influence on the 
lattice constant since Aa=—acot@As. For 0=60°, 
Aa~0.002% and for @= 80°, Aa~0.0006%. 

The systematic error consists of wavelength and 
extrapolation errors. The value of Cu Ka; is 1.54051 A, 
based on newer measurements” and recommended by 


shows the extrapolated values, 


16K. Lonsdale, Acta Cryst. 3, 400 (1950 

17 A. Ievins and M. Straumanis, Z 
(1936 

A. J.C. Wilson, Proc. Phys. Soc. (London) 53, 235 (1941 

*® H. van Bergen, Ann. Physik [5] 39, 553 (1941 

* H. Lipson and L. E. R. Rogers, Phil. Mag. [7 ] 35, 544 (1944 

™M. E. Straumanis and E. Z. Aka, J. Appl. Phys. 23, 330 
(1952) 

=P. G. Hambling, Acta Cryst. 6, 98 (1953 

*H. E: Swanson and E. Tatge, National Bureau of Standards 
Report, 1953 (unpublished), Vol. 1, p. 69 

% T. B. Rymer and P. G. Hambling, Acta Cryst. 4, 565 (1951) 

* Y. Cauchois and H. Hulubei, Tadles des consiantes et données 
numériques (Hermann et Cie., Paris, 1947 


physik. Chem. B34, 402 





DETERMINATION OF 
Lonsdale.'* The wavelength error, according to Bragg,”* 
is AA=+0.004% (+0.001% for kx and +0.003% for 
the conversion factor \,/A,). Assuming the correctness 
of the extrapolation vs cos*#, the accuracy of the extra- 
polated values averages +0.0005% or less. Thus the 
main error in the absolute lattice constants is caused 
by the uncertainty of x-ray wavelengths. 

As an indication of wavelength uncertainty we show 
in Table IV the lattice spacings of Ge (#kl=711/511) 
and of TIBr (hkl=510/431) determined by Cu Ka; and 
Cu Kaz, using the older \ values given by Bragg’ and 
the newer by Lonsdale.'* The new a; value is increased 
and az decreased by 0.00001 A. Since a; and a2 are very 
close, all instrumental errors will be practically the 
same. As one can see from Table IV, this small change 
in wavelength causes a change in spacing by 8 and 5 
units in the fifth place. From the extrapolation lines, 
however, the difference in spacing should be not more 
than 2 units. 

An objection can be made against the use of the peaks 
instead cf the centers of gravity for determination of 26. 
According to Wilson, his formula is derived for the 
center of gravity, but at high diffraction angles it is 
valid for peaks also. In addition, as one can see from 
Fig. 8, the intensity distribution of the primary beam 
is unsymmetrical, contrary to the theory. Another 
influence on asymmetrical broadening is caused by 
vertical divergence which is not included in 
Wilson’s computation. 

A comparison with published data obtained by 
Debye-Scherrer technique (see Table III) shows that 
our lattice constants are close to older data. However, 
a slight systematic discrepancy seems to exist. Our data 
are somewhat lower for low-absorbing crystals (Al, Si, 


also 


TaBLe IV. Lattice constants of Ge (711/511) and TiBr 
(510/431), determined from Cu Ka; and a», using \e = 1.54050 A 
and 1.54051 A, and \w:= 1.54434 A and 1.54433 A. 


d according t » according to Lonsdale* 
A =1.54050 \ ~ 1.54434 Sa A=1,54051 \ =1.54433 Aa 
5.65752 5.65751 0.00001 5.65756 
3.98583 3.98579 0.00004 3.98585 


Brage* 
5.65747 
3.98576 


0.00009 
0.00009 


Ge 
TIBr 


* See reference 27. 
> See reference 16 


Ge) and higher for high-absorbing (TICI, TIBr, Ag). 
The deviation for high-absorbing crystals is probably 
caused by the absorption error in the Debye-Scherrer 
method. The reason for the opposite deviation in low- 


*W.L. Bragg, J. Sci. Instr. 24, 27 (1947). 
27 W. L. Bragg, Acta Cryst. 1, 46 (1948). 
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TABLE V. @ values for three diffraction lines of various Si crystals 
at 25.0°C, Cu Ka; and corresponding lattice constants 








(444) 
e 


Z 





79.303. 
79.306 
79.305 
79.3055 
79.3065 
79.307 
79.308; 
79.307; 
79.308 


CeO~AUuUewnrne 


($33) 
ee 


68.432, 


68.434 
68.432, 
o8 432, 


68.434, 
68.430, 
68 43 1 5 
68.429 


63.755 
63.756 
63.754, 


79.306, 
+0.0005 


68.432, 
+-0),0006 


63.757 
+-0.0007 


Average 


5.43080 
+0,.00001 


5.43117 
+0.00002 


5.43135 
+-0,00003 


Gextrap = 5.43068 \ 


TABLE VI. @ values for three diffraction lines of various Ge crystals 
at 25.0°C, Cu Ka and corresponding lattice constants 


Z 


SOW & whe] F 


(711/551) 444 533 
76.477, 
76.478 
76.478 
76.479 
76,477 
76.479 
76.4775 


| 


70.600 
70.597, 
70.6001 
70.6015 
70.602, 


63.216 
63.214 
63.219; 
63.2175 
63.217 
70.601, 63.217, 
76.4785 
+0.0003 


70.600, 
+0.0007 


63.216, 
+-0.0007 


Average 


5.65755 


+(0.00001 


5.65769 
+0.00003 


5.65788 
+0. 00003 


Gexteap™= 5.65745 A 


absorbing crystals is not known. A possibility of con 
tamination by impurities was checked on Si and Ge. 
The data obtained for 9 Si and 7 Ge samples are shown 
in Tables V and VI. For all samples the average error 
in 6 is less than 0.001° and the error in lattice constant 
+0,00001 A. Thus we can exclude a noticeable influence 
of impurities. The strongest support for the reliability 
of our lattice constants is given by good agreement of 
densities of our crystals computed from lattice constants 
and measured by weighing.”* 

We conclude that with the Geiger-counter diffrac 
tometer a precision in lattice constant measurement of 
+0.00002 A can be obtained, but that the absolute 
value is limited to 0.004 percent by the uncertainty 
of the x-ray wavelengths. 

* Smakula, Kalnajs, and Sils, Phys. Rev. 99, 1747 
this issue. 
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Precision Density Determination of Large Single Crystals by Hydrostatic Weighing* 


A. SMAKULA Anp V. Sits 
Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 3, 1955) 


In connection with a study of crystal imperfections, the density of Si, quartz, CaF;, CsI, Ge, TICI, T1Br, 
and polycrystalline Al have been determined by an hydrostatic weighing method using ethylene bromide as 
the immersion liquid. Random and systematic errors have been discussed and the present accuracy of the 


order of 10~* reached. 





INTRODUCTION 


ENSITY combined with lattice constant has 

often been used for a study of crystal imper- 
fections. Unfortunately, in most cases the two types of 
measurements have been carried out on different 
specimens or with insufficient accuracy. Therefore the 
results are not conclusive. 

In our study of crystal imperfections, a group of large 
single crystals was selected. In the foregoing paper' 
were presented the lattice constant measurements; here 
we report our density determinations. 


MATERIAL 


The following single crystals (all cubic except quartz) 
have been used in our investigation: Si, quartz, CaF», 
CsI, Ge, TIC], TIBr, and, in addition, a polycrystalline 
sample of Al.? Of these, Al is face-centered, CsI, TICI, 
and TiBr are body-centered, Si and Ge have the 
diamond structure and CaF, has a structure similar to 
diamond. The densities vary considerably from 2.70 to 
7.45 g/cm*. Also this group of crystals represents the 
three main bonding types: metallic, ionic, and covalent. 

Si crystals’ were grown in argon and Ge crystals’ in 
nitrogen, both from the highest purity materials by the 
pulling method with a speed of 10 cm/hr. CaF; crystals‘ 
were grown from selected natural fluorite in a graphite 
crucible by the Stockbarger method in vacuum, an- 
nealed at 800°C for 24 hr and cooled down at a rate 
of 10°C/hr. CsI was prepared from CsBr, which was 
converted to CsIO; and this decomposed to CsI. The 
crystals of CsI were grown by the Bridgman method in 
sealed Vycor crucibles in an argon atmosphere with a 
speed of 1 mm/hr. TIC] and TIBr were prepared from 
pure Tl metal and purified by vacuum distillation. 
Crystals of TIC] and TIBr were grown in sealed Pyrex 
crucibles in an argon atmosphere with a speed of 1 
mm/hr. 


* Sponsored by the Office of Naval Research, the U. S. Army 
Signal Corps, the U.S. Air Force, and the U. S. Ordnance Material 
Research Office 

1A. Smakula and J. Kalnajs, Phys. Rev. 99, 1737 (1955), pre- 
ceding article 

? Aluminum has been included because the lattice constant 
measured by various authors shows the best agreement as com 
pared with other materials 

+ Material and resistivity data from Raytheon Manufacturing 
Company, Waltham, Massachusetts (courtesy of Dr. H. Statz 

‘From Optovac, North Brookfield, Massachusetts 


The strain effect on density was checked on thallium 
halides, which have the highest expansion coefficients. 
We were not abie to detect any density difference 
between samples annealed at 380°C for 24 hr and cooled 
down at a rate of 3°C/hr and unannealed samples. CsI 
was annealed immediately after growing for 12 hr at 
500°C and cooled down at a rate of 15°C/hr. The 
vacuum-cast Al sample® was annealed in an evacuated 
Pyrex container at 480°C for 24 hr and cooled down at 
a rate 6°C/hr. 

The purity of the crystals was: Al (99.994+%) con- 
tained 0.001% Si and a few other elements, each 
<0.0001%; Si and Ge were characterized by their 
resistivity of 100 and 40 ohm-cm, respectively; TICI 
and TIBr, according to spectroanalysis, showed only 
traces of a few common elements, a reciprocal con- 
tamination by anions was prevented by the use of 
Br-free HC! and Cl-free HBr ® for the synthesis; CsI 
was contaminated by Fe, K, Mg, Na, Sr, and V to 
<0.001% and by Rb about 0.01%; and CaF, contained 
<0.001% of Ag, Fe, Mg, and Si, and somewhat more 
Sr. 


METHOD OF DENSITY DETERMINATION 


Since our samples were large (1 to 20 cm*), the method 
of hydrostatic weighing was selected; an Ainsworth’s 
semimicro balance, 100 g maximum load on each pan, 
rated sensitivity 0.01 mg, was used. The set of weights 
(Ainsworth, class M) was calibrated by the National 
Bureau of Standards. For volume determination the 
samples were suspended on a stainless steel wire (2 mils 
diameter) from the left pan and submerged in the ther- 
mostated liquid (Fig. 1). The bath temperature was 
measured with a thermometer (subdivisions 0.02°C) 
calibrated by the National Bureau of Standards. The 
temperature fluctuation in the bath was +0.01°C and 
that of the immersion liquid +0.005°C. Because of the 
water solubility of some crystals, ethylene bromide 
(C:H,Br:) (b.p. 131.6° to 131.8°C at 760 mm Hg) 
served as immersion liquid. The density of ethylene 
bromide was determined by a secondary standard, a 
polished cube of natural quartz crystal. The density of 


* Material and spectroanalysis from Aluminum Company of 
America, New Kensington, Pennsylvania 

*We wish to thank Malinckrodt Chemical 
chiorine-free hydrobromic acid 


Works for the 
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DETERMINATION OF LARGE SINGLE CRYSTALS 


the quartz standard is referred to water as the primary 
standard. 


DENSITY OF WATER 


The standard water density is d25*c= 0.997048 g/cm’, 
as determined by Chappuis’ and revised by Tilton and 
Taylor,*® if 1.000027+ 2° is used as the conversion fac- 
tor for milliliter to cubic centimeters. The following 
factors influence the density of water: (1) The effect 
of dissolved air is noticeable in the 7th decimal place"; 
(2) the pressure effect is Ad=+5X10-* per atmos- 
phere"; for ordinary air-pressure fluctuation of +20 
mm Hg, Ad=+1.3X10~*; (3) the variation in the 
isotopic composition of natural water influences the 
density in the 7th place only,” provided the purification 
is done without isotopic fractionation; and (4) the 
influence of temperature is Ad=2.5X10~ per °C at 
25°C. A change of temperature of 0.01°C changes the 
density by 2.5X10-*. Tap water was distilled once and 


























Fic. 1. Apparatus for density determination. 


boiled before use; it had a conductivity of 1.6 10~* 
(ohm-cm)~'. According to Kirschenbaum" a change of 
1X10~* in conductivity causes a change of 1X10~* in 
density. 


DENSITY OF THE QUARTZ STANDARD 


A polished cube (ca 16 cm*) of natural quartz crystal 
was used. After weighing in air the crystal was placed 


7P. Chappuis, Trav. mém. bur. int. poid. mes. 14, D1-D63 
(DA) (1910). 

* L. W. Tilton and J. K. Taylor, J. Research Natl. Bur. Stand- 
ards 18, 205 (1937). 

*R. T. Birge, Revs. Modern Phys. 13, 233 (1941). 

¥N. E. Dorsey, Properties of Ordinary Water Substance 
(Reinhold Publishing Corporation, New York, 1940). 

“ E. H. Amagat, Ann. chim. et phys. [6] 29, 68, 505 (1893). 

%E. W. Washburn and E. R. Smith, J. Research Natl. Bur. 
Standards 12, 305 (1934). 

“1. Kirschenbaum, Physical Properties and Analysis of Heavy 
“° (McGraw-Hill Book Company, Inc., New York, 1951), 
p. 295. 
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Taste I. Density of natural quartz crystals. 








Density as Temperature Density computed 

measured bs for Be Reference 
2.650745 0 2.64847 15 
2.64822+5 25 2.648224+5 16 
2.65074 0 2.64846 17 
2.64875+8 18 2.64810+9 18 
2.64845+1.5 25 2.648454 1.5 present 

paper 








in a container (Fig. 1) with water and evacuated to 
remove air bubbles. For a good weighing reproduci- 
bility, the suspension wire was cleaned with a solution 
of potassium hydroxide in methyl alcohol. The height 
of water was kept at a constant level in all weighings. 
All weighings were corrected for air buoyancy. The 
humidity and temperature were measured inside the 
balance. The crystal density d has been computed 
applying all necessary corrections.* The mean value of 
five determinations is given in Table I and, for com- 
parison, published data are listed also.'*"* 

The first value in Table I was obtained on large 
samples (ca 50 cm*) by comparing the weight with the 
mass standard (kilogram) and the volume with the 
length standard (meter). This value is considered the 
most reliable at present. The other three values are 
from pycnometric measurements on powdered material. 
For density computation for 25°C the following ex- 
pansion coefficients” were used : 


oxy, = (7.1614+-0.0160 1) 10-*/°C;; 
a, = (13.255+0.0223 1) 10-#/°C. 


DENSITY OF Si, Al, CaF,, CsI, Ge, TIC], AND TIBr 


The density of the crystals was determined using 
ethylene bromide as the immersion liquid and quartz 
as the standard. To exclude any influence of room- 
temperature fluctuation on the density of ethylene 
bromide, the quartz standard was weighed before and 
after the sample weighing and the density of the liquid 
corrected, if necessary. The reproducibility of our meas- 


Taste IT. Density of Si and Ge at 25°C. 











ae ver’ mas 
Sample meas duoc Si meas. duce Ge 
1 3 2.32901 +-0.00003 6 5.326734-0.00006 
2 3 2.32900-+-0.00004 4 5.326744-0.00001 
3 3 2.32903 4-0.00003 2 §.32672+0,00003 
4 3 2.32904+0,00003 








4 See, e.g., N. Bauer in Physical Methods of Organic Chemistry, 
cined ty 4. Welekaaee Untemdens Paden, Ses. He 
York, 1949), second edition. 

1. Mace de Lepinay ef al., Trav. mém. bur. int. poid. mes. 14, 
120 (1910). 
( PH. Miller and J. W. M. DuMond, Phys. Rev. 57, 198 
1940). 
17 T. Batuecas, Nature 165, 62 (1950). 
*T. Batuecas, Nature 173, 345 (1954). 
#1. R. Benoit, Trav. mém. bur. int. poid. mes. 6, 1 (1888). 
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Taswe IIL. Densities of single crystals in g/cm* determined by hydrostatic weighing. Standard: density of water at 25°C =0.997048 





g/cm? ;* temperature= 25.00+0.01°C. 














Number of obser- 
vations Errors 
Crystal k d random? systematic® total 

Silicon 12 2.32902 1.0X15-5 2.0X 10-* 3.0X10-* 
Quartz 5 2.64845 1.5 1.0 2.5 
Aluminum 

(polycrystalline) 3 2.69801 1.5 1.5 3.0 
cal 3 3.17934 2.0 3.0 5.0 
CsI 3 4.52593 40 12 
Ge 4 5.32674 0.5 4.5 5.0 
TIC 3 7.01829 1.0 6.0 7.0 
TiBr 3 7.45292 1.0 6.5 7.5 











Vol. 4, Part 1, p 
iwacy. 


Technik (Springer-Veriag, Berlin, 1955), 
in densities which is within limits of our acc 
* Random error =(Z:4(ds —d)*/k(k —1) }? 
* Systematic error = (dsampie/dquerts) Xtotal error for quartz standard 
of +0.01°C in the temperature of the water 


urements for four silicon and three germanium samples 
from different crystals, and the random errors are 
given in Table IT. 

The measured densities are shown in Table III with 
random, systematic and total errors. Comparing the 
data for Si and Ge from Tables II and III, one finds 
that the difference between the various samples varies 
no more than the random error. 

In Table IV are given the published densities of the 
crystals. ** Only in the case of quartz is there an 
agreement between the older and our present values. 
All other values differ considerably. The difference may 
be caused by density variation of samples, influence of 
adsorbed air in powder measurements or temperature 


16.» 


deviation. 
CONCLUSIONS 


Our measurements show that the density of large 
single crystals can be determined by hydrostatic 
weighing with an accuracy of 0.001 to 0.002 percent. 
Various specimens of silicon and germanium show 


*™M. E. Straumanis and E. Z. Aka, J. Appl. Phys. 23, 330 
(1952 

% J. L. Snoek, Phil. Mag. 41, 1188 (1950) 

®H. E. Mervin, Am. J. Sci. [4] 32, 429 (1911 
Wallace, J. Am. Chem. Soc. 38, 264 


™G. P. Baxter and C. C 
(1916). 

“FE. Cohen and K. Piepenbroek, Z. physik. Chem. A167, 388 
(1933 


* F. W. Clarke and H. Keck, J. Am. Chem. Soc. 5, 241 (1884 














* The water density for 25.0°C as given by H. H. Landolt and R. Bornstein, Zahlenwerte und Funktionen aus Physik Chemie Astronomie Geophysik und 
102, is des =0.997046 g/cm! 


This small difierence could cause a maximum change of 1.5 X1075 


1. The systematic error of the density of quartz was computed from the uncertainty 


TaBLe IV. Published densities. 











Lin. 
Temper- exp. Computed 
ature coeff dens 
Subst. Density xie 25°C Reference 
Si 2.32831+31 20 4.15 2.328243 20 
Al 2.69892 20 23.29 2.69798 21 
Al 2.698394+38 25 rae 2.69839+38 16 
CaF; 3.180 20 19 3.179 22 
CsI 4.509 25 48.6 4.509 23 
Ge 5.32344:25 25 5.92 5.3234+25 20 
TIC] 7.0000+-4 30 54.6 7.0057+4 24 
TIBr 7.540 21.7 51.2 7.537 25 





constant density within the limit of our measurements. 
However, there is a disagreement between the older and 
our values. The difference may be caused by the 
material or experimental errors. Our result for the 
density of quartz agrees well with older measurements 
but not with a newer value of Batuecas. In all density 
measurements one has to that absolute 
density values depend on water density as primary 
standard, which is in error by at least 2X10~*. It will 
be seen from the accompanying paper®* that our 
weighing densities are in good agreement with densities 
computed from the lattice constants obtained from the 


remember 


same samples. 





Rev. 99, 1747 (1955), 


* Smakula, Kalnajs, and Sils, Phys 
following article 
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Densities and Imperfections of Single Crystals* 


A. Smaxutza, J. KAuNnajs, anp V. Sts 
Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 3, 1955) 


The densities of Si, Al, CaF;, CsI, Ge, TICI, TIBr, and SiO, (quartz) have been computed from lattice 
constants and molecular weights obtained from International Atomic Weights, and compared with the 
densities as determined by hydrostatic weighing of large single crystals. The hydrostatic density of Ge 
proves too large by 0.00193. This discrepancy disappears when the mass-spectroscopic atomic weight is 
used for the density calculation. Also for Si, Al, and CaF; a better agreement results with mass-spectroscopic 
atomic weights. Therefore, we conclude that the mass-spectroscopic atomic weights are more reliable than 
the officially accepted ones. From measured densities and lattice constants of Si, Al, CaF:, and Ge, 
Avogadro’s number is obtained as 6.02368 X 10" mole (chemical scale). The relative density defects for 
our samples of Si, Al, CaF 2, and Ge proves to be negligible within the limit of our measurements (<5X10~). 
We consider these crystals the most perfect that we have obtained up to the present time. A somewhat 
higher relative density defect in quartz (1110~*) may be caused by uncertainty of the data used for the 
computation of the density and that for CsI (13X10~*) by Rb contamination. TIC! and TIBr show the 
greatest relative density defects, 43 X 10~* and 40X 10~*, respectively. These crystals may contain vacancies 
or dislocations in the order of ~5X 10" per cc, as is known also for the silver halides. 





INTRODUCTION differ considerably or are even contradictory. For 
instance, according to Straumanis*® Al and Si* should 
have interstitials, but according to Addink* both should 
have vacancies. For Avogadro’s number (chemical 
scale) Birge’s® value is 6.02338 X 10” mole, Straumanis* 
uses 6.02403 10" mole“ and Addink’s best value is 
6.0228 10" mole. This study was therefore under- 
taken with the aim of deciding whether or not, at the 
present time, valid conclusions can be drawn on crystal 
imperfections from density determinations. 


ATURAL and synthetic crystals contain imper- 
fections in the form of impurities and crystal 
defects (lattice vacancies, dislocations, etc.). Since most 
of the physical properties are influenced by such imper- 
fections to some extent, their study is one of the 
important problems of solid-state research. 
One of the most direct methods of detecting crystal 
imperfections is the precision determination of den- 
sities. This can be done by determining mass and 





volume with a balance, or by calculating the mass from 
the molecular weight and Avogadro’s number, using 
the lattice constant for the volume determination. 
While the first method gives an average of the density 
taken over a large volume, the second method gives the 
ideal density of the crystal lattice. The two densities 
can be equal only in ideal crystals. In real crystals a 
difference is to be expected, which gives information 


Our investigation differs from older ones in the fol- 
lowing points: 

(1) We used a group of crystals differing in lattice 
constants, densities and chemical bonding. 

(2) The lattice constants and densities were measured 
on the same samples and at the same temperature. 


Tas.e I. Physical constants of crystals used for density com- 














about the crystal imperfections. If the macroscopic putation. 
density is higher than the microscopic, interstitials are on 
present; if it is lower, vacancies (Schottky defects) or R.. J Atomic or molecular Ref. 
one or another kind of dislocations predominate. Incase, con- wees mass- 
* a . Pa Crystal ” Gn°c* stant Internat. Mass-spec.> spec. 
of impurities their effect on density can be positive or 
negative, depending on the ionic radius, atomic weight 1 Si 8 5.43072A 6 28.09 28.0875 10 
and how they are built into the lattice (interstitially or ; on ; aaa : re a i 
substitutionally). Instead of referring to densities, one : ox 1 456772 6 259.82 259.821 13, 14 
: ; “ ‘ xe 8 5.65753 6 72.00 72.630 15 
can compare atomic weights with those obtained by ¢ Tie 1 384247 6 230847 230.852 6 
chemical or mass-spectroscopic methods or compare 7 TiBr 1 3.98588 6 284.306 284.301 16 
Avogadro’s number with a standard value. 8 SiO, 3 6:491329 9 09 6.0875 10,17 
‘ Fidei : c: 5.40483 9 
Such investigations have been made in recent years 
by various authors.’ The published results, however, —« por CuKa, (: «1.54051 A). 
ermine » Chemical scale. 
* Sponsored by the Office of Naval Research, the U.S. Army = ————— 
Signal Corps, the U.S. Air Force, and the U.S. Ordnance Materials tsa) Am. Mivemteget 38, 662 (1953); 
Research h Office. 1954); T. Batuecas, Nature 165, 61 (1940); 1 7, 348 o> tae 


1Y, Tu, Phys. Rev. 4 40, 662 (1932); D. A. Hutchison and H. L. 
Johnston, J. hem. Soc. 62, 3165 (1940); Phys. Rev. 62, 32 
(1942); P. M. Miller and J. W. DuMond, Phys. Rev. 57, 198 
(1940): D. A. Hutchison, Phys. Rev. 66, 144 (1944): J. Cnn. 


Phys. 13, 383 (1945); M. E. Straumanis, Z. Physik 126 


*M. E. Senna Ade Cryst. 2, 82 (1949 


pat 4 E. Straumanis and E. Z. Aka, J. Appl. Phys. 23, 330 
4N. W. H. Addink, Rec. trav. chim. 70, 202 (1951). 
*R. T. Birge, Am. J. Phys. 13, 63 (1945). 
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Taste II. Avogadro’s number as given in the literature from 1945 to 1954. 








Reference 


Physical scale 


Ne X10" mole 
Chemical scale 


Conversion factor phys. 
to chem. sc 





. Bi 1945 

. DuMond and Cohen* 1948 
Straumanis‘ 1949 

. Kirchner* 1950 

5. DuMond and Cohen‘ 1950 

. Bearden and Watts* 1951 

. Witmer® 1951 

. Stille! 1952 

. DuMond and Cohen! 1952 
DuMond and Cohen* 1954 
Brogren (quartz) 1954 

. Brogren (calcite)! 1954 


6.025064: 23 
6.0251+4 
6.02567 +30 
6.0252+15 
6.025438+ 107 
6.02566+ 16 
6.02601+35 
6.02533415 
6.02544 
6.02472+36 
6.02540 
6.02495 


1.000279 
1.000266 


6.023384 23 
6.023544 
6.024034 30 
6.02364 15 
6.023762 + 107 
6.024024 17 
6.02433435 
6.02365+ 15 
6.02376 
6.023044 36 
6.02372 
6.02327 


1.0002783"7 
1.0002783!7 
1.0002783'7 








* See reference 5. 
* Obtained as ratio of physical to chemical scale 
* See reference 22. 
4 See reference 2. 


(3) We used molecular weights computed from masses 
and abundances of atomic isotopes. 


MATERIAL 


Large single crystals of Si, Ge, CaF;, TICI, T1Br, CsI, 
and SiO, (natural quartz) and polycrystalline Al of 
very good quality were selected. Most of them belong 
to the cubic system ; Si and Ge have diamond structure, 
CaF; is diamond-like ; TICI, T1Br and CsI have a body- 
centered structure; Al is face-centered cubic and SiO, 
(quartz) hexagonal. These crystals represent the three 
types of bonding: covalent, ionic, and metallic. In con- 
sequence, we expect various types of imperfections, 
expressing themselves in a different influence on lattice 
constant and density. The Al sample (vacuum-cast) 
was polycrystalline, but is included here because the 
published lattice constants for Al show the best agree- 
ment of all measured materials.* The purity of the 
crystals is given in the preceding paper.’ 


X-RAY DENSITIES AND COMPARISON WITH 
DENSITIES OBTAINED BY WEIGHING 


The densities were computed for cubic crystals as 
d,=nA/aN (for quartz d,=2nA/3a*c\), where n is 
the number of molecules per unit cell, A the atomic or 
molecular weight, a the lattice constant, and NV 
Avogadro’s number. The value for m, A, and a are 
listed in Table I. The atomic weights are those recom- 
mended by the International Commission on Atomic 
Weights,* and the lattice constants are those of the 
accompanying paper® and of Brogren.’ In addition, in 
~@ A. Smakula and J. Kalnajs, this issue [Phys. Rev. 99, 1737 
(1955) 

7A. Smakula and V. Sils, this issue [Phys. Rev. 99, 1744 
(1955). 

* E. Wichers, J. Am. Chem. Soc. 76, 2033 (1954) 

* Computed for 25°C from data given for 18°C by G. Brogren, 
Arkiv Fysik 7, 47 (1954), using linear expansion coefficients 

ay = (7.161 40.0160 1) 10-4/°C 


and ‘ 
a, = (13.255 +0.0223 1)x 10-#/°C 


taken from I. R. Benoit, Trav. mém. bur. int. poid. mes. 6, 1 
(1888). 


* See reference 23 
! See reference 24. 
® See reference 25. 
» See reference 26. 


§ See reference 27. 
i See reference 20. 
& See reference 21. 
' See reference 9. 


Table I atomic and molecular weights'’*-"? computed 
from masses and abundances of atomic isotopes are 
given for later use. 

The absolute error of the lattice constant is higher 
than the random error (+0.00002 A) because of the 
uncertainty of the x-ray wavelength by +0.00006 A."8 
Cu Ka; (A=1.54051 A) "was used, as recommended by 
Lonsdale."* For Avogadro’s number the published data 
vary considerably. Table II contains the data pub- 
lished during the past ten years.?.*.°-?7 Some of these 


” Masses from: Duckworth, Preston, and Woodcock, Phys. 
Rev. 79, 188, 402 (1950). Abundances from: (a) M. G. Inghram, 
Phys. Rev. 70, 653 (1946); (6) E. P. Ney and J. H. McQueen, 
Phys. Rev. 69, 41 (1946); (c) D. Williams and P. Yuster, Phys. 
Rev. 69, 556 (1946);(d) J. R. White and A. E. Cameron, Phys. 
Rev. 74, 991 (1948); (e) R. F. Hibbs as reported by K. T. Bain- 
bridge and A. O. Nier, Preliminary Report No. 9, Nuclear Science 
Series (National Research Council, Washington, 1950); (f) J. H. 
Reynolds, Phys. Rev. 90, 1047 (1953); average taken from (a) 
to (f) 

"C. W. Li, Phys. Rev. 88, 1038 (1952) 

® Masses for calcium from: Collins, Nier, and Johnson, Jr., 
Phys. Rev. 84, 717 (1951). Abundances for calcium from: J. R. 
White and A. E. Cameron, Phys. Rev. 74, 991 (1948). 

4H. E. Duckworth, Nature 174, 595 (1954), Cs. 

“R. E. Halsted, Phys. Rev. 88, 666 (1952), I. 

8 Masses from: Collins, Johnson, and Nier, Phys. Rev. 94, 398 
(1954). Abundances from: (a) R. F. Hibbs as reported by K. T. 
Bainbridge and A. O. Nier, Preliminary Report No. 9, Nuclear 
Science Series (National Research Council, Washington, 1950); 
(6) Inghram, Hayden, and Hess, Report, Argonne National 
Laboratory Report, ANL-4082, 1947 (unpublished, p. 5); average 
taken of both. Because of large errors the recent data of J. H. 
Reynolds, Phys. Rev. 90, 1047 (1953) have not been used. 

‘6 T. L. Collins (private communication). 

17 A. O. Nier, Phys. Rev. 77, 789 (1950) 

“W. L. Bragg, J. Sci. Instr. 24, 27 (1947). 

*K. Lonsdale, Acta Cryst. 3, 400 (1950). 

™ J. W. M. DuMond and E. R. Cohen, Am. Scientist 40, 447 
(1952) 

"= J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 
691 (1953 

= J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 20, 
82 (1948). 

™=F. Kirchner, Landolt-Bérnstein Tabellen (Springer-Verlag, 
Berlin, 1950), sixth edition, Vol. I, Part 1. 

* J. W. M. DuMond and E. R. Cohen, Phys. Rev. 82, 555 
(1951). 

* J. A. Bearden and H. M. Watts, Phys. Rev. 81, 73 (1951). 

™ E. E. Witmer, Phys. Rev. 81, 308 (1951). 

7 'U. Stille, Physik. Bl. 9, 397 (1952). 





IMPERFECTIONS OF 


values were computed from densities and lattice con- 
stants obtained on different samples: others were 
derived from different physical constants. We decided 
to use Birge’s value since it is based on the same kind 
of measurements as ours, and served as a starting value 
for the computation of the universal physical con- 
stants.” 

Our densities are given (Table III) under d com- 
puted using International Atomic Weights and under 
d,, those determined by hydrostatic weighing.’ 


(a) Influence of Atomic Weight on Density 


In Fig. 1, Ad.. is plotted vs d,. For most crystals the 
difference Ad,; proves to be smaller than 0.0008, except 
for Ge. Initially we assumed that the large deviation 
for Ge was caused by interstitials.2* However, doubt 
arose when no comparable deviation was found for Si. 
The only other possibility for the great deviation in Ge 
was a corresponding error in the atomic weight.The 
value of the atomic weight given to Si has been changed 
in recent years” by three units in the second decimal 


Taste III. Comparison of densities determined by weighing 
(d.), and computed from lattice constants (Table I), using 
molecular weights from international atomic weights (d,,) and 
from masses and abundances of isotopes (ds:), the Avogadro 
number of Birge (6.022338 X 10” mole“), and temperature 25.0°C. 
Adii1=da— dv, Ads2=ds2— dy. 








de 


2.32902 
2.69801 
3.17934 
4.52593 





0.00030 
—0,00011 
0.00021 
0.00027 
5.32673 —0.00193 
7.01829 d 0.00051 
7.45292 7 0.00080 


Quartz 2.64845 0.00021 








place because of new determinations by chemical and 
mass-spectroscopic methods. The last atomic weight 
determination of Ge was made by a chemical method.” 
No mass-spectroscopic atomic weight of Ge has been 
published. Through the courtesy of Professor K. T. 
Bainbridge and Dr. T. L. Collins, Harvard University, 
the atomic weight for Ge was obtained as calculated 
from mass-spectroscopic data. This value, together 
with those for the other crystals, is listed in Table I. 
With these mass-spectroscopic molecular weights, the 
densities for our crystals assume the value d.. (Table 
IIT). Adz. gives the density difference between these 
computed (d,.) and the measured values d,. As seen 
from Table III and Fig. 1, the great density difference 
in Ge disappears and the differences for most of the 
other crystals are much reduced. A slight increase 
occurs for TIC]. We can conclude that the density dif- 
ferences for most cf our crystals were caused by the 
uncertainty of the atomic weights. 
* Smakula, Kalnajs, and Sils, Phys. Rev. 97, 253 (1955). 
FE. be heer on ws, J Am. Chem. Soc. 74, 2446-(1952). 


® Honi Wintersberger, and Wittner, Z. anorg. u. 
aligem. C ams, 81 (1935). 
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Fic. 1. Difference of x-ray and weighing density d,—d.= Ad,. 
For computing x-ray density: Cu Ka; A= 1.54051 A and Birge’s 
Avogadro number 6.0233810" mole. Solid circles, Ad,:, 
international atomic weights used; open circles, rv mass- 
spectroscopic atomic weights 5 


(b) Influence of Lattice Constant on Density 


The random error of our lattice constants for all 
crystals is +0.00002 A.*° The systematic error caused by 
the uncertainty of the x-ray wavelength is 0.004 percent. 
Since we used the same wavelength (Cu Ka;) in all our 
lattice-constant determinations, this error is a constant 
factor for all of the crystals. The lattice constants are 
influenced proportionally to their absolute values. The 
influence of the lattice-constant error on density can 
not be separated from the error of Avogadro’s number. 


(c) Influence of Avogadro’s Number on Density 


While A and a vary from crystal to crystal, V is a 
constant, therefore its influence on Ad,».:d, must be a 
constant. In Fig. 2, Ad,s:dy is plotted vs d,. All values 
are positive and very nearly equal. This could be inter- 
preted by vacancies. However, this interpretation 
would lead to the improbable consequence that all of 
our crystals (except TIC] and TIBr) have an equal 
number of vacancies. We therefore assume that our 
product a*V is not correct. The absolute error of a and 
N is practically the same (~0.0002). Since a is based 
on the crystallographic conversion factor Agbe: Axe Which 
is at present generally accepted, we keep @ constant 
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defects (Ad,3:d,). (We used N = 6.02338 


mass-spectroscopic atomic weights.) 


Fic. 2. Relative densit 
X10 mole™ an 
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Taste IV. Avogadro’s number N (chemical scale) computed 
from densities, lattice constants (Cu Ka,A=1.54051A 
spectroscopic atomic weights (conversion factor from physica! to 
chemical scale 1.0002783'’). 


mass 





Crystal 





Si 6.02364 X 10" 
Al 6.02370 108 
CaF; 6.02370 1 
Ge 6.02369 K 10 
Mean value: 6.02368 X 10" 


Taste V Comparison of densities determined by weighing 
(de), and computed (dys from lattice constants using mass- 
spectroscopic atomic weights and N = 6.02368 10 mole™ for 
temperature 25.0°C 


A 4 j 
Sdes Ads1:de 


Si 2 — 0.00001 
Al : 2 0.00001 
CaF; 0.00001 
CsI ‘ 0.00006 
Ge 5.3267 ‘ 0.00001 
TIC] 0.00030 
TIBr 7.45292 0.00030 
Quartz 2.64845 — 0.00003 


— 0.0000043 
0.0000037 
0.000003 1 
0.000013 
0.00000 19 
0.000043 
0.000040 

— 0.000011 


and correct N. N-values computed from four of our 
best crystals (Si, Al, CaF, and Ge) are given in Table 
IV. The mean value is (6.02368+0.00002) X 10% mole 

Using this Avogadro’s number, and atomic and 
molecular weights computed from mass-spectroscopi« 
data and our lattice constants, the final densities d,s, 
differences Ad,;=d,;—d,, and Ad,;:d 
defects are computed (Table V and Fig. 3). 


relative density 


CONCLUSIONS 


A study of crystal imperfections by density measure- 
ments requires a knowledge of atomic weights, lattice 
constants, and Avogadro’s number to a hig! 
We found that the international atomic 
sometimes unreliable and have to be replaced by more 


accuracy. 
weights are 


accurate data obtained from masses and abundances of 
atomic isotopes. The values of lattice constants are 
based on the absolute values of the x-ray wavelengths; 
these are obtained from Siegbahn kX units by multi- 
plication with a conversion factor f=),/A,. We can 
use either the crystallographic conversion factor 
1.002026, or the Universal 1.002063 (computed by 
DuMond and Cohen"). In the former case Avogadro’s 
number in the chemical scale is 6.02368 10" mole 
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and in the latter 6.02301 10" mole, which is very 
close to DuMond and Cohen’s value 6.02304X 10" 
(see Table II). Only two of the previous V values, those 
from KCl* and from quartz, are close to ours; the 
value obtained from calcite by Brogren® is lower and 
that by Straumanis’ is higher. The discrepancy for 
calcite is probably caused by impurities." Calcite can 
hardly qualify as a standard crystal. Even if its im- 
purities are determined, a correction for molecular 
weight cannot be made as long as it is not known 
whether impurities are bound substitutionally or inter- 
Stitially. 

Of the crystals studied here, Si, Al, CaF2, and Ge 
contain relative density defects, Ad.2:d., which are 
less than 5X10~-*, that is, undetectable within the 
limit of our measurements. The values 11X10° for 
quartz and 13 10~* for CsI are still close to this limit. 
The only cases where we have an indication of imper- 





2x10* 








2x04} 
2 
Density dy 


Fic. 3. Relative density defects (Ad,3:d.). (We used N = 6.02368 
X< 10 mole™ and mass-spectroscopic atomic weights.) 


fections are TIC and T1Br. In both crystals the relative 
density defects are ca 4X 10~*. Relative density defects 
of 22X10~-* and 8X10~* have been found recently in 
AgCl and AgBr single crystals. Since silver and thal- 
lium halides are similar in various properties (broad 
ultraviolet absorption bands, high plasticity, low melting 
points, etc.), they may have the same kind of imper- 
fections. 
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Measurements of the Hall coefficient and transverse magnetoresistance have been made on antimony 
single crystals at liquid helium temperatures and in magnetic fields up to 25 kilogauss. Both these properties 
exhibit oscillations which are periodic in reciprocal magnetic field. For a given orientation of the crystal 
axes relative to the magnetic field, the period of oscillation is the same for both these galvanomagnetic 
effects. The observed periods are in good agreement with the values found in the de Haas-van Alphen 
effect of antimony. The magnetic field dependence of the Hall coefficient was also examined at 78°K and 
300°K. It was found that at 78°K the Hall coefficient already exhibits marked field dependence. Small 
amounts of impurities were found to have a marked effect on both the magnitude and field dependence of 


the Hall coefficient at low temperatures. 





INTRODUCTION 


XPERIMENTS have shown that the galvanomag- 

netic and thermomagnetic properties of some of 
the metals which exhibit the de Haas-van Alphen 
effect also show oscillatory behavior as a function of 
magnetic field, H. Prior to the present work the cerre- 
lation for the period of oscillation in H~ had been 
established for bismuth,'-* graphite,*? and zinc. 
These metals are characterized by relatively long 
periods of oscillation in so far as the de Haas-van Alphen 
effect is concerned. On the other hand, antimony, which 
also exhibits the de Haas-van Alphen effect, has a 
relatively short period of oscillation® (of the order of 
fifty times smaller than that for Bi, Zn, or graphite). 
In general the amplitude of the susceptibility oscilla- 
tions decreases as the period of oscillations decreases, 
so that it was of interest to see if the corresponding 
oscillatory galvanomagnetic effects could be observed 
in antimony. This paper concerns itself primarily with 
the measurements of the magnetic field dependence of 
the Hall coefficient and the transverse magnetoresis- 
tance of Sb single crystals in fields up to 25 kilogauss at 
liquid helium temperatures. A preliminary report” of 
the discovery of the magnetoresistance and Hall effect 
oscillations has already been given. 


EXPERIMENTAL DETAILS 
A. Crystals 


The antimony single crystals used for most of these 
experiments (Sb I-Sb IV) were cleaved from a crystal 
kindly donated and grown by W. Zimmerman, III of 


‘Pp. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 

*T. G. Berlincourt, Phys. Rev. 91, 1277 (1953). 

* Reynolds, Leinhardt, and Hemstreet, Phys. Rev. 93, 247 
(1954). See also L. C. Brodie, Phys. Rev. 93, 935 (1954). 

«M. C. Steele and J. Babiskin, Phys. Rev. 94, 1394 (1954). 

5 J. Babiskin and M. C. Steele, Phys. Rev. 96, 822 (1954). 

* T. G. Berlincourt and J. K. Logan, Phys. Rev. 93, 348 (1954). 

7 T. G. Berlincourt and M. C. Steele (to be published). 

*'N. M. Nachimovich, J. Phys. U.S.S.R. 6, 111 (1942), 

* D. Shoenberg, Proc. Roy. Soc. (London) 245, 1 (1952). 

” M. C. Steele, Phys. Rev. 98, 1180(A) (1955). 


the Crystal Branch, U. S. Naval Research Laboratory. 
The original material, as obtained from the Bradley 
Mining Company, San Francisco, California, had a 
purity of 99.997 percent. Zone refinement made the 
purity of the final crystal better than 99.999 percent. 
Cleaving the crystal under liquid nitrogen readily 
located the trigonal «xis. Then the series of plates of 
about 0.5 mm thickness were cleaved from the large 
crystal. For each of these plates, the trigonal axis was 
perpendicular to the face of the plate. Examination of 
these crystals showed that some twinning had resulted 
since three sets of lines making angles of 60° with each 
other were barelv visible. These lines allowed the binary 
axis to be located relative to the long dimension of the 
experimental rectangular specimens cut from the plates 
by an air stream containing powdered abrasive. The 
length of each rectangle was .10 mm, while the width 
was 2 mm. Thickness of individual specimens will be 
given when the results are presented. The long dimen- 
sion was mounted vertically in all the experiments. 

One of the specimens (Sb V) used for these experi- 
ments was prepared in the above manner from a crystal! 
kindly donated by Dr. E. I. Salkovitz, Metal Physics 
Branch, Naval Research Laboratory. The original ma- 
terial for this crystal was Johnson-Matthey antimony 
(Lab. No. 4470) which had a purity of 99.92 percent 
(by difference). 


B. Magnet 


Horizontal magnetic field strengths up to 25 kilogauss 
were supplied by an A. D. Little electromagnet capable 
of rotation about a vertical axis. The five and three- 
quarter inch diameter pole pieces were separated by a 
gap of one and three-quarter inches. A nuclear flux- 
meter was used to calibrate the magnet to an accuracy 
of 0.02 percent. 


C. Measurement Technique 


Current and potential leads were attached to each 
specimen with low melting-point solder. The measuring 
current was always parallel to the long dimension of 
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RESISTANCE (ARBITRARY WE/TS) 

















Fic. 1. Magnetoresistance of 
1.52°K. H was perpendicular to the 
angle of 25° with a binary axis 


the specimens. The two potential probes used to 
measure resistance were on the same edge of the 
crystal, separated by a distance of about 3 mm. A third 
potential probe was located on the opposite edge to 
measure Hall voltages. Except for one experiment, 
Hall effect measurements were made only with H 
parallel to the trigonal axis. This geometry was ascer- 
tained by the visual location of the trigonal axis after 
the crystal was mounted. Attempts to locate the 
trigonal axis from magnetoresistance measurements 
proved to be an interesting problem in itself since the 
results depended very strongly upon the angle between 
a binary axis and the electric current. This had already 
been observed by Rausch" in his work on Sb single 
crystals down to liquid nitrogen temperatures. Our 
results support his conclusions and extend the rotation 
measurements to 4.21°K. 


The Hall coefficient, A, is defined by the equation: 
A=10°Vi/1H, (1) 


where A is in cm*/coulomb; H is in gauss; the meas- 
uring current, 7, is in amperes; the Hall potential, V, 
is in volts, and the crystal thickness, ¢, is in centimeters. 
Throughout these experiments the measuring current 
was either 200 or 400 milliamperes. Typical Hall 
voltages ranged from about 50 to 15 microvolts as the 


magnetic field was decreased from 25 to 6 kilogauss. 


These voltages were measured to an accuracy of 0.05 


"K. Rausch, Ann. Physik 1, 190 (1947) 
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microvolt with a six-dial potentiometer in conjunction 
with a photoelectric galvanometer. Magnetoresistive 
components of the transverse voltages were separated 
from the Hall components by taking two sets of 
measurements in which the direction of H is changed 
by 180°. If we denote by V () and V(— H) the voltages 
measured in this way, then it is assumed that 


2V,=V(H)+V(—#), (2) 
2V,=V(H)—V(—4), (3) 


where V, is the magnetoresistance voltage component 
and V, is the Hall voltage. This resolution supposes 
that the magnetoresistance is an even function of H. 
Measurements from the resistance probes confirmed 
this supposition over the range of field and temperature 
used. From Eqs. (2) and (3), simultaneous values of 
Hal! coefficient and magnetoresistance are obtained. 
This is useful for comparing the relative values of the 
period and phase of the oscillations in these properties. 


EXPERIMENTAL RESULTS 
(A) SbI 


The first experiments with these crystals were re- 
stricted to a measurement of the magnetoresistance 
(from the resistance probes) as a function of H. Figure 1 
shows the results at 7=1.52°K for SbI plotted as a 
function of H~'. This crystal had ¢=0.58 mm. The 
angle, ¥, between the specimen length and a binary 
axis was 5°. H was perpendicular to the trigonal axis 
and made an angle of 25° with a binary axis. In order 
to emphasize the oscillatory nature of the resistance, the 
difference 6 between the smooth dashed envelope curve 
and the solid curve connecting the experimental points 
is also plotted in Fig. 1. Our subsequent analysis will 
show that the é curve is periodic in H~. Over the range 
of field shown in Fig. 1 the maximum value of the 
amplitude of the oscillating component (6/2) is only 
0.15 percent of the total resistance. It is evident from 
the structure in the 6 curve of Fig. 1 that there may be 
more than one oscillating term contributing to the 
phenomenon at this particular orientation. 


(B) SbIV 


For this specimen ¢ was 0.44 mm and y was 15°. 
The Hall coefficient, A, at T=1.57°K is plotted as a 
function of H~ in Fig. 2. H was parallel to the trigonal 
axis (to within 3°). The oscillations in A are very 
distinct ; however, the modulation in the amplitude of 
the oscillations suggests that there is more than one 
oscillating term present. At 25 kilogauss, the amplitude 
of the oscillatory component of A is 0.6 percent of the 
mean value of A. Figure 3 shows the magnetoresistance 
as a function of H~ under the same conditions as for 
Fig. 2. In fact, the data in Fig. 3 are obtained from the 
Hall effect measurements through Eq. (2). Again the 
oscillating component is easily discernible from the 
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Fic. 2. Field dependence of the Hall coefficient of Sb IV at 1.57°K. H was parallel to the trigonal axis. 


total resistance. The dashed lines are the envelope 
curves drawn through the extremities of the data. At 
25 kilogauss the amplitude of the oscillatory com- 
ponents of resistance is 0.3 percent of the total re- 
sistance. 

Hall coefficient data for Sb IV were also taken at 
78°K and 300°K. These results (together with those 
at 4.21°K) showing A as a function of H are given in 
Fig. 4. All the data in Fig. 4 were taken with H parallel 
to the trigonal axis. For this orientation, A is positive 
(abnormal) over the entire range of temperature and 
magnetic field strength investigated. The high-field 
portion of the 4.21°K curve is dashed to indicate that 
A underwent oscillations in that region. Whereas the 
300°K data indicated practically no field dependence, 
the 78°K data show a definite change in A as 2 function 


of H. The sign and magnitude of A at 300°K is in good 
agreement with the work of Leverton and Dekker." 
Data on the variation of resistance as a function of 
the angle between the trigonal axis and H were taken 
at 300°K, 78°K, and 4.21°K. The results for Sb IV at 
H=25 kilogauss are shown in Fig. 5 where Ap=py—po 
and po is the resistance in zero field at the particular 
temperature. Aside from the fact that the minimum in 
resistance did not occur when H was parallel to the 
trigonal axis, it can be seen that at 4.21°K, there is a 
marked departure from the simpler angular dependence 
exhibited at the higher temperatures. However, it is 
noted that even in going from 300°K to 78°K, the 
position of the maximum in resistance shifted by 15° of 
angle. On the other hand, the position of the minimum 


” W. F. Leverton and A. J. Dekker, Phys. Rev. 80, 732 (1950), 
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Fic. 3. Magnetoresistance of Sb IV at 1.57°K. H was parallel to the trigonal axis. 
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remained unchanged over the entire temperature range. 
Distortion of the rotation diagram from a sine curve is 
already evident at 78°K. This is in qualitative agree- 
ment with Rausch’s" results on an antimony crystal 
having Y= 2.8° (whereas our Sb IV had y= 15°). 

Hall effect and magnetoresistance data were also 
taken at the magnet setting corresponding to the 
minimum in resistance. For these data there was a 15° 
angle between H and the trigonal axis. The Hall 
coefficient as a function of H~ at 4.214°K and 1.549°K 
is shown in Fig. 6 for this orientation. Although the 
oscillatory character is evident, the curves are far more 
complicated than that shown in Fig. 2. Corresponding 
magnetoresistance data [obtained from the Hall effect 
probes through Eq. (2) ] are shown in Fig. 7. In addition, 
the oscillatory component of the magnetoresistance has 
been separated and plotted at the bottom of Fig. 7. 
These data give a vivid picture of the temperature 
dependence of the oscillating component of the mag- 
netoresistance. Surprisingly enough, for this orientation, 
the magnetoresistance oscillations do not exhibit the 
complicated structure shown by the Hall coefficient. 


(C) SbV 


This was the specimen prepared from Johnson- 
Matthey antimony. The major impurities were Pb 
(0.0275 percent) and As (0.025 percent). Data were 
taken on this crystal for two reasons. Firstly, it was 
thought advisable to be able to get the oscillatory 
effects on specimens from two entirely different sources. 
Secondly, it was an opportunity to study how small 
amounts of impurities would affect the galvanometric 
properties, particularly the oscillatory behavior, at low 
temperatures. 

This specimen had t=0.685 mm and y=90°. The 
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Fic. 4. Field dependence of the Hall coefficient of Sb IV. 
H was parallel to the trigonal axis. 
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Fic. 5. Resistance of Sb IV as a function of magnet angle 
(H = 25 kilogauss). 


trigonal axis was perpendicular to the face of the plate, 
just as for the other specimens. Rotation diagrams for 
the magnetoresistance (at H=25 kilogauss) are shown 
in Fig. 8. It is interesting to note that at all three tem- 
peratures the minimum in resistance corresponded to 
H being parallel to the trigonal axis. Thus, for this 
particular type of crystal geometry, the position of the 
trigonal axis could be located from magnetoresistance 
measurements. Rausch’s" results at 78°K on an an- 
timony crystal with y=87.8° are in good agreement 
with the present data (even though his data were 
taken with H= 10.1 kilogauss). 

Hall-effect data were taken with H parallel to the 
trigonal axis. Figure 9 gives the results at 7 = 1.549°K. 
Although the oscillatory nature of A is evident from 
this curve, there are several irregularities as compared 
to the results for Sb IV (shown in Fig. 2). Most striking 
is the steepness of the envelope curve (dashed) over 
the range of field shown (22-25 kilogauss). The mean 
value of A changed by 12 percent while for Sb IV there 
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electrons (or from the top of the zone for holes). From 
the ellipsoid scheme proposed by Shoenberg® for an- 
timony, we find that for our orientation (H perpen- 
dicular to the trigonal axis and at an angle of 25° toa 
binary axis) there would be three values of 8/Eo. 
They are 

B;/ Eo= 145X107 gauss“, 

B2/Eg= 7.7X1077 gauss“, 

B;/Eo= 5.9X10~7 gauss“. 


The value for 8;/Eo is in good agreement with our 
value of 14.110~" gauss“. Our results also indicate 
that there are subordinate oscillatory terms present, 
but the data do not warrant making a quantitative 
comparison to the two other periods of oscillation. 
Such a detailed study would require another investi- 
gation. 

Sb IV Hall coefficient and magnetoresistance.—From 
Fig. 2, B/E, for the Hall coefficient oscillations is 
9.8+0.210~7 gauss. From Fig. 3 8/E» for the mag- 
netoresistance oscillations is also 9.8+0.2 1077 gauss“. 
Thus, within experimental error both these oscillations 
have the same period. For H parallel to the trigonal 
axis (the orientation for these measurements) Shoen- 
berg’s® three oscillatory terms, all have the same period, 
8/Eo=10.0X10~* gauss. Again this is in good agree- 
ment with our results. The curve in Fig. 2 suggests 











Fic. 6. Hall coefficient of Sb TV when H was at an angle 
of 15° to the trigonal axis 


was only a 1.5 percent change. Further, the magnitude 
of A at 25 kilogauss is 60 percent larger than that for 
Sb IV. Both of these characteristics are most likely due 
to impurities, but further work is needed to establish 
this conjecture. Finally, for this crystal the amplitude 
of the oscillatory component of A is only 0.2 percent of 
the mean value of A as compared to 0.6 percent for 
Sb IV. 

Since the magnetic field dependence of A was so 
much stronger for Sb V in high fields, it was thought 
profitable to make a more detailed study of this be- 
havior over a wider range of field and temperature. 
The results of such experiments (for Sb V) are given 
in Fig. 10 where A is plotted as a function of H at 
three temperatures. H was parallel to the trigonal axis 
for these data. At 300°K, A is field-independent; at 
78°K there appears a field dependence qualitatively 
similar to that shown in Fig. 4, but the magnitude of A 
is different for the two cases; at 4.2°K the difference 
between the two curves is more evident. 
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DISCUSSION 
(A) Period of Oscillations 


Sb I magnetoresistance.—From Fig. 1 the principle 
period of oscillation of the 6 curve is 14.1 10-7 gauss“. be 
We shall designate the period of oscillation in H~ as ; a ge ae ro 
8/ E> because this is the usual nomenclature in de Haas- fate T \ M4 \\ TaN Pree | 8 
van Alphen work. There 8 is the double effective Bohr \f TAs d rr \ | 
magneton (involving effective masses for the electrons) ‘ : re Tet ia at i= 
and £ is the chemical potential (Fermi energy) of the w'sg? (Gauss) 
pertinent de Haas-van Alphen electrons (or holes) Fic 


fagesron >. 7. Magnetoresistance of Sb IV when H was at an angle 
measured from the bottom of the significant zone for of 15° to the trigonal axis. 
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that there may be another peter 4 term present, 
but this might be due to uncertainties of several degrees 
in orienting the crystal with respect to H. Peculiarly 
enough, the magnetoresistance data in Fig. 3 do not 
show such a modulation of the oscillation amplitude. 


(B) Relative Phase of Oscillations 


From Figs. 2 and 3, we find that Hall coefficient 
oscillation maxima occur before the resistance maxima 
by about 2X 10-7 gauss“. There is a good deal of un- 
certainty about this phase difference because of the 
arbitrary way in which the envelope curves are drawn 
and the aspect of beats in Fig. 2. However, the data are 
given so as to allow some comparison with the results 
on other materials. In terms of H™, the magneto- 
resistance maxima lag the Hall coefficient maxima by 
roughly 0.4. Berlincourt and Steele’ had found that 
for graphite, magnetoresistance minima lag Hall coeffi- 
cient minima by about 2/4. Unpublished data of 
Overton and Berlincourt on bismuth have shown zero 
phase difference between magnetoresistance and Hall 
coefficient minima. In light of the different results for 
three materials no empirical generalization can be made. 
A detailed model that takes into account the contribu- 
tions of both holes and electrons is needed to describe 
each metal individually. 

Since the mean value of the Hall coefficient is itself 
field dependent, it is of interest to see how this is related 
to the magnetoresistance. A significant function to 
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Fic. 8. Resistance of Sb V as a function of magnet angle 
(H = 25 kilogauss). 
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Fic. 9. Field dependence of the Hall coefficient of Sb V at 1.549°K. 
H was parallel to the trigonal axis. 


examine is the product Ao, where @ is the electrical 
conductivity. For the simple two-band model, this 
product is a function of the mobilities and numbers of 
holes and electrons. The magnetic field dependence of 
Ao might therefore supply more fundamental! informa- 
tion than would analyses of the individual variations 
with H. The voltages, V4 and V,, given in Eqs. (2) 
and (3), are proportional to AH and 1/c respectively, 
so that 


Va/V,«AoH. (4) 


Figure 11 shows V/V, plotted as a function of H~ for 
Sb IV. The data for this graph were taken from the 
same experiment that gave Figs. 2 and 3. Hence, H was 
parallel to the trigonal axis and T was 1.57°K. The 
oscillations in AcH as a function of H~ are clearly 
separable from the total value. These oscillations are 
periodic in H~ and have 6/Ey=9.5+0.2X 10-7 gauss“. 
Another interesting feature of this graph is that 
the mean value of AcH is quite accurately a linear 
function of H~ over the range shown in Fig. 11. On 
the basis of Borovik’s” analysis of Hall effect and 
magnetoresistance effect data, one could infer from this 
linearity that the number of holes are equal to the 
number of electrons. To show this we follow Borovik 


and write 
no np ce Nahr 
joan (2H) [as sty 
1+¢;’ ~ L+o? 1+¢/ TT te? (S) 
o2= eH 12/ ma, 


d= eHri/myc; 


where —e is the electronic charge; m; is the number of 
holes; m2 is the number of electrons; m, and mz are the 


4% E. S. Borovik, J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 83 
1953). 
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Fic. 10. Field dependence of the Hall coefficient of Sb V 
for H parallel to the trigonal axis 


effective masses of the holes and electrons respectively, 
and 7; and rz are the respective mean collision times 
with the lattice. Equation (5) is based on the two-band 
model of an isotropic metal, whereas antimony is 
certainly anisotropic. However, it does provide a basis 
for a qualitative comparison between theory and experi- 
ment. The anisotropy would introduce the mass tensor, 
but the principle functional relations should retain their 
form. For ¢$;, ¢2>>1 (strong fields) and mye, Eq. (5) 
becomes 


Nim, NyMe 
AcoH~(n, meet [ef + ) 
Ti Te 


This says that AoH would be increasing linearly with 
H for strong fields. Our data for Sb (in strong fields) 
such behavior so we will examine the 
nz. Then, at any field value, Eq. (5) becomes 


do not show 


case mn, 
AcH = ($;—¢:)/(1 +hido). (7) 


For strong fields this can be approximated as 


Me my 
Aati~e _ ) Jen. 
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Fro. 11. The field dependence of the ratio of the Hall voltage 
to the resistance voltage for Sb IV at 1.57°K. was parallel to 
the trigonal! axis 


Here AcH is a linear function of H~ provided m2/r:2 
and m,/7; are field-independent. Since the mean value 
of AcH in Fig. 11 is a linear function of H-, we 
conclude, on the basis of this model, that m;=m, for 
antimony. However, the oscillatory behavior of AcH 
necessitates some adjustment to the above develop- 
ment. The simplest assumption one can make con- 
sistent with Eq. (8), is that the mobilities of the holes 
and electrons are oscillatory functions of the mag- 
netic field. On a simple phenomenological develop- 
ment to explain the oscillations of A and o one can 
make either the number of carriers and/or their 
mobilities periodic functions of H~'. However, in the 
present analysis of the oscillations in AcH, a changing 
number of carriers is of no significance since n;= mz and 
the numbers do not enter into the resulting expression, 
Eq. (8). Our conclusion is therefore, that at least the 
mobilities oscillate with H. Nothing can be said about 
the variation of m; and mz with H. A re-examination of 
the graphite’ data in light of this analysis has shown 
that there too AcH undergoes oscillations which are 
periodic in H~ and that the mean value is decreasing 
linearly with H~'. Hence, m,=m2 would also apply to 
the case of graphite. The model suggested here differs 
from that of Levinger and Grimsal" in that they 


Taste I. Temperature dependence of electrical resistance of 
antimony single crystals for H =0. r;= p;/pns*x. ¢= angle between 
trigonal! axis and electric current. y= angle between a binary axis 
and electric current 





Crystal reference 


Present data Sb IV 
Rausch* S,1* 
McLennan et al.* 


rae kK 7e2°K . 


0.014 





0.187 
0.188 
0.260» 


15° (or 75°) 
88° (or 28°) 
0.0791 


* See reference 11 
> At 82°K 
© See reference 15 


attribute the Hall effect oscillations only to a changing 
number of electrons. 

There is one additional feature of Eq. (7) which 
needs discussion. At ¢; ¢:=1, AcH should exhibit a 
maximum. Over the range of field shown in Fig. 11 
there is no such maximum. Actually, measurements 
were continued down to 6 kilogauss for this crystal, 
but AcH was still increasing with decreasing field. 


(C) Temperature and Field Dependence 
of the Resistance 


Table I gives the temperature dependence of the 
resistance of antimony single crystals for 7=0. Besides 
the present data (SbIV), there are given compara- 
tive data from Rausch" and McLennan, Niven, and 
Wilhelm." 

Over the range 6-25 kilogauss the field dependence 
of the nonoscillatory component of resistance at 4.21°K 


"4 J, S. Levinger and E. G. Grimsal, Phys. Rev. 94, 772 (1954). 
4% McLennan, Niven, and Wilhelm, Phil. Mag. 6, 666 (1928). 
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is given by the relation 
Ap/po« H'*7, (9) 


for H either parallel or perpendicular to the trigonal 
axis. It is noted here that the magnetoresistance of 
bismuth single crystals' has a field dependence very 
similar to that given by Eq. (9). 

Nothing definitive can be said about the temperature 
or field dependence of the oscillatory component of the 
magnetoresistance. Figure 7 shows that there is a 
strong temperature dependence for at least that par- 
ticular orientation, but for other directions there seems 
to be little change over the range 1.5°-4.2°K. A more 
detailed study is needed before any firm conclusions are 
drawn. There is one more point, however, that is worthy 
of note. It concerns the fact that the amplitude of the 
oscillations in magnetoresistance as obtained from 
the Hall probes is considerably greater (relative to the 
total resistance) than that obtained from the resistance 
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probes. Specifically for Sb IV at 25 kilogauss and 1.57°K 
the oscillatory component was 0.3 percent of the total 
resistance from the Hall probes and only 0.15 percent 
from the resistance probes. Aside from that difference 
the two magnetoresistance curves are very similar. They 
both exhibit maxima and minima at very nearly the 
same values of H~. This sort of behavior was also 
noted by Berlincourt and Steele’ in their work on 
graphite. A possible explanation offered there was that 
the portion of the crystal between the Hall probes may 
have been purer (both from the single crystal and 
chemical points of view) than that between the re- 
sistance probes. 
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Energy Levels of a Crystal Modified by Alloying or by Pressure 
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A perturbation method of calculating the energy levels of a crystal modified by alloying or by pressure 
is studied. Initially the calculation is developed by means of conventional first-order perturbation theory. 
It is then shown what is wrong with this approach and how the calculation can be improved by a modified 
form of perturbation theory. It is further shown that this modified form of perturbation theory is par- 
ticularly appropriate to cases where the unperturbed wave functions are expanded in terms of orthogonalized 


plane waves. 


I. INTRODUCTION 


E wish to calculate the electronic energy levels 

of a crystal modified in a certain fashion from a 
knowledge of the one-electron wave functions and 
energy levels of the original unmodified crystal. In par- 
ticular, we consider the modifications of the crystal (a) 
under hydrostatic pressure and (b) containing a small 
mole-percentage of a foreign atom placed in the crystal 
at random. In the following sections we will work out 
the general theory for a binary disordered alloy con- 
taining a small percentage of one constituent. It will 
then be seen that the results can be applied as a special 
case to the problem of the pure crystal under pressure. 
In Sec. II we will develop the theory by means of con- 
ventional first-order perturbation theory. In Sec. III, 
we will discuss what is wrong with this approach and 
how our theory can be improved by using a modified 
form of perturbation theory. In Sec. IV, we show how 
the results of Sec. III can be written in a particularly 
simple form by expanding our unperturbed wave 
functions in terms of orthogonalized plane waves.' The 


'C. Herring, Phys. Rev. 57, 1169 (1940). 


special case of a crystal of the diamond structure is 
worked out in detail. This case is particularly appro- 
priate since the three most important examples of this 
crystal structure, namely diamond,’ silicon,’ and ger- 
manium,‘ have all been studied by the orthogonalized 
plane wave method. 

Insofar as it deals with disordered alloys, this paper 
is intended to supplement a general discussion of the 
problem in a previous publication by the author.® 
Unlike the previous publication, however, here we will 
study the formal mathematical aspects of a method 
suitable for numerical calculations of specific physical 
systems. In fact, the present study was undertaken with 
the purpose in mind of forming a basis for a program of 
detailed numerical calculations on the germanium- 
silicon alloy and on germanium under hydrostatic 


1 F. Herman, Phys. Rev. 88, 1210 (1952); 93, 1214 (1954). 

*T. O. Woodruff, dissertation, California Institute of Tech- 
nology, 1955 (unpublished); Phys. Rev. 98, 1741 (1955). 

4F. Herman and J. Callaway, Phys. Rev. 89, 518 (1953); F. 
Herman, Physica 20, 801 (1954); Phys. Rev. (to be published). 

*R. H. Parmenter, Phys. Rev. 97, 587 (1955). 
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pressure. Both the alloy system* and the pressure 
system’ have been studied experimentally recently, and 
both systems have been discussed from a theoretical 
standpoint.® 

It should be emphasized that the methods developed 
in this paper for handling a disordered alloy are capable 
of determining how the energy levels of the original host 
crystal are modified by the introduction of an impurity. 
These methods cannot, however, determine the new 
energy levels associated with localized states that may 
occur in the vicinity of each impurity atom.’ Such 
localized states will occur when the original host crystal 
is a semiconductor or insulator and the valence of the 
impurity atom differs from that of the host atom. 


Il. CONVENTIONAL PERTURBATION THEORY 


Consider the case of a host crystal composed of atoms 
of type A containing at random lattice sites a small 
percentage of atoms of type B. Let f be the fraction of 
lattice sites occupied by B atoms, where f<1. In the 
absence of B atoms, we may express our one-electron 
crystal potential in the form 


>. Va(r—R,), (1) 


where V,(r) is an atomic-like potential characteristic of 
A atoms and the vectors R,, denote the positions of the 
atoms of the crystal. In the case where B atoms are 
present, we follow Nordheim’ in assuming that the 
potential may be written as 


>. Ve,(r—oR,), (2) 


where a, =a when aR, denotes an atomic site occupied 
by an A atom, while a, =} when aR, denotes an atomic 
site occupied by a B atom. a is the ratio of the new 
lattice constant to the old, and V,(r) is an atomic-like 
potential characteristic of B atoms. Since f is small, 


we may assume that (a—1) is proportional to / 


(Vegard’s law) ; i.e., we define « and « such that 
e=a—1=x«f. (3) 


Since f1, then also |«|<1. At this point we invoke 
Nordheim’s virtual-crystal approximation’; i.e., we 
replace the alloy potential by that portion of it which 
gives rise to coherent electron scattering, namely, 


>. V(r—aR,), (4) 


* E. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954); 
Levitas, Wang, and Alexander, Phys. Rev. 95, 846 (1954). 

™W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954); Fan, 
Shepherd, and Spitzer, Atlantic City Conference on Photocon- 
ductivity, November, 1954 (John Wiley and Sons, Inc., New York, 
1955); Warschauer, Paul, and Brooks, Phys. Rev. 98, 1193(A) 
(1955), and following paper. 

*One of the most interesting features of these systems is the 
fact that, as a function of composition or pressure respectively, 
there appears to be a point where the minimum of the conduction 
band shifts its position in 4-space discontir.uously. An explanation 
of this effect has been proposed by F. Herman, Phys. Rev. 95, 847 
(1954). 

* L. Nordheim, Ann. Physik 9, 607 and 641 (1931). 
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where 


V(r)=(1—f]Va(0)+fVo(r). (5) 


As was shown by Muto,” the virtual-crystal approxi- 
mation gives energy levels correctly to the order of 
conventional first-order perturbation theory." (It is to 
be remembered that we are dealing with a completely 
disordered alloy, so that each type of atom is placed on 
the atom sites in a random fashion.) By the above 
approximation, we have reduced our problem to one 
having the periodicity of the lattice. 
We wish to solve the Schrédinger equation 


[-V+Z. V(r—aR,)—E,' (k) ¥,'(k,r)=0. (6) 


Here g denotes the particular energy band under con- 
sideration, and k determines the translational properties 
of the wave function. We are using atomic units. Let 
R,,’ denote the lattice positions of the Bravais lattice 
for the undilated lattice; thus aR,’ will be the corre- 
sponding quantities for the dilated lattice. Define 


S,(k,r)=¥,' (ak,ar). (7) 
Since 
V,' (k, r+aR,’)=e'*-«®'y,’(k,r), (8) 
it follows that 
Si (k, r+R,’)=e'* ®'S,(k,r), (9) 


so that S, has the correct periodicity properties for the 
undilated lattice containing only A atoms. Equation 
(6) may be rewritten 


[—a?V?+>.. V(alr—R, })—E,' (ak) ] 
X¥,' (ak ar) =0, 


which, after multiplying by a’, is equivalent to 


(-V+5.0°V (a[r—R,])—a°E,’ (ak) } 


x S,(k,r)=0. (10) 

Let us define 
Vai (r)=(2+1r(0/dr) JV.(r), (11) 
Via(r)=Vi(r)—V.(r), (12) 
V' (rt) = Val (4) + V na (8). (13) 


Expand [a’V (ar)— V,(r) ] in a power series in ¢, keeping 
only the leading term since | ¢«|<«1. Thus 


eV (ar)— V(r) = V(r). (14) 
Substituting (14) into (10), we get 
[-V+D.. Va(r—R,) +e / V’(r—R,) ]S,(k, 2) 
=a°E,' (a "k)S, (kr). (15) 


Let ¥,(k,r) be a solution of the Schrédinger equation 


” T. Muto, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 
34, 377 (1938). 

4" For a discussion of the effect on the energy levels of higher 
orders of perturbation theory, see reference 5. 

















appropriate to the crystal containing only A atoms,” 
i.e., 


[-V+E.. Va(r—R,.) ¥, (k,n) = E,(k)¥, (kn). (16) 


We see that we may solve Eq. (15) by means of first- 
order perturbation theory, taking the ¥’s as our unper- 
turbed wave functions. Since the perturbation potential 


D. V’(r—R,) 


in no way affects the symmetry of the unperturbed 
host crystal, then we are justified in using nondegenerate 
perturbation theory, the perturbation potential being 
unable to remove any degeneracies associated with 
symmetry. Thus 





aE,’ (atk) = E,(k) + (a—1)V,’ (k), (17) 
or 
E,' (k) =a E,(ak)+(a—1)V,'(ak)], (18) 
where 
fvekor. V’(r—R,)¥,(k,r)dr 
V,/(k) = (19) 


f V,*(k,r)¥,(k,r)dr 


x 


( fadr denotes an integration over the entire volume of 
the crystal.) Expanding Eq. (18) in a power series in ¢, 
keeping only the constant and linear terms, we get 


E (k) - E,(k)+«( 2k v,(k) _ 2E,(k)+V,’ (k) If, (20) 
where the velocity v,(k) is given by 
vo(k) =$V.E,(k). (21) 


In Eq. (13), the definition of V’(r), the term «Vig 
arises from the presence of type B atoms in the lattice. 
The term V,’, however, arises solely from the change in 
lattice spacing. Similarly, in Eq. (18) the term a*E, (ak) 
arises solely from the change in lattice spacing. Thus 
by specializing to the case where x'=0 and f=0 
such that ¢ remains finite (i.e., by removing the 
term x~'Via), we obtain the effect of dilation or com- 
pression on the energy levels of a perfect crystal. An 
amusing example of the effect (or lack of effect) of 
dilation is the case of the empty lattice where all poten- 
tials vanish. The solution to the Schrédinger equation 
is a plane wave, while 


E,(k) =F. 


Clearly the energy levels must be independent of any 
hypothetical dilation, on physical grounds. To see this 


"With regard to notation, throughout this paper we will 
pie wave functions appropriate to the disordered alloy and 

ve unprimed wave functions appropriate to the unperturbed 
crystal containing only A atoms. Also we will use Greek and 
German symbols to denote exact and approximate wave functions 
respectively, appropriate to either the unperturbed or the per- 
turbed crystal; e.g., ©S is an approximate solution of Eq. {6) 
appropriate to the unperturbed cystal. 
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mathematically, we note that 
E, (k) =a*E, (ak) = # = E,(k). 
Ill. MODIFIED PERTURBATION THEORY 


In essence, the procedure carried out in the previous 
section is equivalent to that of scaling the wave function 
appropriate to the undilated host crystal, this scaling 
to be done in both r- and &-space, and then taking the 
expectation value of the Hamiltonian appropriate to 
the alloy with respect to this scaled wave function. 
There are two objections to this procedure. The first 
objection is that we have effectively assumed that the 
square of the wave function appropriate to the alloy 
has the periodicity of the Bravais lattice, an assumption 
which is certainly not true.” It would be desirable to 
construct some approximate wave function appropriate 
to the disordered alloy which correctly expresses the 
fact that the electronic charge density in the neighbor- 
hood of a B atom is different from that in the neigh- 
borhood of an A atom. The second objection has to do 
with the fact that when the lattice constant of a crystal 
is changed, the change in the wave function cannot be 
represented by scaling alone. In fact, in the immediate 
vicinity of a particular ion core of the crystal, the wave 
function, rather than being scaled, probably remains 
unchanged (aside from a phase factor) since as a first 
approximation the crystal potential remains unchanged 
(aside from an additive constant). If we had assumed 
that the crystal potential is scaled upon changing the 
lattice constant, then Eq. (2) would have been replaced 
by 


D» Vas(aLr—aoR, }). (22) 


It is felt by the writer, however, that Eq. (2) is a better 
approximation to the crystal potential for the alloy 
than in Eq. (22). 

Both of the above objections can be overcome by 
modifying the perturbation procedure in the following 
fashion. First we consider the undilated host crystal 
containing only A atoms. We designate by #,(k,r) an 
ion-core Bloch wave function appropriate to this case, 
and by ¥,(k,r) any of the other Bloch wave functions 
appropriate to this case. Since the ¥’s and #’s are 
solutions to the same Schrédinger equation, the V's 
must be orthogonal to the @’s. In analogy with Herring’s 
method of defining an orthogonalized plane wave,' we 
consider a function I’,(k,r) such that 


¥,(k,r)=T,(k,r)— >, ©, (k,r) 
x f srk nrk,edr (23) 


It is this incorrect assumption which leads to the complete 
inability of conventional perturbation theory to correctly aeee 
the ion-core energy levels of a disordered alloy, a d Ity 
discussed in reference 5. 
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Assuming the orthonormality of the %’s, 


feedndind=s, ty (24) 


we see that Eq. (23) merely expresses the fact that the 
¥’s are orthogonal to the #’s, i.e., 


f erd.nntkndr=0. (25) 


In « case of a monatomic host crystal where there is 
more than one atom per unit cell of the crystal, the 
index s appearing in the last three equations really 
stands for two indices, s and a, where s denotes the type 
of atomic orbital from which the Bloch function is 
composed, while « denotes with which atom in the unit 
cell the Bloch function is associated; i.e., 


&, (kjr)= NAS, exp[ik- (R,’+8.) ] 


X¢.(r—R,’—R,). (26) 


The vector R, denotes the position of the cth atom of 
the unit cell with respect to the center of the unit cell. 
As in the previous section, the Bravais lattice vectors 
R,’ denote the positions of the centers of the unit cells, 
while the atomic positions, previously denoted by R,, 
can be written as R,’+R,. N denotes the number of 
unit cells in the complete crystal. Let us take the ion- 
core atomic orbitals on a given atomic site to be 
orthonormal and assume that the atomic orbitals on 
neighboring atomic sites do not overlap; i.e., 


f ¢.°(r—R,,.’—R.) ¢.(r—R,.’—R,) dr 
. =§, Om whe, ¢- (27) 


We see that Eq. (24) is consistent with Eqs. (26) and 
(27). Using the fact that 


r,(k, r+R,’)=e*-*'T,(k,r), (28) 


we see that Eq. (23) can be rewritten 


¥,(k,r)=T,(k,r)—> ¢.(r—R,) 


xf g.*(r—R,),(k,x)dr. (29) 


Equation (29) expresses the fact that the W’s are 
orthogonal to the ¢’s, i.e., 


f ¢.*(r—R,)¥,(k,r)dr=0. (30) 


This is consistent with the fact that the ¢’s, rather than 
the ®’s, may be considered to be the ion-core solutions 
to the Schrédinger equation for the undilated host 
crystal. Although such a point of view is not particularly 
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advantageous for a perfect crystal, it will be very ad- 
vantageous when we consider the disordered alloy. 
By means of Eq. (29), we have broken up the wave 
function ¥,(k,r) into two parts, one part 


-> e(r-R,) f ¢.*(r—R,)I,(k,r)dr (31) 


being appreciable only in the immediate vicinity of 
each ion core of the crystal and representing the rapid 
variations of the wave function in these regions, while 
the other part I',(k,r) is more smoothly varying and is 
of importance throughout all regions of the crystal. 

Turning now to the disordered alloy, we define the 
function 


S,(k,n)= Y,’(k,r)-> ¢+,,(r—aR,,) 


xf ¢s,0,*(t—aR,,) G,'(k,r)dr, (32) 


where 


@,’ (k,r)=T,(ak,a“r). (33) 


As in the previous section, the index a, appearing in 
Eq. (32) designates the type of atom appearing on the 
nth atomic site. In analogy with Eq. (28), we have 

G,'(k, rtat,’)=e™2™'G,"(kn), (34) 
so that this portion of the wave function ©,'(k,r) has 
been scaled from the corresponding portion of the wave 
function ¥, appropriate to the undilated host crystal. 
The remaining portion of the wave function S,’, 
namely 


-> eran(t—aR,) f ¢+.an*(r—aR,) G,’(k,r)dr, (35) 
has not been obtained by scaling (31), however, but by 
replacing (31) by linear combinations of the ion-core 
wave functions appropriate to the modified crystal, 
their coefficients being chosen such that the S,’’s so 
obtained are orthogonal to these latter ion-core wave 
functions," i.e., 


f ¢s a,*(r—aR,) S,' (k,r)dr=0. (36) 


Equation (36) is the analogy for the modified crystal 
to Eq. (30), which holds for the unmodified crystal. We 
wish to approximate the wave function appropriate to 
the disordered alloy by ©,'(k,r). It is apparent that 
such a procedure in large measure removes the two 
basic defects of the conventional perturbation procedure 


“4 The writer is indebted to F. Herman for pointing out the 
importance of working with approximate alloy wave functions 
which are orthogonal to the ion-core states of alloy. 
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which were discussed at the beginning of this section. 
It should be mentioned that k is no longer a good 
quantum number, since unlike Eq. (8) 
S,' (k, r+aR,,’) =e***®*'S,’ (kr) (37) 

does not hold in general. It does hold, however, in 
regions outside of the ion cores of the alloy where (35) 
vanishes. The method expounded in this section there- 
fore treats k as a certain approximation to a good 
quantum number. That such should be the case is, of 
course, suggested by the results of conventional per- 
turbation theory given in Sec. IT. 

We shall approximate the energy for the disordered 
alloy by 


S,'* (k,n) HM’ S,’ (k,r)dr 


Be Rise ccneiminvintcrmmenieclitiainic, 
f Serdang nar 


2 


(38) 


the expectation value of H’ with respect to the approxi- 
mate wave function ©,’. As we shall see presently, 
E,'(k) is the same for all random configurations of 
atoms in the alloy consistent with the specified com- 
position. The Hamiltonian H’ is given by 


H’=—V+5,, Va,(r—aR,)—Vo'. (39) 
The additive constant 
V,’=>.,’ V(aR,—aR,,) (40) 


has been incorporated into the Hamiltonian for con- 
venience in the calculation. V(r) is the potential defined 
by Eq. (5), and the prime over the summation’in Eq. 
(40) indicates that the term for R,=R,, is omitted. 
(We shall restrict ourselves to crystals having sufficient 
symmetry for Vo’ to be independent of the index m.) 
Aside from the constant Vo’, the crystal potential in H’ 
is that given by Eq. (2). Since in the immediate neigh- 
borhood of the nth atomic site of the crystal, the crystal 
potential may be closely approximate (aside from an 
additive constant) by the atomic-like potential centered 
on that site, we shall define the ¢’s such that 


[—V?+ Vat) }¢0,0(8) = Ey, oG,0(8), (41) 


and similarly for ¢,,».'° Thus, to a good approximation, 


H' ¢: a,(r—aR,) = {Es4,-— I, 


+>." Van (al R.— R, })} x ¢+,a,(r—aR,) (42) 


(the prime over the summation indicating that the 


4’ We shall assume that the atomic-like potentials V, and V, 
may be approximated by the corresponding isolated-atom poten- 
tials. Thus the ¢,’s and the Z,’s are those for the isolated atoms. 
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term for m=n is omitted). We now find 


f Senn Sy deeper 


% J ,” (k,n) Ho’ G,'(k,r)dr 


-VE(1-NEve f ¢s,a(t—aR.) G,’*(k,r)dr 


x f Ps, a’ (r—alR,) @,' (k,r)dr 


—-N> fe, f ¢.,0(r—a Rt.) G,"* (k,r)dr 


xf ¢.,0"(r—aR,) G,'(k,r)dr, (43) 
where H,’ is defined as 


H,'= -V+>., V(r—aR,)— Vo’. 


Similarly 


(44) 


f S,’*(k,)S,!(k,x)dr 


- f ,’* (k,n) Gy! (k,n)dr 


4 


-NxX(I-f) f ¢na(t—ait.) G,’*(k,)dr 


x f +, 0°(t—a Rt.) Go (kyn)dr 


x 


—NESE ¢.0(r—aR,) G,"*(k,r)dr 


Zz 


x f ¢..6"(r—aR,) G,/(k,r)dr. (45) 


For the special case where the band indices p and g 
are the same, Eqs. (43), (44), and (45) prove the state- 
ment made previously that EZ,’ (k) is independent of the 
configuration of atoms of the alloy. Let ¥,(ak,a~'r) and 
and V,(aka“'r) be two degenerate wave functions 
associated with the undilated host crystal, with ak 
being a symmetry point in k-space, V, and V, having 
different point symmetries in real space. If ©,’ (k,r) 
and ©,'(k,r) are the corresponding wave functions for 
the alloy, then by applying symmetry considerations to 
Eqs. (43), (44), and (45), we find that 

f S,’* (k,n) H’S,' (k,r)dr=0, (46) 


and 


f S,'*(k,r)S,' (k,r)dr=0. (47) 
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It is for this reason that we are justified in using a 
modified form of nondegenerate first-order perturbation 
theory. 
For the Hamiltonian of the undilated host crystal we 
take 
H=—-V+>D.. Va(r—R,)—Vo, (48) 
where 
Verdi.’ 


V.(R,—R,,). (49) 


The corresponding energy is 


Ek) = (hwy f ¥,*(k,r)H¥,(k,r)dr, (50) 


where 


1h) fv ¥,*(k,r)¥,(k idem f lr’, (k,r) |*d 


fe 


VE] fc (r—R on e(Bn)dr], (51) 
and 
Jf ventas 
J reacnar inde 
—-N> E, Af ¢..0°(r—R.)0(k,r)dr| . (52) 
8 i - j 
We now define 
0 
Ps,a \T) r Pe a\T). (53) 
or 
Making use of Eqs. (33), (45), (51), and (53), and 


keeping only terms linear in e=a—1, we get 


a f S,'* (kr) S,' (k,)dr 


x 


~f WV," (ak,r)¥,(ak,r)dr 


=-WE if. 


}2 
+k if He. *(r— RP (kyx)dr 


2 


ard 





2 


—« Jf ¢o,0°(r—R.)I,(k,r)dr 





+2 Re f G.0°(r—R,)T, (k,r)dr 


xf o..'(—- RIT kar|, (54) 
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where Re means “real part of.” In a similar fashion, 


we have 


«tf S,'*(k,r) HS,’ (k,r)dr 


x 


—«+f V,*(ak,r) HY, (ak,r)dr 


x 


as f IPs(k,r)|"CE V’(r—-R,)-E’ V'(R,—R,.) er 


2 
—«V 2 SE 4s if outs RIT Ak hr 


od |" 


2 








f Pe o*(r— KR. )I',(k,r)dr 


—<K IF, Af Gs a*(r—R.) 

Le 
+26,,.Re f ¢ 
xf ¢.0 (r—R 


aL 


+Kx"kF,» 
| 


2 


r,( k,r)dr| 
7 a (r— R,)I',(k,r)dr 


)P{*(k,dr}. (55) 


Substituting Eqs. (50), (51), (54), and (55) into Eq. 
(38), we get 


Ey (k) —a*E, (ak) = €L 1, (ke) }'{ [A 1g (k) +A 2 (k) J 

+x" Big(k)+Bz,(k)]}, (56) 
where 
Auth) f (kr) °C V.'(r—R,) 


—~¥’V.'(R.—Rx)}r, (57) 


An(k)=N ¥1[3E,(k)—SE,.0] 


| \2 
x|f Ls ple cgi 
+20 E,(k)—E,,] Re f ene*(t—R) 


x 


xPa(kedr f goa BIT rier}, (58) 


2 


Bip(k)= f IT (k,r)|°CE. Vee(r—R,) 


x 


—L’ Vse(Ra—Re) dr, (59) 
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Bulk) =N E| CEH) FasI] f oust(e—8 


xPr,( kr —[E,(k)—E,.<] 


2 
x| fen. Rars ene . (60) 





Making use of Eqs. (3) and (21), and defining 
Ax (k) = 2[k- V¢(k) si E,(k) \J,(k), 
we finally obtain 


E,' (k) — E,(k) =«(J,(k) } A ig(k)+A og(k)+A sg(k) )f 
+(1,(k) [Bu (k)+Ba,(k) Jf. (62) 
It is clear that the effect of a dilation upon a perfect 


crystal may be studied with the aid of Eq. (62) simply 
by removing the B terms. 


(61) 


IV. APPLICATION TO THE DIAMOND STRUCTURE 


The procedure developed in the preceding section is 
particularly suited to an unmodified crystal for which 
wave functions and energy levels have been calculated 
by the orthogonalized plane wave (OPW) method.! In 
this method the wave function is expanded in terms of 
orthogonalized pane waves X (k,,r), k; being defined as 


k,=k+K,, (63) 
K; being a vector of the reciprocal lattice such that 

ofKs Re’ an, (64) 
for all i and n. X(k,,r) is defined as 
X (ki,r)= (NQ)-te***§— 2-4 F exp(iK;-R,) 
eed Xia alkPee elke), (65) 
Ms, (ks) = V~— exp(—iK,-§.) 

x f em, ea (k,r)dr 
= f emo. 2dr, (66) 


x 


and where 2 is the volume of the unit cell of the un- 
modified crystal. We see now that 


fe. ea (kyr) X (ky,r)dr=0. (67) 
Expanding ¥,(k,r) in terms of the X’s, we have 
Wo (kr) =D; @ (ky) X (kyr). (68) 


Hence it follows that I',(k,r), as defined by Eq. (23), 
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can be written as 


Py (k,n) = (VQ) Ss Ay (kye™*. (69) 
It is because of the simplicity of Eq. (69) that the 
orthogonalized plane wave method is particularly 
adapted to the results of Sec. IIL. 

We shall now specialize to the case where the un- 
modified crystal has the diamond structure, this being 
a case of great practical importance. There are now 
two atoms per unit cell such that R,=+R, where R 
points in the (111) direction, and 2® is the nearest- 
neighbor distance. Thus 


f rdnxdg,ndr 


2 
=cos(K;—K,)-® [- — > ie (hi (hy } (70) 
Q: 
Defining 
Bi;*(k) = @,*(k,)@,(k;) cos(Kj—K))-®, (71) 
we have 
A 
L(kj=> aust) y- : Es (io) (72) 
ij Q « d 
We may write 
> V.'(r—R,)—>’ V.'(R.—R,.) 
(73) 


=> cosK;:- R V,'(Kie-**, 


where 


2 
v.'(K))= f eKorV,'(f)\dr— 80 52! Vel(Ra—Ren). 
Q " 


Thus 
Aw (k) => @(k)yv,' (K,;— K,). 
ij 


Similarly, if we define 


2 
Us.(K,)=- - f e* Ki *Voq(r)dr—dyo >" Voe(R.—R,.), 
Q 7, n 
(76) 
then 


Big(k) os  » Bi" (kyUp.(Ky— K,). 


7 


(77) 


B, is given by 


2 
Bz,(k) = Q De Bas" ( ke) (Lg (i) — Le,» re, 0 (Ms), (ey) 


7 


—[E,(k)— Ey, o Ws. o* (Kis, o(k,)), 


where y,,» is defined in a manner analogous to Eq. (66). 


(78) 
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In order to determine A; we must define 


fe 9.0" (k)dr. 


iyo (ky) = 


Thus 


2 
Ax(k)=— > B(k) XO (SE, (k)—S5E,,.] 
Q ‘ 


Ke o* (kyu, a(k,)+[E,(k)—E, Pi} 
xX [n, a’ (kau, a (ks) +z, a (kin, a(ky) }}. (80) 


The divergence theorem of vector analysis tells us that 


fr [re**i ty, a*(r) |dr =(), 


x 


Hea (ky) 


so that ' 
—[3+k,- Ve, Ye a(k,), 


and therefore 
) 


-—¥ 6, "(k) | (2E,(k)+[E,(k)— E,, 2] 


Q ) ‘ 
K ky Ves thy- Vest pu, o*(kiu, o(kj). (82) 


Consistent with Eq. (27), we may define the real 
quantity Q,,:(r) such that 


Gnim(©) =1'4 "Oni (r) Yi"(8,¢), 83) 


f Ont(r) On t(r)dr=San’, 


where 


and 


(85) 


(Here /dw denotes a surface integral over the unit 
sphere.) Yj,” is defined as 


2141 (l—|m))!}3 
Y"(0,¢) ( ) | P,'™ (cosb)e'™*. (86) 
4 1+-|m')! 


Since 
« 


dr » i! 7 ,( ka) Ur" (0,~) Yi" (8;,¢,)*, 


= 
— 
(where @; and ¢; give the orientation of k,;), we have 


nim (ky) (88) 


= 
£nr( Ri) f PO n(n) jl kar)dr. 


0 


4org ni (Ri) Yi" (8i,¢,)*, 
where 
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(j: is the spherical Bessel function of order 1.) Let 6;; 
be the angle between k,; and k;. Unsdéld’s addition 
theorem states that 


+1 
YY YrGi,¢:) Yr"(8;,¢;)* = (44) (214-1) P(cos8;;). 
(90) 


m=! 


Thus we obtain finally 


Sar 
L(k)=> au > (2/+-1) Pi(cos8;;) 


Q 1 


<>. gem(tgou(t)) 


| 


Sar 
Aa (k)=—— ¥ B4(k)>d (2/+-1)P,(cosh,;) 


Q) ij nl 


os j 


x | 2E,(k)+[E_(k)— Ente] 


0 
6 Ok; 
Sar 
> &:(k)E (21+-1) P1(cos8;;) 
} al 


2 
XK (LE, (k)— Env lgnw(Rignw(k,) 


— [ E,(k) - Enta |gnta k, \2ntal k;)}. (93) 

In a specific application, Eqs. (75), (77), (91), (92), 
and (93) are what need to be evaluated numerically. 
These equations look considerably more formidable than 
they really are. Actually they are particularly suitable 
for numerical computation. The g,.’s which are needed 
in these equations can be obtained through Eq. (89) 
from the radial ion-core wave functions r~'Q,, appro- 
priate to isolated atoms in question. These Q,,’s are 
available in the literature for many atoms, as are the 
corresponding E,,;’s. As can be seen from Eq. (41), 
these E,,,’s are the ion-core energy levels appropriate to 
the isolated atoms in question. (E,; and Q,; for the 
ion-core levels are approximately independent of the 
assumed degree of ionization of the isolated atom.) For 
V, and V5, needed in calculating U,’ and Vs, it is 
probably satisfactory to use the spherically symmetrical 
atomic potentials appropriate to the two isolated atoms. 

It is a pleasure for the writer to acknowledge his 
indebtedness to Dr. F. Herman and Dr. D. O. North 
for many stimulating discussions. 
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A perturbation method of calculating the energy levels of a crystal modified by an arbitrary uniform 
strain is studied. A modified form of first-order perturbation theory is used, a form particularly appropriate 
to cases where the unperturbed wave functions are expanded in terms of orthogonalized plane waves. Not 
only are the conventional uniform strains considered but also the special types of deformations whereby 
the relative positions of the atoms in a unit cell are changed without distorting the Bravais lattice of the 
crystal. Thus the results of this paper may be applied to the deformation-potential theory of mobility 
with regard to both acoustic and optical lattice vibrations. 





I. INTRODUCTION 


N a previous paper the effect of a uniform dilation 

upon the one-electron energy bands of a monatomic 
crystal was determined.’ In this paper we will generalize 
this to the case of an arbitrary uniform strain. We will 
use the same method of calculation used in the previous 
paper; namely, a modified form of first-order pertur- 
bation theory which will be discussed in detail in the 
following section. The quantities to be determined in 
the present study may be referred to as ‘“‘deformation 
potentials,” a deformation potential for a given energy 
level and for a given strain being defined as the dif- 
ference in energy between the energy level in the 
strained and unstrained crystals. The deformation 
potential will, of course, be a linear function of the 
amount of strain. The concept of a deformation poten- 
tial was first introduced by Bardeen and Shockley’ in 
connection with the study of the scattering of electrons 
by lattice vibrations in crystals. They demonstrated 
the fact that a long-wavelength lattice vibration has the 
same effect locally upon an electron of the crystal as 
does the locally equivalent uniform strain. By assuming 
that this is also true to a good approximation in the 
case of short-wavelength lattice vibrations, these 
authors were able to compute the electron mobility 
from a knowledge of the deformation potentials. As- 
sociated with each sinusoidal lattice vibration, there 
may be considered to be a sinusoidally varying defor- 
mation potential which will scatter electrons in the 
crystal, the dependence upon position in the crystal of 
the deformation potential resulting from the dependence 
upon position of the local strain resulting from the 
lattice vibration. The long-wavelength acoustic lattice 
vibrations give rise to conventional strains in the 
crystal; the long-wavelength optical lattice vibrations 
do not give rise to any conventional strain, however, 
but rather to a special type of deformation whereby the 
relative positions of the atoms in a unit cell are changed 
without distorting the Bravais lattice of the crystal. 
(We restrict ourselves to long wavelengths in order to 


1R. H. Parmenter, preceding paper [Phys. Rev. 99, 
(1955) ]. 
? J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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maintain the condition of local uniformity of strain in 
the crystal.) For obvious reasons we will refer to such 
a deformation as an optical strain. When we wish to 
distinguish between the two types, we will refer to the 
conventional strain as an acoustic strain. In Sec. IT, we 
will work out the deformation potentials for acoustic 
strains, and in Sec. IIT we will do the same for optical 
strains. In Sec. IV, we will show how the modified 
first-order perturbation approach used in this paper is 
particularly appropriate for a crystal whose wave 
functions and energy levels have been determined by 
the orthogonalized plane wave method.’ As an example 
we will consider in detail a crystal of the diamond 
structure. This is a particularly appropriate case, since 
OPW (orthogonalized plane wave) solutions have been 
obtained for the three most important crystals of this 
type, namely, diamond,’ silicon, and germanium.* 
Since the crystal potential in Schrédinger’s equation 
may be chosen arbitrarily to the extent of an additive 
constant, it follows that the one-electron energy levels 
are arbitrary to the same extent. From the definition of 
a deformation potential given in the preceding para- 
graph, it now follows that the deformation potential is 
also unspecified to the extent of an arbitrary constant 
(the same constant for all deformation potentials 
associated with a given strain). In the case of a uni- 
formly strained crystal, this is of no consequence, since 
the only quantities of real physical significance are the 
rates of change relative to each other of the various defor- 
mation potentials with strain, these quantities being 
completely specified. On the other hand, in the case of 
a nonuniformly strained crystal (resulting from the 
presence of a lattice vibration), the additive constant 
in the deformation potential does have physical sig- 
nificance and is connected with an additional electro- 
static potential (varying with position) which may be 
set up as a result of the nonuniformity of the strain. In 
their paper, Bardeen and Shockley’ argue that this 
additional electrostatic potential is negligible. Although 


4. Herring, Phys. Rev. 57, 1169 (1940). 

*F. Herman, Phys. Rev. 88, 1210 (1952); 93, 1214 (1954). 

*T. O. Woodruff, dissertation, California Institute of Tech- 
nology, 1955 (unpublished); Phys. Rev. 98, 1741 (1955). 

*F. Herman and J. Calloway, Phys. Rev. 89, 518 (1953); F. 
Herman, Physica 20, 801 (1954). 
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this question is perhaps worthy of further study, we 
shall in this paper assume the correctness of their con- 
clusions. The assumption that this additional electro- 
static potential vanishes implies the specification that 
the crystal potential in the interior of an ion-core of the 
crystal is unaffected by straining the crystal. Such a 
specification serves to define uniquely the deformation 
potentials. This specification will be followed in the 
succeeding sections of this paper. 

The primary purpose of this paper is to develop a 
method of studying deformation potentials suitable 
for detailed numerical computations on specific systems. 
As with the previous paper devoted to crystals modified 
by alloying or by pressure,' the present study arose as 
a part of a program of computation of various physical 
properties of the germanium crystal, a program making 
use of the availability of wave functions and energy 
levels for germanium.® No attempt will be made in this 
paper to consider further the application of deformation 
potentials to mobility theory. 


Il. ACOUSTIC STRAINS 


Consider an unstrained monatomic crystal. The one- 
electron crystal potential may be written in the form 


>. V(r—R,,) —V(0), (1) 


where V(r) is an atomic-like potential, the vectors R, 
denote the positions of the atoms of the crystal, and 
V(0) is a constant which will be specified presently. 
rhe Schrédinger equation for this problem is 


AY, (kr) = E,(k)¥,(k,r), (2) 
where the Hamiltonian is given by 
H=—-V°+>, V(r—R,)—V(0). (3) 


(We are using atomic units.) Here g denotes the par- 
ticular energy band under consideration, and k deter- 
mines the translational properties of the wave function, 
i.€., 

v,(k, r+R,’) =exp(ik-R,’)¥,(k,r), (4) 


where the R,,’ denote the positions of the centers of the 
unit cells of the crystal. (The R,’ will not coincide with 
the R, when there is more than one atom per unit cell.) 
We wish to consider the effects of a uniform (acoustic) 
strain’ upon the crystal, whereupon the positions of the 
atoms become a-R, where® 


a=I+¢e. (5) 


? For brevity, the word acoustic will be dropped throughout the 
remainder of this section but is to be understood in all references 
to strain. 

* We use the above symbolic tensor notation (boldface German 
script) in order to minimize the number of subscripts in this paper 
@ may be considered to be the 3X3 matrix whose elements are 4;; 
The dot product of two tensors, @-¢, is itself a tensor and may be 
considered to be the matrix whose elements are 2, aizty; i-e., 
the product of the two matrices @ and ¢. The double dot product 
of two tensors, @:¢ is the scalar defined as 2;; aj,¢4, which may 
be considered to be the trace of the matrix @-¢. The dot product 
of a tensor and a vector, @-c, is that vector whose components 
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1 is the unit tensor (whose elements are 4,;), and ¢ is 
the symmetric strain tensor. We shall assume that the 
crystal potential appropriate to the strained crystal is 


20 V(r—a-R,)—V(e), (6) 
where the constant V(e) is given by 
V(e)=>...’ V(a-[R.—R,. }). (7) 


The prime over the summation sign denotes that the 
term for R,=R,, is omitted. We shall restrict ourselves 
to crystals having sufficient symmetry for V(e) to be 
independent of the index m. The constant V(0) occurring 
in Eq. (1) is now defined as V(e) for e=0. Because of 
these additive constants in Eqs. (1) and (6), it can be 
seen that, in the neighborhood of any ion-core of the 
crystal, the crystal potential can be approximated by 
the atomic-like potential centered on this ion core, both 
for the strained and the unstrained lattices. Thus the 
crystal potential in the neighborhood of an ion-core 
is unaffected by straining the crystal, as was specified 
in the previous section. Consistent with such a require- 
ment, the only simple assumption concerning the vari- 
ation of the crystal potentia! with strain seems to be 
that expressed by Eq. (6). The Schrédinger equation 
for the strained crystal is 


HY,’ (k,r) = E, (k)¥,' (k,n), (8) 
where the Hamiltonian is given by 
H’=—-V'+>., V(r—a-R,)—V¢(e). (9) 
In analogy with Eq. (4), we have 
W,' (k, r+a-R,,)=exp[tk- (a-R,’) W,' (k,n). 


We define a~ such that 


(10) 


(11) 


a*-a=1, 
and define 
T,’ (k,r)=V,(a-k, a-r). 
Making use of Eq. (4) and the fact that 
fa-k)}-[a-(a-R,’) }=k-(a-R,’), 


(12) 


we have 


T,’ (k, r+a-R,’)=exp[ik- (a-R,’) }T,/(k,r), (13) 


so that 1’ has the correct translational periodicity 
properties for the strained lattice. This suggests that 
we take the T’’s as the unperturbed wave functions in 
a first-order degenerate perturbation calculation, a 
procedure which is quite straightforward once the 
wave functions ¥ appropriate to the unstrained crystal 
have been obtained. There is, however, one basic ob- 
jection to the use of T’’s as the unperturbed wave 
functions. We note that Eq. (12) represents a scaling 


are L, GipCp. The dyadic tensor ed is the direct product of the 
two vectors ¢ and d and may be considered to be a matrix whose 
elements are ¢d,;. The transpose of ed, namely that matrix ob- 
tained by interchanging rows and columns of the ed matrix, will 
sometimes be written as ed!. 
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of the wave function appropriate to the unstrained 
crystal, this scaling to be done in both r- and k-space. 
In reality, however, when a crystal is strained, the 
change in the wave function cannot be represented by 
scaling alone (at least in r-space). In fact, in the 
immediate vicinity of a particular ion core of the 
crystal, the wave function, rather than being scaled, 
probably remains unchanged (aside from a phase 
factor) since as a first approximation the crystal poten- 
tial remains unchanged. 

The above objection can be largely overcome by 
replacing T’ as our unperturbed wave function for the 
strained crystal by another wave function, the latter 
having been made orthogonal to the ion-core wave 
functions appropriate to the strained crystal. We now 
give the details of this procedure. First we consider the 
unstrained crystal. We designate by #,(k,r) any ion- 
core Bloch wave function appropriate to this case and 
by ¥,(k,r) any of the other Bloch wave functions ap- 
propriate to this case. Since the ¥’s and the #’s are 
solutions to the same Schrédinger equation, the W’s 
must be orthogonal to the ®’s. In analogy with Herring’s 
method of defining an orthogonalized plane wave,’ we 
consider a function I’,(k,r) such that 


¥,(k,r) =I", (k,r) 
-E lke) f onthe (14) 


(fdr denotes an integration over the entire volume of 
the crystal.) Assuming the orthogonality of the ®’s, 


ff eedane. k,r)dr=5, 4, 


2 


(15) 


we see that Eq. (14) merely expresses the fact that the 
W’s are orthogonal to the ®’s, i.e., 


f ©,*(k,r)V,(k,r)d7=0. 


«o 


(16) 


In the case of a monatomic host crystal where there is 
more than one atom per unit cell of the crystal, the 
index s appearing in the last three equations really 
stands for two indices, s and ¢, where s denotes the 
type of atomic orbital from which the Bloch function 
is composed, while o denotes with which atom in the 
unit cell the Bloch function is associated; i.e., 


$, ,(k,r) = N+ >, exp[ck- (R,’+,) ] 


X¢.(r—R,’—R.). (17) 


The vector Ri, denotes the position of the eth atom of 
the unit cell with respect to the center of the unit cell. 
As before, the Bravais lattice vectors R,’ denote the 
positions of the centers of the unit cells, while the 
atomic positions, previously denoted by R,, can be 
written as R,’+8,. N denotes the number of unit cells 
in the complete crystal. Let us take the ion-core orbitals 
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on a given atomic site to be orthonormal, and assume 
that the atomic orbitals on neighboring atomic sites do 
not overlap, i.e., 


f ¢."(r— R,,’ —R.) ¢e(t— R,.’—R,)dt=5, Bander. (18) 


We see that Eq. (15) is consistent with Eqs. (17) and 
(18). Using the fact that 


lr, (k, r+R,’) =exp(ik-R,)T, (k,n), 


we see that Eq. (14) can be rewritten 


(19) 


¥,(k,r)=T (k,n) —S ¢.(r—R,) 


xf ¢."(r—R,)0,(k,r)dr. (20) 


«a 


By means of Eq. (20), we have broken up the wave 
function ¥,(k,r) into two parts, one part 


-> oo(r-R,) f ¢g.*(r—R,)T,(k,ndr (21) 


a) « 


being appreciable only in the immediate vicinity of 
each ion core of the crystal and representing the rapid 
variations of the wave function in these regions, while 
the other part I',(k,r) is more smoothly varying and is 
of importance throughout all regions of the crystal. 

Turning to the strained crystal, we shall assume that 
the crystal potential is essentially unchanged by the 
strain over the region of a given ion core of the crystal, 
so that the ion-core Bloch wave functions are 


®, ,'(k,r)= N+ >, exp[tk-a-(R,’+8,) | 

X ¢.(r—R,’—§R,). (22) 
In analogy with Eq. (14), we construct an approximate 
wave function for the strained crystal by writing 


S,' (kr) = G,'(k,r)— 2 &,,.’ (k,n) 


x f 4.4'*(h,2) By (hye), (23) 


where 
G,' (k,r)=T,(a-k, a+r). (24) 
Similar to Eqs. (19) and (20), we have 
@G,' (k, r+a-R,’) =exp(ik-a-R,’) G,' (k,n), 
so that 


Se’ (k,r) = G,'(k,r)—L ¢.(r—a-R,) 


xf ¢.*(r—a-R,) G,'(k,n)dr. 


(25) 


(26) 


Like ¥,, the wave function S,’ consists of two parts, 
the portion @,’ having been scaled from the corre- 
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sponding portion of ¥, appropriate to the unstrained 
crystal. The portion 


(27) 


¢.*(r—a-R,) GG, (k,n)dr 


an 


has not been obtained by scaling (21), however, but by 
replacing (21) by linear combinations of the ion-core 
atomic orbitals centered on the atomic sites of the 
strained crystal, the linear combinations being chosen 
such that the S,"’s so obtained are orthogonal to the 
#, ,’’s, i.e., 


(28) 


fo. o*(k,r) S,’(k,r)dr=0. 


*“ 


We see that S,’ has the correct translational periodicity 
properties for the strained lattice, since 


S,'(k, rt+a-R,’) =exp(ik-a-R,’)S,’(k,r). (29) 


The ion-core atomic orbitals used in specifying ® and 
® are chosen such that 


[—-V°+V(r) ly. (4) =E,¢,(r), (30) 


V(r) being the atomic potential occurring in Eq. (1). 
This can be done since in the immediate neighborhood 
of any atomic site of the crystal, the crystal potential 
may be closely approximated (aside from an additional 
constant) by the atomic-like potential V centered on 
that site. We shall assume that V may be approximated 
by the corresponding isolated-atom potential, so that 
the ¢,’s and the E,’s are those for the isolated atom. 
Thus, to a good approximation, 


Ho,(r—R,)=E.¢.(r—R,), 
a-R,). 


(31) 
H'¢,(r—a R,,) E,¢,(r- 


For a given a-k, there will be various sets of degener- 
ate wave functions V,(a-k,r) associated with the 
unstrained crystal, the members of a given set all having 
different point symmetries with respect to their argu- 
ments in real space so that they are mutually ortho- 
gonal.* There will be corresponding sets of functions 
Z,'(k,r), the members of these sets serving as our 
unperturbed wave functions, the previous objection to 
the use of the T’’s as unperturbed wave functions not 
applying to the use of the S’’s. In other words, for a 
given a-k, we diagonalize [ H’— E’(k) ] with respect to 
each set of functions ©,’ (k,r). Since the I’,’s have the 
same point symmetries as do the corresponding ¥,’s, it 
follows that the I’,’s associated with a given set are 
likewise mutually orthogonal. Since uniform scaling in 
real space will not affect this orthogonality property, it 
follows that the corresponding @,"’s are also mutually 
orthogonal. Note, however, that the (S,’— @,’)’s, and 
thus the S,’’s themselves, are not mutually orthogonal. 


* We are disregarding the possibility of accidental degeneracies. 
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It will be necessary to consider matrix elements of 
unity and of the respective Hamiltonians for both the 
unstrained and the strained crystals. We may write 


fur r)¥,(a-k, r)dr 


x 


-,.f r.(a-k, )|\%dr-N Ef ¢.(e—-®.) 


xT,*(a-k, nde f or Rak, r)dr, (32) 


x 


f S,'*(k,r)S,'(k,r)dr 


¢g.(r—a-R,) 


a 


-inf | G,' (kr) |*dr—N DU 


XG,"(ke)dr f ¢,*(r—a-R,)G,'(k,r)dr, (33) 


4 


fur r)HW¥,(a-k, r)dr 


x 


-f r,*(a-k, r)HT,(a-k, r)dr 


x 


-V> Bf ¢.(r—R,) ,*(a-k, r)dr 


2 


xf ¢.*(r—R.)0,(a-k, r)dr, (34) 


x 


f S,'*(k,r)H’ S,' (ky r)dr 


-f G,’* (k,n) H’ G,' (k,r)dr 
-NvN> Bf ¢.(r—a-R,) G,* (kr)dr 
xf ¢.*(r—a-R.)G,'(k,r)dr. (35) 
Consider a set of m degenerate wave functions 


W,(a-k, r), ¢ ranging over n values. The secular equation 
we must solve is given by 


det| f S,’* (k,n) H’— E’(k)}S,'(k,x)dr}=0. (36) 


x 


There will, of course, be roots E’(k). We make use of 


fiver, r)[H—E(a-k) W,(a-k, r)dr=0. (37) 


x 


(Here we have temporarily dropped the index q on 
E(a-k) since the energy is the same for all m wave 
functions.) We now divide each element of the secular 
determinant appearing in Eq. (36) by the constant 











deta and from the result subtract Eq. (37), so that Eq. 
(36) becomes 


aet| (deta) f S,'*(k,r)[H’— E’ (k) )S,' (k,r)dr 


4 


- f ¥,*(a-k, DL H—E(a-k)¥,(a-k, dr}=0. (38) 


x 


(deta designates the determinant whose elements equal 
those of the tensor a.) In the integrals pertaining to the 
strained crystal appearing in Eq. (38) we replace the 
variable of integration r by a-r so that ¥ is replaced 
by a-'-¥ and dr by (deta)dr. Making use of Eqs. (3), 
(7), (9), (24), and (32) through (35), we obtain 


det if r,*(a-k, 1)[—(a- VP +7 


+D(V (a-[r—R,, ])—V(r—R,)} 


—>'{V (a-[R,.—R,, })—V(R,—R,.,))} JT, (a-k, r)dr 


-N> B,J cae f ¢,(a-[r—R, })T,*(a-k, r)dr 


xf ¢.*(a-[r—R, |)T,(a-k, dr 


x 


-f ¢.(r—R.)T ,*(a-k, r)dr 


Ln 


xf g.*(r—R,)P,(a-k, par] 


—[e'(k)-F(a-&)) f r,*(a-k, or), (a-k, r)dr 
+vNS (deta) E(k) f ¢.(a-[r—R, ]) 


xr,*(a-k, nar f ¢.*(a-(r—®, })T,(a-k, r)dr 


x“ 


—E(a-k) f ¢.(r—R.)0,*(a-k, r)dr 


xf ¢.*(r—R.)P,(a-k, nar] |=o. (39) 


x 


Since we desire the eigenvalues E’(k) only to the ac- 
curacy of terms linear in the strain tensor e, we may 
define the tensor D(k), which is independent of e, such 
that 


E’(k) = E(k) +e: D(k). (40) 
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We substitute (40) into (39) and expand everything 
as a power series in ¢, retaining only the lowest order 
nonvanishing terms. Thus we expand 


E(a-k) = E(k)+e:[kv(k)+ v(k)k], 
where the velocity v is given by 
v(k)=$¥,£(k). (42) 


Similarly we expand 


(41) 


—(a7-y)2=—V+e: 299, (43) 
and 
V(a-r)=V(r)+e: U(r), (44) 
where 
W(r)=rvV (4). (45) 


We shall henceforth assume that V(r) is a function of 
the magnitude of r alone, so that 


1dV 
W'(r)= nf(- — ) 
r dr 


(46) 
= -v0f | rV (r)dr—1V (rr). 
We also expand ; 
deta=1+e:1, (47) 
and 
g.(a-n)=¢.(r)+e:4rV y(n) +(¥e.(r)}r]. (48) 


Substituting Eqs. (40), (41), (43), (44), (47), and (48) 
into Eq. (39), making use of the facts that 


fret, r)—T',*(a-k, r) [H—E(a-k)} 
i <[¥,(a-k, r)—T',(a-k, 1) dr=0, (49) 
and 

fv, r)V,(a-k, r)\dr=0, (50) 


x 


when pq, and dividing the pgth element of the 
secular determinant by [/,*(k)/,(k) }' where 


Le(k)= f | (hd ae 


-V 


ff ot—myraiknodr + Aan 








we finally obtain 

det e:{M,,(k) +8,,(k)+G,,(k) 
—[D(k)—kv,(k)—v,(k)k}s,,}=0, (52) 

where 

%,,(k)=(7,*(Ke)f,(k) 4 f r,*(k,1)209Ty(k,r)dr, (53) 
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B ,-(k) =[7,"(k)I_(k) 4 f (k,n) ¢(k,) 


XLS W’(r—R,)—-D''(R.—R..) dr, 9 (54) 


6 ,¢(k) =[1,*(k)I,(k) FAN SL E(k)—E,) 


J 


2 


* 


| 
x 92°(e—Re)e(E,s)d7} 





+ if r,*(k,r) ¢.(r—R,)dr 


xf I, (k,r){ (r—R.) 9 ¢.*(r—R.) 


a 


+ (v7 o,*(r—R.)) r—R.)}dr 


+ if r,(k,r)¢.*(r—R,)dr 


xf r,*(k,r){ (r—R.) 0 ¢.(r—R.) 


a 


+(¥¢.(r—R,))(r— war], (55) 


Equation (52) immediately may be rewritten in the 
form 


det {M,.(k) +8,,(k)+6,,(k) 

—[{ D(k)—kv,(k)—v,(k)k 3,,}=0. (56) 
Equation (56) symbolically represents six sets of 
secular equations, each set individually determining one 
of the six components of the desired symmetric tensor 
(k) for all values of k allowed by the periodic bound- 
ary conditions. The fact that D is symmetric follows 
from the fact that each of the four tensors M, 8, € and 
(kv+ vk) are obviously symmetric. 

Equation (56) is the general solution to the problem 
of uniform (acoustic) strains. Note that for cubic 
crystals the four above-mentioned tensors, and thus 
also D, all have cubic symmetry in k-space. Thus for a 
given tensor any diagonal element may be obtained 
from any other diagonal element by an appropriate 
rotation in k-space about one of the cube axes. The 
nondiagonal elements are similarly related. Physically 
this means that for cubic crystals it is sufficient to study 
(for all values of k) the effects of a pure tensile strain 
along one of cube axes and the effects of a pure shear 
strain in one of the cube planes. 

An interesting special case concerning the cubic 
crystal occurs when we examine:a nondegenerate band 
for k lying along a symmetry axis. By a proper orienta- 
tion of our coordinate axes (such that one of them lies 
parallel to the symmetry axis), we can make D a 
diagonal tensor having only three (diagonal) com- 
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ponents. In general, each of these three components 
will be different, but in the case of a three-fold or a 
four-fold symmetry axis, two of these components will 
be identical (those two associated with the two coor- 
dinate directions perpendicular to the symmetry axis). 
In this latter case the effect of an arbitrary strain may 
be determined from a knowledge of the effects of (a) a 
pure dilation and (6) a uniaxial shear along the sym- 
metry direction (the latter being defined as a tensile 
strain of a given value along the axis and tensile strains 
of minus one-half this value along each of the other two 
coordinate directions). Such a case is of practical im- 
portance since it includes the botiom of the conduction 
band in both silicon and germanium, the bottom lying 
along the fourfold (100) axes in silicon and along the 
threefold (111) axes in germanium. It should be em- 
phasized that the above conclusions, which follow from 
symmetry considerations, hold only for k along a sym- 
metry axis and only for a nondegenerate band along 
this axis. 


Ill. OPTICAL STRAINS 


In this section, we wish to consider the effects of a 
uniform optical strain” upon a crystal. As much as 
possible, the notation developed in the previous section 
will be used here. Thus the Hamiltonian for the un- 
strained crystal is given by Eq. (3), while the Hamil- 
tonian for the strained crystal is 


H"=—-V+¥, V(r—R,”)—V(e,). 


Here V(e,) is a constant which will be defined presently, 
and the R,.” represent the positions of the atoms in the 
strained crystal. The positions of the unit cells of the 
crystal, denoted by the R,’, are unaffected by the 
strain, but the positions of the various atoms of a unit 
cell relative to the center of that cell are changed by 
the strain from Ri, to 


R.”=R.+e,. 


The e, are infinitesimal vectors which specify the 
strain. It can be seen that 


R,”=R,’+R,”=R,. +. (2). (59) 


We shall restrict ourselves to crystals having sufficient 
symmetry for V(e,), defined as 


Vie)=>. V(R,”—R,,” ’ (60) 


to be independent of the index m, at least in the limit 
of small e,. (The prime over the summation indicates 
that the term =m is omitted.) This is necessary in 
order for the crystal potential in the neighborhood of 
any ion core of the crystal to be unaffected by the 
strain. Noting that, for the case e, =0, Eq. (60) becomes 
the V(0) appearing in Eq. (3), we see that, in the 
neighborhood of any ion core of the crystal, the crystal 

® For mp hw word optical will be dropped throughout the 


remainder of section but is to be understood in all references 
to strain. 


(57) 


(58) 
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potential can be approximated by the atomic-like 
potential V centered on this ion core, both for the 
strained and the unstrained crystals. Since the R,’ are 
unaffected by the strain, it follows that the translational 
periodicity properties of the wave functions for both 
the strained and the unstrained crystals are identical. 
This fact, plus the fact that here we are dealing with the 
vectors e, rather than the tensor e, makes the treatment 
of optical strains somewhat simpler than that of acoustic 
strains. 

We shall use the analog of the method used in the 
previous section in order to construct an approximate 
wave function for the strained crystal. Thus, in analogy 
with Eqs. (20) and (26), we take our approximate wave 
function to be 


S," (k,r) =I, (k,r)—>d ¢.(r—R,”) 


x f g.*(r—R,,’)I 


a 


‘(k,r)dr. (61) 


Note that here it is not necessary to scale I’ since the 
translational periodicities are unaffected by the strain. 
For a given k there will be various sets of degenerate 
wave functions ¥, associated with the unstrained 
crystal, the members of a given set all having different 
point symmetries with respect to their arguments in 
real space so that they are mutually orthogonal.’ Since 
the I, have the same point symmetries as do the cor- 
responding ¥,, it follows that the I’, associated with a 
given set are likewise mutually orthogonal. There will 
be corresponding sets of functions S,, the members of 
these sets serving as our unperturbed wave functions. 
In other words, for a given k, we diagonalize 
[H” —E"(k)] with respect to each set of functions 
S,”. Note that the (S,”—I,), and thus the ©,” 
themselves, are not mutually orthogonal. It will be 
necessary to consider matrix elements of unity and of 
the respective Hamiltonians for both the unstrained and 
the strained crystals. We may write 


f vroowetkndr 


a 


=n f |Pulkst)|*tr—NE ¢.(r—R.,) 


a sod, 


xP ,M(kthdr f ¢.*(r—R.)0,(k,r)dr, (62) 
fe "* (kr) S," (k,r)dr 
mine f Pak) [%4r—N E J e(r- 8”) 
rt(k,edr f ¢.°(r—R")T(k,n)dr, (63) 


a 
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f W,* (k,n) HW, (k,x)dr 


rs f r,*(k,r)HT,(k,r)\dr—N EE, f ¢.(t—®) 


xP,*(k,r)dr f e*(r-R)P(kndr, (64) 


f S,* (k,n) HS," (k,r)dr 
-f P,* (k,n) AT, (k,r)dr 
~N i. Ef ¢.(r—R.”)0,*(k,r)dr 


s 
a an 


xf ¢.°(r—R,0 (kyr)dr. (65) 


a 


Equations (62) and (64) can, of course, be obtained 
directly from Eqs. (32) and (34), respectively, simply 
by replacing a-k by k. In obtaining Eq. (65) we made 
use of the fact that 

A” ¢,(r—R,”") = E,¢,(r—R,.”) (66) 
to a good approximation, in analogy with Eq. (31). 
Consider a set of n degenerate wave functions ¥,(k,r), 
g ranging over n values. The secular equation we must 
solve is given by 


det} f S ""* (k,n) [H” — BE” (k) ]S," (k,r)dr} =0. (67) 


There will, of course, be » roots E”’(k). In Eq. (37) we 
replace a-k by k and subtract this from Eq. (67), 
obtaining 


aet| f S,"* (k,n) [H” — BE” (k) )S," (k,n) dr 


— fv," k)CH- BK) Walker =(. (68) 


© 


Making use of Eqs. (3), (57), (60), and (62) through 
(65), we find that Eq. (68) becomes 


aet| f r,*(k,) CS (V(r—R,”)—V(r—R,)) 


—>.{V(R,”—R,.””)—V (Re—R,)) 
—byq{ E(k) — E(k)} WV, (k,r)dr 


+N E[te"w- Bf ¢.(r—R,T,*(k,r)dr 


xf ¢.*(r— RP, (k,r)dr— (E(k) —E,} 


a 


x f ¢.(r—R,)T ,* (k,r)dr 


a 


xf o.%(e- RF y(k\dr] | =o. (69) 
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Since we desire the eigenvalues E”’(k) only to the 
accuracy of terms linear in the strain vectors e,, we can 
expand everything as a power series in the e,, retaining 
only the lowest order nonvanishing terms. Thus we 
define the vector F, such that 


E” (k)— E(k) =>. e.- F.(k). 


We shall at this point assume that the crystal symmetry 
is such that 


(70) 


V2. V(R,’+R,—R,) =0, (71) 
for any two distinct position vectors ®t, and R,. Thus 
it follows that 
+ .{V(R,”—R,.”)—V(R,—R..)} 

X.(e.—e,)' 9 O. V(R,' +R,—R,) =, 


§, being associated with R,,. Similarly expanding the 
other terms in Eq. (69), and making use of Eqs. (49) 
and (50) with a-k replaced by k, we finally obtain 


detd-, e.:[.Xp.(k)+.¥,,(k)—5,,F.(k) ]=0, (73) 


(72) 


where 


Xp, (k) =(7,*(k)7,(k) J if r,* (kr), (k,r) 


x 


xv. OV (r—R,’—R,)dr, (74) 


C1,*(k)Ig(k) PAN SLE (k)—F 


x| f r,*(k,r)¢.(r—R.)dr 
x [rave r—R,)dr 


x 


fr, kr) ¢,*(r—®,)dr 


x 


eY,,(k) 


x fir k.r)V¢.(r—R.)dr}, (75) 


x 


and J,(k) is given by Eq. (51). Equation (73) may be 


rewritten in the form 


det{Xp_(k)+.Y p(k) —3 pF (k) ]=0 76) 


Equation (76) symbolically represents 3y sets of equa- 
tions, » being the number of atoms per unit cell of the 
crystal, each set individually determining one of 3v 
components Fy zy. (k) for all values of k allowed by 
the periodic boundary conditions. 


IV. APPLICATION TO THE DIAMOND STRUCTURE 


The procedure developed in the preceding sections is 
particularly suited to an unmodified crystal for which 
wave functions and energy levels have been calculated 
by the orthogonalized plane wave method! In this 
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method the wave function is expanded in terms of 
orthogonalized plane waves X (k,,r), k; being defined as 


k,=k+K,. (77) 
K; being a vector of the reciprocal lattice such that 
exp(iK,-R,’) =1, (78) 
for all i and n. X(k,,r) is defined as 
X (kyr) = (VQ)-te****-2-9 SF exp(iK,-R,) 
Xu.(k,)®, (kr), (79) 
where 
u,(k;) = V- exp! —iK-R.) f e*ki-te, *(k r)dr 
- f y,*(r)dr, (80) 


x 


° “7 . 
and where 2 is the volume of the unit cell of the un- 
strained crystal. We see now that 


fe. o* (kyr) X (k;,r)dr=0. (81) 
Expanding ¥,(k,r) in terms of the X’s, we have 
Vv, (kr) =>); @,(k,) X (k;,r). (82) 


Hence it follows that T',(k,r), as defined by Eq. (14), 
can be written as 


r,(k,r)= (NVQ) >; Gy (kie™"*. (83) 
It is because of the simplicity of Eq. (83) that the OPW 
method is particularly adapted to the results of Secs. 
Il and II. 

We shall now specialize to the case where the 
unstrained crystal has the diamond structure, this being 
a case of great practical importance. There are now 
two atoms per unit cell such that R,=+R where R 
points along the (111) direction, and 2 is the nearest 
neighbor distance. The optical strain vectors are thus 
given by e,= +e in order that there be no displacement 
of the center of mass of the crystal during an optical 
strain. It follows that Eqs. (73) and (76) may be written 
in the form 


det[X,.(k)+Y¥,,(k)—8,.F(k)J=0, (84) 


where X,,, is the difference of the two ,X,,, and similarly 
for Y,, and F. Thus, Eq. (70) becomes 


E" (k)— E(k) =e- F(k). 
We define 
By ?*(k) = @,*(k,) @,(k,;) cos(K;— K,) -®, 
€.*(k)= @,*(k,) @,(k,) (K,;—K,) sin(K,;—K,)-®. (87) 
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Since we now have 


Jf xox, nde 


~*~ 


=cos(K,;— K,) -R [6,;— (2/2). w.*(ki)u.(ky)], (88) 


it follows that 


T,(k)=¥ @,"*(k)[5,;— (2/2)E w.* (ku. (k,)]. (89) 


Since for the diamond structure 


vv rf rV (r)\dr=0, (90) 
Rs -Re 
by symmetry, we have from Eqs. (7) and (46) 
>. W(R,—R,.)=—1V(0), (91) 
so that we may write 
>. W(r—R,)—>S,.’ W(R,—R,.) 
=>", cosK;-® De Ke iKy . (92) 


where 


¥’(K;) = (2 a) fe TU’ (r)dr+61V(0). (93) 


With the aid of Eq. (46), we may write 
w(K, = —K,K,an(K,)+11(K,), (94) 
MM and MN being defined as 


- sink g " 
w(K.) = — (8x 0) f inn( yf r'V (r’)dr’, 
0 Kea 


r 


(95) 
“sink 
x (K,) = — (89 2 f ( Jv hdr a¥ 0), (96) 
0 Ke 
Similarly, we have 
X. V{(V (r—R,’—R)— V(r—R,.'+®R)} 
=>, sinK,;- RK; 2(Kyje*", (97) 
since 
— (21 2 f kerry V (r)\dr=Ka(K,). 
It now follows that 
M p(t) = (7,* (ke) 7, (kk) #2; Bi?" ( ke) kek, (98) 
B ,o(k) =(7,*(k)/,(k) F? S @.7*(k) 8B’ (K;—K,), (99) 


X,,(k) =(7,*(k)/,(k) Ty S €,;7"(k)n(K,;—K,). (100) 
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The divergence theorem of vector analysis tells us that 


f V[re*-'9,*(r) dr=0 


zx 


- fe try’ y,*(rdr 


+fkwect1) f e**i 8 9*(r)dr, 
so that 
fe 'rv'y.*(r)dr= —(1+k ee, ju. (ky). (101) 


(See footnote 8 for the meaning of abt.) Similarly 


fe 'r¥o.*(r)dr=—(1+k ve, Ju. (ky). (102) 


We now find that 
G,,,(k) = — (2/Q)(7,*(k)I,(k) FS @y?*(k) 


1) 


x ELE (k)— E,}{1(2—8,,) 


+3 (kV eth el +k vej+kve,)} 


Ku.*(kiu.(k,). (103) 
In an analogous fashion, we find that 
Y,o(k) = (2/2)(7,*(k)I,(k) PS Eye(k) 
X DLE (k)—E, yu.*(ku.(ky). (104) 


Consistent with Eq. (18), we may define the real 
quantity Q,:(r) such that 


Pnim(£)=i'r'Oni(r) Yi" (0,¢), (105) 

where 
fF QutrrQwesirar Ban's (106) 

and 
fyrGoryer Golde 5 1b mm’: (107) 


(Here /dw denotes a surface integral over the unit 
sphere.) ‘Y,” is defined as 


214+-1\ (l—!m))!>8 
Yi"(8,¢) {( ) P}™'\(cos)e™*, (108) 


4n J (l+'m))! 
Since 
oa +i 
em - 4 ) L i js(kar)Yi"(O,¢) Yi" (0i,9,)", (109) 
Lt) m I 





1776 R. H 


(where 6; and ¢, give the orientation of k,), we have 


tn im (Ks) = 4g ni (hi) Yi"(8,,¢3)*, 110) 


where 


x 
gni(R;) = J TO ni r)ji kajdr 
0 


(j: is the spherical Bessel function of order /.) Let 6;; 
be the angle between k; and k,. Unsdéld’s addition 
theorem states that 


111) 


+l 


21+-1 
) ‘y,” 94,9) Yr" (8;,¢;)* - ( yr cost 


mal 4 


(112) 


Equations (89) and (104) can now be written as 


I(k) =>. Biy"*(k)[65— (84/2)> (2/+-1) 


7 


XP (cos8ij)>> gn 


" 


Ri)eni(k;) | 


C1, *(k)7,(k) 4 ¥ €,,% 


(21+-1)P:(cos8,;)>-[ E(k) 


) home 


x 
If we define 


then we have 


kik; cos8, 
and 


(kivetkve,)=(uvi+ve, 


Thus it follows that 


k. We, 4 kv RR; cosh, k.k +-k k;, 
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so that 


Skew eth ved +hyv eth, v «;*) Pi(cosd,;)g(ki)g(k;) 
= (kk ki/k2)[ hig’ (k,) P1(cos8,;) 
— cos6,;P 1‘ (cos8;;)g (ks) \g(k;) 
+ (kjk ;/k7)[hyg’ (Rj) P1(cos8;;) 
—cos0i;P 1 (cosd;,)g(k;) lg (ki) + (kik, 


 [ksky+k jk, Ps’ (cosdis)g(kig(h;). (116) 


Analogously to Eqs. (113) and (114), we may now write 
Eq. (103) in the form 


G pa (k) = — (8e/M)LT,*(k)I,(k) 4D By7(k) 


x¥ (21+-1) (E(k) — E.1}{1(2—4,,) 


X P 1(cos8s;)gni(Ri)gni(k;) 

+ (kk; k2)[ Rigni’ (Ri) P i(cos8;;) 
— cos6i;P 1 (cos4i;)gn1(Ri) \gni(k;) 
+ (kk y/k?) Rig av (Rs) P 1(cos,;) 
— c080;P 1 (c0S84;)gn1() Jeni i) 
+ (kk) kk +k ky) 


xP / COS9i;) 2 01 Rki)gni(k;)}. (117) 
[The primes in Eqs. (116) and (117) denote differen- 
tiation with respect to the argument.] In a specific 
application, Eqs. (98), (99), (100), (114), and (117) 
are what need to be evaluated numerically. The state- 
ments made at the conclusion of reference 1 also apply 
to these equations. 

The writer is indebted to Dr. F. Herman and Dr. 
D. O. North for encouragement and for helpful dis- 
cussion. 





PHYSICAL REVIEW VOLUME 99, 


NUMBER 6 


SEPTEMBER 15, 1955 


X-Ray Scattering Effects Due to Localized Static Lattice Defects 
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Theoretical calculations by Huang show that elastic singularities in a crystalline lattice should produce 
four specific x-ray scattering effects which include diffuse scattering and an artificial temperature factor. All 
four of the effects are present in neutron-irradiated crystals of boron carbide, diamond, silicon carbide, and 
magnesium oxide. Thus the model and calculations of Huang are qualitatively confirmed. It is suggested that 
it may be possible to determine more precisely the nature of the lattice distortions around localized static 
lattice defects from a detailed study of the diffuse scattering. 





INTRODUCTION 


HE literature pertaining to the scattering of x-rays 
by distorted crystals is very large and some of it 
dates back to the early days of the development of x-ray 
diffraction theory.! However, much of this literature is 
concerned with distortions and size limitations which 
upset the coherence of the scattering between the unit 
cells of which the crystal is composed. This broadens 
and changes the shape of the coherent scattering peaks, 
the Bragg reflections, and the problem becomes that of 
deducing from the alterations of the peak shapes the 
nature of the distortions and the size distributions 
present. With the important exception of the effect of 
temperature on x-ray scattering, the case in which the 
distortions are due to small localized lattice defects has 
not been nearly as extensively studied. Since this paper 
is concerned with localized static lattice defects, temper- 
ature effects will not be considered, although reference 
will be made to them. Localized static lattice defects 
will be interpreted to mean defects which are small in 
three dimensions, viz., interstitials, vacancies, oversize 
atoms, or agglomerates of only several atoms at most. 
Thus scattering due to dislocations, for example, is 
excluded. 


THEORETICAL 


Theoretical calculations of the x-ray scattering by a 
crystalline lattice containing a random distribution of 
localized static lattice defects are rather few. While we 
shall consider only the detailed treatment of the problem 
given by Huang,’ the literature will be reviewed briefly. 

Laue’ refers to the problem in his treatment of the 
x-ray scattering by a solid solution in which the com- 
ponent atoms are of different sizes, but does not give 
detailed calculations. Ekstein‘ and Matsubara® examine 


*The Knolls Atomic Power Laboratory is operated by the 
General Electric Company for the U. S. Atomic Energy Com- 
mission. 

! For a recent survey of this field, the monograph by A. J. C. 
Wilson, X-ray Optics—The Diffraction of X-rays by Finite and 
Imperfect Crystals (Methuen and Company Ltd., London, 1949) is 
recommended. 

*K. Huang, Proc. Roy. Soc. (London) A190, 102 (1947). 

*M. v. Laue, Réntgenstrahl-interferenzen (Edwards Brothers, 
Inc., Ann Arbor, 1943), p. 179. 

‘H. Ekstein, Phys. Rev. 68, 120 (1945). 

5 T. J. Matsubara, Proc. Phys. Soc. Japan 7, 270 (1952). 


the case in which the lattice atoms are given small 
displacements from their sites in a perfect lattice, ex- 
pressing the scattering by the distorted lattice by the 
first two terms in a Taylor’s series. Ekstein takes as an 
example of the displacements around a defect the 
classical elasticity problem of the displacements in a 
hollow sphere due to a pressure in the internal cavity.® 
Matsubara obtains his displacements by minimizing the 
strain energy of the lattice as a function of the displace- 
ments. For the case of defects producing displacements 
over rather large distances, Matsubara points out that 
his treatment becomes equivalent to that of Ekstein. 
Both authors show that the defects lead to the produc- 
tion of diffuse maxima surrounding the sharp Bragg 
reflections at the reciprocal lattice points. Other than 
this specific x-ray effects are not discussed. 

Warren, Averbach, and Roberts’ discuss an atomic 
size effect in solid solutions due to the difference in size 
of solvent and solute atoms. Their calculations predict 
an asymmetry in the diffuse scattering due to the size 
effect such that there is an increase in scattering on one 
side of a reciprocal lattice point and a decrease on the 
other side. The magnitude of this effect depends not 
only on the difference in size of the solvent and solute 
atoms, but also on the difference in their atomic 
scattering powers. Interest in the present paper will be 
in distortions of more general types for which the differ- 
ence in scattering power of matrix and defect atoms is 
either zero or ignored. Therefore, the size effect com- 
puted by Warren, Averbach, and Roberts will not be 
considered further here. 

Zachariasen* has given a general theory of x-ray 
scattering by displacement disorders in a crystal. In this 
theory displacement of the atoms from their normal 
lattice sites leacls to a decrease in the effective scattering 
power per unit cell and to the production of diffuse 
scattering surrounding the reciprocal lattice points. 

While detailed calculations based on the previously 
mentioned work, particularly that of Zachariasen,’ 
Ekstein,‘ and Matsubara® might well be used in de- 

*A. E. H. Love, Mathematical Theory of Elasticity (Dover 


Publications, New York, 1944), p. 142. 
’ Warren, Averbach, and Roberts, J. Appl. Phys. 22, 1493 


(1951). 
*W. H. Zachariasen, Theory of ot gos, in Crystals 
), Chap. IV. 


QVJohn Wiley and Sons, Inc., New York, 1 
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termining the x-ray effects produced by localized static 
lattice defects, a rather complete treatment of a fairly 
general problem has already been given by Huang.’ 
Specifically, Huang considered the x-ray scattering by a 
face-centered cubic lattice containing a random distribu- 
tion of elastic singularities which produce elastic dis- 
placements of the surrounding atoms of the form u=c/r’, 
where u is the displacement of an atom a distance r 
from a singularity of “strength” c. Actually, this equa- 
tion is correct only for an infinite medium. As will be 
discussed later, the form for a finite medium changes the 
quantitative value of c but does not change the qualita- 
tive nature of the x-ray scattering effects to be con- 
sidered. In any case, Huang took the displacements for 
the infinite medium as the basis of a model for a dilute 
solid solution in which the solute atoms have a different 
atomic radius than that of the solvent atoms. However, 
the model can be interpreted more generally if the solute 
atom is considered to be any defect of atomic dimensions 
which produces radial elastic displacements of the form 
u=c/r and whose concentration is small. 

Huang’s analysis starts with the conventional ex- 
pression for the scattering of x-rays by an assemblage of 
n atoms, namely, 


SP |S, expi(E-r,) |?, (1) 


where S is the scattering calculated by Thomson for a 
single electron and f is the atomic scattering factor. The 
vector £ is given by 2x/A(m—mo) where mo and n are unit 
vectors in the direction of the incident and the scattered 
waves, respectively, and \ is the wavelength of the 
x-rays. The vector r, locates the mth atom and is given 
by 


7 


fn=ant> 5 u(a,—a;), (2) 


where a, locates the nth atom in the undistorted lattice 
and u(a,—a,) represents the vector displacement of the 
nth atom due to the ith defect. Substituting Eq. (2) in 
expression (1) and analyzing the problem on the basis of 
a statistically uniform distribution of defects, which 
distribution may fluctuate locally, Huang shows that 
the scattering becomes 
all sites 
SPS. dy expliE-[a.—antp Ds (ula.—a,) 
—u(a,—a,)) }}X{1—4(1—5,.) (p— p*) 
all sites 
x ¥. [E-(a(a,—a,)—u(a.—a,)) FP}, (3) 
where p is the concentration of defects. The double 
summation arises in forming the square as required by 
expression (1). Substituting the explicit form for the 
displacements, namely, u=cr/|r|*, Huang then forms 
the indicated summations within the double summation 
signs in expression (3). These summations are resolved 
into three separate summations of which two are rela- 
tively simple but the third quite complex. Finally 
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Huang obtains for the scattered intensity: 


4nc*| &)* 
SPE EI (1-3 an) (p— #*)—— 


Spov 


4nrcp 
xenpLit-(a.—an) (1+ : ‘)+sh 0-2) 
Sv 


we*| &|? 2 sin*O 


a —ELi~s 


Elec 
20 a,—a,,. “3 


2(2p0)* cos*©) mcp 
-————- | exp[iE-(a,—an) | (14° ), (4) 
31 


3 a,— ap, [3 


(2p0)? sin? 


an— ap ’ 


where v is the atomic volume, © the angle between & and 
@,—A@m, and po a cutoff which is difficult to evaluate 
exactly but which is of the order of atomic dimensions. 
In spite of the complexity of expression (4) certain 
features of the scattering are easy to recognize, re- 
membering that the scattering by a stationary lattice 
without defects would be 


f?> ¥ exp[tk-(a,—a,,) ]. (5) 
n m 

The first term of expression (4) gives the usual sharp 
crystalline or Bragg reflections except that their posi- 
tions and intensities are altered. The term (4rcp)/ (30) 
in the exponent shows that the lattice has expanded 
isotropically as though a strain of this magnitude had 
been imposed upon the lattice. The quantity in the large 
square brackets can be regarded as the first two terms in 
the Taylor expansion of exp(—x*). In this case, since 

&| = (4x/)) sin®, the quantity may be written in the 
form exp[ —&(sin’#)/d*], where & is a constant, @ the 
Bragg angle, and A the wavelength of the x-rays. Now 
the well known temperature factor for x-ray scattering 
by crystals, namely, exp[ — B(sin’#@)/A*], contains the 
same functions of 6 and }. However, the quantity B in 
the temperature factor depends on the temperature of 
the crystal whereas the constant & in the factor for 
localized static lattice defects is independent of tempera- 
ture. This provides an important test for separating the 
x-ray effects due to the two factors. Owing to the 
functional similarity of the two factors, that for 
localized static lattice defects will be called the artificial 
temperature factor. Since the true temperature factor 
reduces the intensities of the Bragg reflections without 
altering their shapes, it is clear that the artificial tem- 
perature factor will produce the same effects. 

The second term of expression (4) represents the dif- 
fuse scattering and is crudely analogous to temperature 
diffuse scattering, except that it is not, of course, tem- 
perature sensitive. The appearance of the same ex- 
ponential factor as occurs in the first term assures that 
this scattering is located in the vicinity of the Bragg 
reflections, that is, surrounds the reciprocal lattice 
points. While the calculation of the detailed nature of 





X-RAY SCATTERING EFFECTS 


this diffuse scattering is complex, Huang shows that the 
diffuse scattering for dilute solid solutions is comparable 
in intensity and extension in reciprocal space to thermal 
diffuse scattering at low temperatures. 

To summarize, the calculations of Huang predict 
theoretically the following x-ray scattering effects from 
a lattice containing a random distribution of defects 
which produce elastic displacements of the form u=c/r*: 
(1) an isotropic expansion of the lattice; (2) an artificial 
temperature factor; (3) no broadening of the Bragg 
reflections; (4) diffuse scattering surrounding the recip- 
rocal lattice points. It is the purpose of the next section 
to show that these effects are all observed experimentally. 

Before proceeding to a discussion of the experimentally 
observed x-ray effects, however, it is appropriate to 
consider a matter which alters the results of Huang 
quantitatively in a way which may ultimately prove to 
be important, although it does not alter the results 
qualitatively. This matter concerns the use by Huang of 
the equation u=c/r* to express the displacements of the 
atoms around a defect. This equation is strictly appli- 
cable only to the case of an infinite medium. Eshelby*® 
has given a very general analysis of the effect of 
neglecting the finite nature of the medium in problems 
using the elastic model for defects. In the problem solved 
by Huang it is stated by Eshelby that, due to the neglect 
of the surface term in the expression for the displace- 
ments, the constant ¢ should be replaced by cy, where 
y=3(1—0¢)/(1+6¢) and @ is Poisson’s ratio. This in- 
creases the effective value of c by a factor of 1.8 or 1.5 
depending on whether the value taken for Poisson’s 
ratio is } or 4. Thus the magnitude of the effects pre- 
dicted by Huang is increased by a significant amount. 


EXPERIMENTAL 


The isotropic lattice expansion and lack of line 
broadening predicted by Huang’s calculations are con- 
firmed by a very wide experience with solid solutions. 
Actually, as Tucker and Sampson” have pointed out, 
Huang’s analysis, when corrected for the effect of the 
free surface term, predicts Vegard’s law. This empirical 
law states that when two materials of the same crystal 
structure form a continuous series of solid solutions, the 
plot of lattice parameter versus composition is a straight 
line joining the parameters of the pure materials. While 
Vegard’s law is surely an idealization, it forms a 
reasonable first approximation in many systems. The 
absence of line broadening in solid solutions is an ex- 
perimental fact of long standing. Quite appreciable 
solubilities exist in some cases for which the radius 
mismatch between solvent and solute atoms amounts to 
10 to 15%. Since the distortions around the solute atoms 
are certain to be large in such cases, the absence of line 
broadening provides a good test of Huang’s calculations. 
No attempt has yet been made to look for the diffuse 

* J. D. Eshelby, J. Appl. Phys. 25, 255 (1954). 

*C.W. Tucker, Jr., and J. B. Sampson, Acta Metallurgica 2, 
433 (1954). 
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scattering, but the artificial temperature factor pre- 
dicted by Huang’s calculations for solid solutions has 
been reported by Coyle and Gale" in a gold-copper 
alloy. 

While the lattice expansion, the absence of line 
broadening, and the presence of an artificial temperature 
factor in the gold-copper alloy studied by Gale provide 
evidence for the correctness of Huang’s calcluations for 
the case of solid solutions, neutron irradiated single 
crystals provide the basis for a complete test of the 
calculations. In certain irradiated crystals all four of the 
predicted effects are found simultaneously. The reason 
that the effects are so pronounced in irradiated crystals 
is that the “strength” of the defects, as given by the 
constant ¢ in u=c/r*, is much greater for defects such as 
interstitials, vacancies, and foreign atoms (particularly 
the noble gases) than for substitutional foreign atoms in 
a solid solution. Since the constant ¢ appears as a square 
in the terms involving the artificial temperature factor 
and the diffuse scattering in expression (4), the magni- 
tude of these effects will depend strongly on the value 
of c. 

Thus far the effects have been observed in irradiated 
single crystals of boron carbide, diamond, silicon 
carbide, and magnesium oxide. The case most studied 
has been that of boron carbide and a detailed ac- 
count of these studies has been published elsewhere.” 
Most of the radiation damage produced in boron 
carbide is due to the reaction of the B~” nucleus 
with thermal neutrons to form He~™ and Li-~’ nuclei 
which then dissipate 2.3 Mev of kinetic energy in the 
lattice in ionization and bumping collisions. The lattice 
expansion and artificial temperature factor are highly 
anisotropic in irradiated boron carbide. However, it was 
possible to identify an anisotropic defect in the irradiated 
crystal structure by means of Fourier analysis of the 
Bragg intensities which accounted for the anisotropy of 
these effects. Work is in progress to generalize the 
calculations of Huang to the case of anisotropic defects. 
While this work is not yet complete, there is no indica- 
tion that the effects will be qualitatively different from 
those predicted by Huang. The diffuse scattering effect 
is observed to a very extreme degree in irradiated boron 
carbide. Further, this diffuse scattering is temperature 
insensitive as the theory requires. The absence of 
broadening in the Bragg reflections is apparent in Laue 
photograms even for heavily irradiated crystals. Thus 
irradiated boron carbide exhibits all of the effects 
predicted by Huang. 

The x-ray effects may also be seen in irradiated 
diamond, silicon carbide, and magnesium oxide crystals, 
although the artificial temperature factor is not very 
strong in magnesium oxide. Laue patterns illustrating 
the diffuse scattering produced in diamond, for ex- 
ample, are shown in Figs. 1 and 2. The diffuse spots 


" R. A. Coyle and B. Gale, Acta Cryst. 8, 105 (1955). 
4C, W. Tucker, Jr., and P. Senio, Acta Cryst. 8, 371 (1955). 
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Fic. 1. Laue pattern of unirradiated diamond crystal using 
unfiltered copper x-radiation. Incident x-ray beam approximately 
parallel to threefold axis of crystal 


adjacent to and surrounding some of the Laue spots” in 
Fig. 2 show the diffuse scattering due to the defects 
produced by the irradiation. While the artificial tem- 
perature factor is not particularly apparent in Fig. 2, it 
is quite evident in Laue patterns (not shown) of 
irradiated silicon carbide. Lattice expansions" of the 
order of 1% are observed in irradiated diamond and 
silicon carbide, while that in magnesium oxide is about 
0.1%. Thus all of the x-ray effects found in irradiated 
boron carbide are also observed in other irradiated 
crystal structures, showing that the effects are not 
peculiar to crystals undergoing fission type reactions. 
The occurrence in boron carbide, diamond, silicon 
carbide, and magnesium oxide of the four x-ray effects 
predicted by the calculations of Huang provides good 
evidence that the elastic model used by Huang is a valid 
model for a crystal containing localized static lattice 
defects. It does not follow, however, that the effects will 
always be observed. For example, no diffuse scattering 
was found in irradiated silicon and germanium. But, 
since no lattice expansion has been observed in these 
substances," it appears that there are very few defects 
of the type which produce the x-ray effects. Similarly, in 
metals the lattice expansions, in general, are quite 
small.” These observations fit in well with the widely 
accepted notion that the activation energy for the 
motion of isolated interstitials or vacancies in metals is 
rather low. Thus annealing of the main source of defects 
which could produce the x-ray effects occurs, in metals, 
at temperatures below room temperature. The crystals 
in which the x-ray effects have thus far been observed all 
possess high melting points which are indicative of tight 
bonding. It would not be expected that the activation 
energy for the decay of the defects in these crystals 
} 


would be low. Actually, the anisotropic defect re- 


sponsible for most of the x-ray effects in irradiated boron 


4 Only those planes at or near the Bragg setting for reflection of 
the very strong characteristic Xa or A radiation from the target 
show the diffuse scattering 

“W. Primak, Phys. Rev. 95, 837 (1954). 
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carbide was found to anneal in the temperature range of 
700 to 900°C." 

Accepting a qualitative connection between the calcu- 
lations of Huang and the observed x-ray effects in 
irradiated crystals, it becomes clear that it may be 
possible to learn something of the nature of the dis- 
tortions in irradiated crystals from a detailed study of 
the x-ray effects. In this connection it appears most 
hopeful to study the diffuse scattering, for it is this 
scattering in the case of thermal effects which has been 
used many times® to determine the elastic constants of 
crystals and which recently has even been used to work 
back to the elastic vibration spectrum of copper.'* 
However, it must be remembered that the diffuse 
scattering caused by static lattice defects is due to the 
distortion of the lattice around the defects rather than 
to the defects themselves. At the present time there is a 
discrepancy between theory and experiment regarding 
the diffuse scattering. Huang’s theory predicts that the 
diffuse scattering around a reciprocal lattice point has 
roughly the shape of a lemniscate whose axis is parallel 
to the vector from the origin to the reciprocal lattice 
point and whose center lies at the reciprocal lattice 
point. Detailed work with boron carbide and other 
crystals has shown that the diffuse scattering has 
roughly the shape of an ellipsoid. This discrepancy may 
mean that the displacements around the defects deviate 
from the form u=c/r*? assumed by Huang or that re- 
placement of c by cy as suggested by Eshelby’ is not 
valid for the diffuse scattering term. Further theoretical 
and experimental work is necessary to work out the 
quantitative aspects of the diffuse scattering. 


CONCLUSIONS 


The theoretical calculations of Huang show that a 
lattice containing a random distribution of elastic 


Fic. 2. Laue pattern of neutron irradiated diamond crystal using 
unfiltered copper x-radiation. Integrated thermal neutron flux 
2X 10” neutrons/cm*. Incident x-ray beam approximately parallel 
to threefold axis of crystal. 

% See, for example, G. N. Ramachandran and W. A. Wooster, 
Acta Cryst. 4, 431 (1951) 

“ E. H. Jacobsen, Phys. Rev. 97, 654 (1955). 





X-RAY SCATTERING 


singularities which produce displacements of the form 
u=c/r will scatter x-rays with the following effects: 
(1) an isotropic expansion of the lattice; (2) an artificial 
temperature factor; (3) no broadening of the Bragg 
reflections ; (4) diffuse scattering surrounding the recip- 
rocal lattice points. 

While the lattice expansion and absence of line 
broadening have been widely observed in solid solutions, 
the artificial temperature factor has been observed only 
once and the diffuse scattering has not yet been ob- 
served in solid solutions. However, all four of the effects 
have been observed in certain neutron irradiated 
crystals, namely, boron carbide, diamond, silicon car- 
bide, and magnesium oxide. The presence of the effects 
in these crystals is attributed to the defects produced 
during irradiation. The fact that the effects are readily 
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observed in irradiated crystals is due to the much 
greater “strength” of the defects produced by irradia- 
tion, viz., interstitials, vacancies, and foreign atoms. 

The qualitative agreement between the calculations 
of Huang and the observed x-ray effects leads to the 
conclusion that the representation of localized static 
defects as elastic singularities producing displacements 
of the form u=c/r* is a valid first-approximation model. 
However, it is suggested that it may be possible to work 
back from the observed ‘Jiffuse scattering in irradiated 
crystals to obtain more precise information regarding 
the distortions around the defects. 
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Luminescent Centers in ZnS :Cu:Cl Phosphors 
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Measurements of the magnetic susceptibility and emission spectra have been made on zinc sulfide acti 
vated by copper and/or chlorine. The results of these measurements demonstrate that the luminescent 
centers are diamagnetic in the absence of optical excitation, and that of the five previously reported emis 
sions, only three are distinct. These are: a blue emission resulting from the addition of chloride, a green 
emission when copper and chloride are simultaneously present, and a red emission when copper alone is 
present. The results are discussed on an ionic model, and on a semiconductor model. We conclude that the 
blue emission is due to zinc vacancies, the green emission to substitutional copper, and the red emission to 


interstitial copper 


INTRODUCTION 


N this paper we shall attempt to correlate the re- 

ported emissions in ZnS activated by copper with 
particular states of the activator, especially the valence 
of the activator and its position in the lattice. 

The absorption of a quantum of ultraviolet radiation 
by the host crystal of ZnS is usually assumed to result 
in the formation of an electron and a hole. These may 
annihilate one another by giving up their energy to the 
lattice as phonons, or they may recombine at an im- 
purity center with a characteristic emission. The elec- 
tronic transitions are governed by interactions be- 
tween the impurity and the lattice; it is to be expected, 
therefore, that the resulting emission would depend on 
the state of ionization of the center. Furthermore, the 
energy levels may well depend on the crystallographic 
phase of the host crystal, and on whether the impurity 
is incorporated interstitially or substitutionally. 

Information regarding the nature of impurity centers 
in impurity activated phosphors has been obtained for 
several manganese-activated inorganic phosphors by 
means of static susceptibility measurements,' and for a 


1. Larach and J. Turkevich, Phys. Rev. 89, 1060 (1953). P. D. 
Johnson and F. E. Williams, J. Chem. Phys. 17, 435 (1949). 


variety of phosphors by means of paramagnetic reso- 
nance.” In the case of ZnS:Cu, however, paramagnetic 
resonance measurements failed to yield any information 
because of the absence of an observable resonance ab- 
sorption. The difficulties encountered in the resonance 
measurements, in being unable to distinguish between 
diamagnetism and a paramagnetism which results in a 
very broad absorption spectrum, are absent in the 
measurements of static susceptibility. 

In the experiments to be described here, we have 
measured the emission spectra of a number of Cu- 
activated ZnS phosphors, prepared under various con- 
ditions, while at the same time, the phase has been 
determined from x-ray measurements. The state of 
ionization of the unexcited phosphors has been deter- 
mined from measurements of the magnetic suscepti- 
bility as a function of temperature. Zinc sulfide is 
diamagnetic and, if the copper were introduced as Cut, 
it would remain purely diamagnetic and its suscepti- 
bility would be substantially independent of tempera- 
ture. On the other hand, the presence of Cu** or Cu® 


2W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
(1952). 
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would result in a temperature-dependent paramagnetic 
component in the susceptibility. 

Five principal emissions of the ZnS:Cu:Cl system 
have been reported. The chemical and optical properties 
of this system have been the subject of much investi- 
gation.’ It is well established that the presence of 
chloride during the preparation of zinc sulfide results 
in a blue emission band under near-ultraviolet excit- 
ation, having its peak at approximately 4400 A for the 
hexagonal phase and at 4600 A for the cubic form.* The 
addition of small quantities of copper together with 
chloride produces a strong green emission with peaks 
at 5200 A and 5400 A for the hexagonal and cubic forms 
respectively. At low copper concentrations,*® the blue 
and green peaks are both present, the higher concen- 
trations of copper favoring the green emission, while at 
the same time diminishing the intensity of the blue. 
The green emission reaches its maximum intensity at 
0.009 to 0.01 mole percent copper and at this concen- 
tration, the blue emission is virtually absent under 
ordinary conditions of excitation. 

With the addition of copper beyond 0.01%, the green 
emission diminishes in intensity and a blue emission 
reappears. This blue maximum 
intensity at 0.06% copper and diminishes at higher 
concentrations.™? At a concentration of 0.3% copper, 
Bube® has reported a new green emission, having a 
maximum at 5200 A, but of a considerably broader band 
Ihe foregoing emissions are all presumed to 


emission reaches its 


width 
occur in the presence of an excess of chloride. Recently, 
Froehlich®” has described a broad red emission produced 
when copper is added to zinc sulfide and prepared in the 
absence of any additional impurity such as chloride. 
The peak wavelengths of all of the emissions and their 
optimum copper concentrations are summarized in 


Table I. 


rasie Ll. Impurity concentration and representative centers 
proposed in the literature for ZnS 
\W g 
I at ax 
Impurity slot mum A Proposed centers 
Cc! blue I 400 interstitial Zn*, Zn vacancies 
Cu(0.01%):Cl green I 5200 Cur® interstitial, or sub 
stitutional 
Cu(0.06°%) Cl blue I 4400 Cu,*Cl 
Cu(0.3%):Cl green I 5200 = subt. Cu’ 
Cu red 6700 , ta 
+See for example H. W. Leverenz, An Introduction to the 


f Solids (John Wiley and Sons, Inc., New York, 


Luminescence 
1950), Chap. 5 


*F. A. Kroger and J. E. Hellingman, J. Electrochem. Soc. 93, 


156 (1948); also S. Rothschild, Trans. Faraday Soc. 42, 635 
(1946 
*R. H. Bube, Phys. Rev. 80, 655 (1950), see also Leverenz, 


reference 3, pp. 208, 209 
* All concentrations are designated in molar percent 
® Kroger, Hellingman, and Smit, Physica 15, 990 (1949) 
’ A. Kroger and N. W. Smit, Physica 16, 317 (1950). 
* H. Froelich, J. Opt. Soc. Am. 42, 982, (1952 
* H. Froelich, J. Electrochem. Soc. 100, 496 (1953) 
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It has been stated that the green emission at low 
copper concentrations results from Cu*, and that the 
role of the chloride is to provide charge compensation 
in a lattice of Zn**+S~."° The blue emission occurring 
when chloride alone is present, had formerly been 
attributed to Zn* centers" but recently has been at- 
tributed to Zn** vacancies with an electron missing 
from one of the adjacent S ions."* The presence of Zn* 
should be detectable in our experiment by its para- 
magnetic susceptibility. 

The origin of the blue emission appearing at 0.06 
mole percent copper is not well established. It has been 
suggested that this blue emission is due to a complex 
of the form [Cu,*:Cl-].*"* These centers should be 
paramagnetic owing to the presence of an unpaired elec- 
tron spin. A similar lack of knowledge exists with regard 
to the red emission which appears when no chloride is 
present. Because of the absence of a charge compen- 
sating ion such as Cl-, one might be led to expect Cut* 
as the responsible center; hence these specimens may 
exhibit paramagnetic behavior. 


EXPERIMENTAL PROCEDURES AND RESULTS 
Preparation of the Specimens 


Specimens were prepared by heating together pure 
precipitated zinc sulfide (R.C.A. LM476) to which 
requisite quantities of activator had been added. The 
copper activator was added as a solution of Cu(NOs)>. 
The components were mixed, dried, then thoroughly 
ground to insure proper mixing. Chloride was added 
as ammonium chloride, in large excess, usually 3%. The 
precise amount of chloride which remains in the lattice 
after firing is not certain; it is for this reason that the 
chloride concentrations are not included in the figures. 
Bube” and Kroger'® have reported analyses for the 
chloride remaining; in general the chloride concen- 
tration increases with the amount of copper added. 
Without copper, however, a quantity of chloride is 
incorporated and produces the aforementioned blue 
emission. There is more certainty regarding the copper 
concentrations when chloride is present. Chemical 
analyses, and the continuous changes in physical 
properties with the copper concentration lead us to 
believe that, at least to 0.1% copper, all, or a substantial 
portion of the added copper is incorporated. 

All chloride-free specimens were heated in an at- 
mosphere of hydrogen sulfide and precautions were 
taken to exclude air. Chloride-containing specimens 
were fired in an atmosphere consisting of a mixture of 
hydrogen sulfide and ammonium chloride. The firing 
temperature and time depended on whether the hex- 


® F. A. Kroger and J. Dikhoff, Physica 16, 297 (1950 
"J. T. Randall, Trans. Faraday Soc. 8 (1939). 


®F_ A. Kroger and H. J. Vink, J. Chem. Phys. 22, 250 (1954) 
“™F. A. Kroger, Brit. J. Appl. Phys., Supplement No. 4, 58-62 
(1955). 


“R.H. Bube, J. Chem. Phys. 19, 985 (1951 
‘* F. A. Kroger and J. E. Hellingman, J. Electrochem. Soc. 95, 
68 (1949). 
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agonal or cubic phase was desired. For the hexagonal 
specimens reported on here, the firing was for 30 minutes 
at 1150°C. The red-emitting specimens were fired for 
considerably longer periods at the above temperature 
as well as at higher temperatures, in an attempt to 
produce the hexagonal form, but the products were 
mixtures of cubic and hexagonal phases. 


Measurement of the Magnetic Susceptibility 


The susceptibility of the powder specimens has been 
measured from 300°K down to 1.5°K using the Gouy 
method. A Gulbransen type microbalance capable of 
measuring a force of 1 ug with a 3-g load has been used 
to measure the force on the specimen.'*"? Because of 
the sensitivity of the balance and the wide temperature 
range covered, it is possible to separate the temperature- 
dependent paramagnetism which would correspond to 
0.0001% molar Cu** in ZnS. 


201 (1944 
Instr. 26, 337 (1955) 


Rev. Sci. Instr. 15, 
A. Long, Rev. Sci 


* E. A. Gulbransen, 
1 R. Bowers and E 


Temperature dependence of the susceptibility of ZnS with various concentrations of copper and chloride 
bands corresponding to the compositions shown are ; 
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Emission 


B, “blue I’ “green I”; D, “blue IT’; F, red. 

The phosphors to be measured were placed in thin- 
walled quartz tubes; they were evacuated to 10-* mm 
and heated to 300°C for one hour in the vacuum in 
order to remove paramagnetic oxygen. The tubes were 
then filled with just less than one atmosphere of pure 
helium before sealing to ensure thermal equilibrium 
during the measurements. 

The actual susceptibility measured is that of the 
phosphor and quartz container. The susceptibility of 
the quartz glass has been measured from 300°K to 
1.5°K and has been found to be suitable for our work 
because its variation with temperature is very small. 

The correction due to the quartz container was often 
as high as 30%, as calculated from a measured average 
cross-sectional area of the container. However, the 
quartz tubing was not uniform and the correction 
itself could not be calculated to better than about 30%. 
We did not consider it worthwhile to devote much 
attention to an accurate evaluation of this almost 
temperature-independent correction in the case of 
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each specimen, since we were primarily interested in 
temperature-dependent terms in the susceptibility. The 
density of the powder in the tubes was determined 
gravimetrically, assuming the powder to be uniformly 
packed. Lack of corrections for the nonuniformity of 
the quartz tubing and the nonuniform density of the 
powders may account for the differences in the observed 
absolute values of the susceptibilities. 

The technique has been checked by measuring the 
susceptibility of a known paramagnetic phosphor, ZnS, 
activated with 0.1% Mn?*. The temperature-dependent 
paramagnetism was observed to obey Curie’s law and 
could be calculated as arising from 0.093% Mnt**. This 
is in good agreement with the chemical analysis of 
0.095% Mn. The quantitative agreement shows that 
there is temperature equilibrium between the powder 
and the low temperature bath. 

The phosphors chosen for measurement were, wher- 
ever possible, ones which had the optimum impurity 
content for each of the reported emissions. The results 
for these phosphors are shown in Fig. 1. 


Results 


The measured susceptibility for pure ZnS, Fig. 1A, 
exhibits a small temperature-dependent component. 
The origin of this component is not certain, but may be 
due in part to surface paramagnetism or crystalline 
defects"* in the particles, whose diameters are estimated 
to range between 0.1 and 10 microns. The temperature 
dependence may also be explained by the presence of 
one part per million of a strongly paramagnetic im- 
purity, although there is no evidence that such a high 
concentration of impurities exists in the pure material. 
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Fic. 2. Emission spectrum of ZnS containing chloride but no 
copper; designated in text as “blue I’. 


"P. W. Selwood, Magnelochemisiry (Interscience Publishers, 
Inc., New York, 1953), p. 253. 
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Fic. 3. Emission spectrum of ZnS containing chloride and 
0.01% copper; referred to in text as “green I’”’. 


For our present purpose, however, we are concerned 
only with increases in the temperature dependence of 
the susceptibility as the result of deliberate addition of 
impurities. 

Figure 1B shows the susceptibility of ZnS prepared 
with the addition of chloride but without copper. The 
susceptibility is slightly less temperature dependent 
than even the pure zinc sulfide. 

The addition of copper with chloride up to 0.1% 
copper produced no detectible change in the tempera- 
ture dependence of the susceptibility compared with 
the pure zinc sulfide. This is illustrated in Figs. 1C, D, 
and E for samples with increasing copper concentration. 
In each of these figures, the dotted line represents the 
expected slope of the added copper had it been present 
as Cut** or Cu®Cu*. 

Figure 1F shows the temperature dependence of the 
susceptibility for a specimen containing 0.1% copper 
prepared without chloride, and exhibiting a red emission. 
As in the previous specimens, no change in the original 
susceptibility is observed. 

We conclude, therefore, that neither the addition of 
copper or chloride, nor the addition of copper together 
with chloride in concentrations necessary to produce 
the reported emissions, results in any observable in- 
crease in the temperature dependence of the suscepti- 
bility of zinc sulfide. Hence, the impurities are present 
in forms which are diamagnetic. 


Emission Spectra 


Emission spectra were obtained by means of a Beck- 
man spectrophotometer with a 931A photomultiplier 
replacing the Beckman light source. The calibration 
included the sensitivity of the phototube and the 
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transmission of the spectrophotometer. All emission 
curves are reported on a relative-intensity basis. For 
the emission spectra, the phosphors were normally 
excited by 3650 A radiation from an A-H4 mercury 
lamp containing a Corning 5860 filter. The spectro- 
photometer band width at which the measurements 
were taken was kept at a minimum and, except where 
otherwise indicated, the half-intensity band width is 
40 A. 


Results 


Pure, unactivated zinc sulfide exhibits an ultraviolet 
emission but no visible emission."* The blue emission 
resulting from the addition of chloride is shown in 
Fig. 2. 

Figure 3 shows the emission spectrum of ZnS:Cu- 
(0.01%) :Cl. At room temperature the predominant 
emission is due to the 5200 A band, with almost no 
contribution from the 4400 A band. At 77°K the blue 
band is considerably enhanced, as can be expected from 
the Schoen-Klasens” theory of hole migration. 

The emission of ZnS:Cu(0.065):Cl, the optimum 
concentration for the blue II emission, is shown in 
Fig. 4. A difference in the shape of the emission spectrum 
of the blue band in the copper-containing specimen and 
the blue band of ZnS:Cl is seen in the more rapid 
decrease in the intensity of the former on the short- 
wavelength side of the band. The approximate shape 
of the absorption band introduced by copper in the tail 
of the lattice absorption band has been obtained by 
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Fic. 4. Emission spectrum of ZnS containing chloride and 0.06% 
copper, referred to in text as “blue II”. A green I com- 
ponent of emission is present. 


* F. A. Kroger, Physica 7, 1 (1940). 

* M. E. Wise and H. A. Klasens, J. Opt. Soc. Am. 38, Te eat 
Klasens, Ramsden, and Quantie, J. Opt. Soc. Am. 38, 60 (1948); 
H. A. Klasens, Nature 158, 306 (1946); M. Schoen, Z. Physik 
119, 463 (1942). 
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Fic. 5. Comparison of the green emission bands obtained with 
low and with high copper concentrations. These are designated in 
the text as “green I” and “green IT”, 


Gisolf." The difference in the shape of the blue emission 
spectra of ZnS:Cl and ZnS:Cu(0.06):C! can, at least 
in part, be attributed to absorption of the short-wave- 
length side of the blue emission by the copper absorp- 
tion band. An apparent displacement of the peak of 
the blue emission of Fig. 4 towards longer wavelengths 
is due to the superposition of the green emission.” 

Figure 5 shows on a normalized ordinate scale the 
room-temperature emission of ZnS:Cu(0.4%): Cl, cor- 
responding to the band we have designated as green II, 
and for comparison the emission of ZnS: C1(0.01):Cl. 
Except for the presence of a small amount of blue I in 
the 0.01% copper specimen no differences are observed 
which can be attributed to a broadening of the emission 
at high copper concentrations. 

Figure 6 shows the room-temperature emission of 
ZnS:Cu(0.01) prepared without chloride. The broad 
red emission has its maximum at 6700 A. Also present 
is a blue emission similar to the blue emission present 
in zinc sulfide prepared with chloride, but without 
copper. The presence of the blue emission together with 
the red emission has been verified for all of our speci- 
mens ranging in copper concentration from 0.0001% 
Cu to 1% Cu. In some specimens, only the red emission 
appears at room temperature; the presence of blue 
centers can readily be established, however, by cooling 
the specimen to 77°K. 


DISCUSSION 


There has been considerable speculation regarding 
the number of different emission centers and their 


™ Gisolf, De Groot, and Kr 


®J. M. Vanderbilt and C. 
(1953). 


, Physica 8, 805 (1941). 
rich, Appl. Spectroscopy 7, 171 
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Fic. 6. Emission spectrum of ZnS containing 0.01% copper but 
no chloride, showing the long-wavelength red emission with its 
associated blue emission. The intensity of the blue emission in this 
specimen is greater than in many similar specimens. 


constitution, in zinc sulfide activated by copper and by 
chloride. Our results indicate that only three emissions 
are to be distinguished out of the five reported: a blue 
emission produced by chloride alone, a green emission 
due to the simultaneous addition of copper and chloride, 
and a red emission due to the presence of copper without 
chloride, Emission spectra obtained for the blue- 
emission specimens with high copper concentration 
(0.06 molar percent) were similar to those obtained with 
specimens prepared with only chloride. At very high 
(0.34%) copper concentrations, no broad green emis- 
sion was observed. The green emission retained its 
shape to the highest concentrations to which we went; 
the only noticeable changes were in relative intensity. 
This latter observation confirms Kroger’s™ view that no 
new emission appears at the higher copper concentra- 
tions. 

The susceptibility measurements obtained on all of 
the specimens described above indicate that the con- 
centration of paramagnetic centers introduced by 
copper or chloride was, in each case, less than 0.001 
molar percent. Thus, it is not likely that, in the ground 
state, any configuration of copper other than Cut is 
present, as opposed to centers of the type Cu:*, Cu**, 
or Cu. If any of the latter are present, their concentra- 
tions are too low to be correlated with the observed 
emissions. 

On the basis of the above results, several conclusions 
can be drawn as to the probable nature of the lumi- 
nescent centers. We shall discuss these results first 
assuming an ionic model, and then indicate how they 
may be interpreted using an energy band model. 


= F. A. Kroger, J. Chem. Phys. 20, 345 (1952) 
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Regarding the blue emission, the two most obvious 
possibilities are that this emission occurs at a CI site, 
or in the region of a zinc vacancy. (The possibility of 
Zn* being responsible for the blue emission is ruled out 
because such a center would be paramagnetic.) Since 
the same blue emission can be produced by a variety 
of impurities other than Cl-, such as Br, I-, Al***, 
Sc*+++,£ all of which would produce Zn vacancies, as 
well as by heating the pure material to a sufficiently 
high temperature,’ the evidence favors Kroger’s recent 
conteation” that Zn vacancies are responsible for this 
emission. It is, however, in disagreement with Krogers 
picture of a blue center as that of a zinc vacancy with 
one electron missing from an adjacent sulfur ion, inas- 
much as the missing electron would produce a para- 
magnetic center. 

The situation regarding the green and red emissions 
is somewhat less apparent. Because of the difference in 
charge between Zn**+ and Cut, the incorporation of 
Cu* substitutionally in a lattice such as ZnS requires 
the simultaneous incorporation of a monovalent nega- 
tive ion, such as Cl-, Br-, or I-, or a tripositive ion, 
such as Al***, or sulfur vacancies. Since one of these 
impurities must be present with copper in order to 
produce the green emission, we conclude that in this 
case the copper is present substitutionally. Further- 
more, since the emission is the same for any one of the 
above impurities, direct association between them and 
the copper can be ruled out, and the green emission 
must arise from the copper in a substitutional site 
having a normal or nearly normal zinc and sulfur en- 
vironment, a conclusion in agreement with Kroger. 
This being the case, the red emission can arise from 
copper in a substitutional site whose environment differs 
from a normal substitutional position, or from inter- 
stitial copper. In the former case, since charge com- 
pensating ions are absent, sulfur vacancies would be 
required. For interstitial Cu* however, zinc vacancies 
are necessary. Since we have always observed a blue 
emission associated with the red emission, similar to 
the blue emission obtained in ZnS: Cl, we conclude that 
zinc vacancies are produced, and that therefore the red 
emission due to copper without chloride results from 
interstitial copper ions. 

Because it is believed that zinc sulfide is at least 
partially non-ionic in character,* we should like to show 
that similar results can be obtained on a semiconductor 
model. Using the band approximation, we may describe 
the system as follows: We replace a neutral zinc atom 
in sulfide with a neutral copper atom. Since the neutral 
copper atom contains only one 4s electron, there will be 
a deficiency of one electron per copper atom, and posi- 
tive holes will appear in the valence band. In semi- 
conductor terminology, copper will act as an acceptor 
impurity. At high temperatures, with the acceptors 
ionized, the copper atoms will each have one additional 





™Y. K. Syrkin and M. E. Dyatkina, Siructure of Molecules 
(Butterworths Scientific Publications, London, 1950), p. 340. 
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electron, and will thus be diamagnetic; the system as a 
whole will be paramagnetic, however, due to the pres- 
ence of free holes. At sufficiently low temperatures, the 
holes will be associated with the copper atoms, and the 
system will remain paramagnetic. Similarly, we assume 
that the replacement of sulfur by chlorine will produce 
donor centers. In this case also the system will be para- 
magnetic, whether or not the centers are ionized. 

If we now introduce equal numbers of donor and 
acceptor centers by adding equal amounts of copper 
and chlorine, the ZnS will remain intrinsic; the donor 
electrons produced by chlorine will have annihilated 
the holes produced by copper, and the system will be 
diamagnetic at low temperatures. It is thus noted that 
in this situation, copper will have one more electron, 
and chlorine one less electron than in the neutral atomic 
configurations. 

It can be shown in a quantitative fashion* that in 
many semiconductors the number of acceptor levels 
will always very nearly equal the number of donor 
levels. The condition for this is that the energy gap 
be large with respect to the energy necessary to produce 
a defect such as a vacancy. If one adds only a donor 
impurity to such a semiconductor, for example, it is 
energetically economical for the system to produce an 
equivalent number of physical acceptor centers by 
means of the appropriate kind of vacancies. This is the 
situation presumed to exist in the cases discussed here. 
It is to be expected, therefore, that if copper and 
chlorine are both present in the preparation, they will 
both be assimilated, in any relative proportion which 
will produce nearly equal numbers of donor and ac- 
ceptor states. 

The above description, involving the simultaneous 
presence of copper and chlorine, is the situation we 
believe to exist when the green emission is observed. 
The need for chlorine or a similar donor impurity, 
together with the copper, to produce this emission leads 
us to conclude that the copper is substitutional. The 
absence of any appreciable difference between the green 
emission produced with any other donor such as 
bromine or iodine indicates that the emission is as- 
sociated mainly with the copper impurity. 

As was indicated earlier, if substitutional chlorine 
donor atoms are introduced by themselves they will 
result in the production of acceptor levels; in the ab- 
sence of a second impurity, the acceptor levels can be 
provided by vacancies. That the blue emission is a 
property of the acceptor states and not of the chlorine 
impurity is indicated by the fact that the same blue 
emission occurs with either bromine or iodine.” 

Although direct evidence is lacking concerning the 


* R. L. Longini, Bull. Am. Phys. Soc. 30, No. 3, 36 (1955). 
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defect responsible for these acceptor levels, arguments 
similar to those used for copper lead us to assign them 
to zinc vacancies. This choice finds support in (a) 
analogy with other semiconductors, notably PbS and 
PbSe, in which Pb vacancies behave as acceptors, and 
(b) the observation that the blue emission can be pro- 
duced by heating impurity-free ZnS to a sufficiently 
high temperature. In order to account for the diamag- 
netism when chlorine is present, each zinc vacancy must 
produce two acceptor levels each of which is occupied 
in the luminescent ground state by an electron. 

The same blue emission which is produced by chlorine 
is observed in the specimens having a red emission, and 
containing only copper impurities. In these red speci- 
mens, therefore, the copper behaves as a donor. Since 
we believe substitutional copper to be an electron ac- 
ceptor, we attribute the donor character of the copper 
in these specimens to interstitial copper atoms. 

As in the case of substitutional copper, the interstitial 
copper, if introduced without vacancies would be para- 
magnetic due to the one 4s electron. Because of the 
simultaneous presence of acceptor levels in the form 
of zinc vacancies, the copper atoms are ionized, and the 
system remains diamagnetic. 

The semiconductor description leads us to certain 
conclusions which were similar to those obtained on an 
ionic model: the green emission is attributed to sub- 
stitutional copper, the red emission to interstitial cop- 
per, and the blue emission to zinc vacancies. There are 
differences, however, in the detailed description of these 
centers. On the ionic model we would describe both the 
interstitial and substitutional copper as Cut. This 
implies that in their optically unexcited states inter- 
stitial and substitutional copper impurities are alike in 
that they each have one electron less than the neutral 
atom. On the semiconductor model, the two are quite 
different ; the substitutional copper has gained an elec- 
tron while the interstitial has lost one. Other differences 
also result from the different assumptions made in the 
two descriptions. Charge compensation in the ionic 
model is replaced by an equality of donors and ac- 
ceptors. By means of the latter principle, we would not 
expect to find copper present in ZnS as Cu**, whereas 
Cu** should be possible on the basis of charge com- 
pensation alone, and should require no coactivation nor 
vacancy. 
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Magnetic crystal anisotropy and magnetostriction have been measured in various single crystals of 
ferrites having compositions represented approximately by MFe,, where M stands for Mn, Fe, Co, Ni, and 
Zn in various proportions. Special attention is given to heat-treatment in a magnetic field. 

The magnetic anisotropy of cobalt ferrite at room temperature is as high as 4 10* ergs/cm*. Magneto- 
striction is as high as 800 10~*. Magnetic anneal is effective at temperatures as low as 150°C, and causes the 
hysteresis loop to become square. In polycrystalline material the response to magnetic anneal is a maximum 
at compositions intermediate between CoFeO, and Fe,O,. 

The constants for the various specimens are tabulated. Values of the anisotropy constants of MnFe,0, at 
20°C and — 196°C are the same as those determined from ferromagnetic resonance experiments. At — 196°C 
the constant for Nie. 1Fes 20, differs markedly from that determined by ferromagnetic resonance; this is to 
be expected from the relaxation phenomena observed by Galt, Yager, and Merritt. 





T is well known that some magnetic materials re- 
spond to heat treatment in a magnetic field: after 
cooling from an elevated temperature in the presence of 
a magnetic field, the domains are found to have a 
preferred direction parallel to the field, and the magnetic 
properties are correspondingly anisotropic. The chemi- 
cally combined mixed oxides of cobalt and iron (cobait 
ferrites) have been known to be responsive to such a 
heat treatment since the work of Kato and Takei.' 

In an attempt to discover the explanation of this 
phenomenon, and to study the behavior of ferrites in 
other ways, experiments have been made on the crystal 
anisotropy and magnetostriction of several cobalt 
ferrites in both single-crystal and polycrystal forms. 
Special attention is given to the effect of heat-treatment. 
Measurements of these properties have also been made 
on a variety of other ferrites. 


SPECIMENS 


Most of the single-crystal specimens, grown by the 
flame fusion method, were obtained from Dr. G. W. 
Clark of Linde Air Products Company. Others were 
grown by J. P. Remeika of the Bell Laboratories; this 
work will be published shortly. The former crystals 
contained an excess of Fe,;O, over the formula CoFe,O,, 
the latter were nearly stoichiometric. 

Most of the experiments on the effect of magnetic 
anneal on the crystal anisotropy were carried out on 
crystals of cobalt zinc ferrite, Coo.s2Zno.24Fe2.1904. This 
formula and others given below are based on chemical 
analysis of the crystals measured for metallic elements, 
the remainder being assumed to be oxygen. If we assume 
the ions to be Zn**, Co***, and Fe***, this can be 
written (ZnO)» 22° (CovOs)o.14° (FexOs); valences cannot 
be satisfied with Co** instead of Co***. Single crystals 
of Coo.mFes.27O, were also examined ; these correspond 
to (CoO). (FeO)o.s7° (FezOs)o.05. Continued heating 


‘'Y. Kato and T. Takei, J. Inst. Elec. Engrs. (Japan) 53, 408 


in air at temperatures up to 600°C did not change the 
weights of the specimens. 

Most of the polycrystalline specimens were prepared 
under the direction of J. W. Nielsen and were fired at 
1200°C to 1250°C in an atmosphere of O, or COz. They 
were intended to cover the range of solid solutions ex- 
tending from CoFe,0, to FesOx. 

The composition of these and other materials are 
given in Tables I and II. 


CRYSTAL ANISOTROPY 


Measurements of the torque in a saturating magnetic 
field were made on single crystal disks weighing less than 
0.1 g, by using well-known techniques.’ Figure 1 shows 
torque curves for a single crystal disk of cobalt zinc 
ferrite cut parallel to a (100) crystal plane, @ being the 
angle between the saturating field (or saturation mag- 
netization, M,) and the [001] crystal direction. When 
the specimen is heated at 150°C for three days with no 
magnetic field present (Hr=0) we obtain curve A, 
which shows the expected symmetry for a cubic crystal, 
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with easy directions parallel to the cubic axes. The 
torque is given closely by the theoretical relation 
L=—4K, sin4@, with the crystal anisotropy constant 
equal to K;= +1.5X 10° ergs/cm’. 

After maintaining the specimen for the same tempera- 
ture and time in the presence of strong magnetic field 
(Hr= 9000 oersteds) parallel to [001], curve B is ob- 
tained. This shows that the stability of the easy direc- 
tion parallel to Hr has been enhanced, while that of the 
easy direction at right angles to Hr, [010], has been 
diminished. The difference in the crystal anisotropy 
energy between the [001] and [010] directions is now 
0.5X 10° ergs/cm*, whereas it was formerly zero. 

When the specimen is annealed with Hr (100) plane, 
it is noted that the torque measured in this plane is 
practically the same (curve C) as when no field was 
present during annealing (curve A). 

Measurements of the torque on a disk cut parallel toa 
(110) plane of the same crystal are shown in Fig. 2 for 
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Fic. 2. Effect of magnetic anneal in various directions in the 
(110) plane. 


various directions of Hr. The effect of the direction of 
the field present during heat treatment is clearly shown. 
Here we find not only differences in the relative energies, 
depending on the direction of Hr, but also a shift in the 
directions of easy magnetization. These occur at L=0, 
when dL /d@ <0, and are parallel to the [001] and [110] 
directions when Hr=0. 

The results given above can be described by the 
superposition of an uniaxial anisotropy on the normal 
cubic anisotropy. The whole crystal anisotropy can then 
be expressed as follows: 


E= K,(a;a?+a?a?+afa")+Kr sin*(@—6r), (1) 


the a’s being the direction cosines of the saturation 
magnetization, M,, with respect to the crystal axes, Or 
the angle between 7 and the nearest crystal axis, and 6 
the angle between M, and [001]. The torque is then 


1789 
































_xio® 
a COBALT ZINC FERRITE 
oil (100) DISK, BAKED 150°C 
3 [o01)} 1% [o10]} 
“ 1.0 
a vA Fa 
we 
z AS 
: 
a 





; fd 
‘4 


4. 
> 20 40 #6 80 00 120 140 160~=«i80 
@, ANGLE OF APPLIED FIELO FROM [001], iN DEGREES 
































Fic. 3. Effect of magnetic anneal in various directions in the 
(100) plane, @r being angle between [001] direction and direction 
of field during anneal. 


L=—dE/d6, and for the (100) plane is 
L=—}4K, sin4é— Kr sin2(6—6r), (2) 


when //r lies in the plane. 

To test this relation further, measurements were 
made with the (100) disk with Hr varied in approxi- 
mately 10° steps from [001] to [010] in (100), The 
resulting torque curves (Fig. 3) were analyzed by 
evaluating the components containing sin2@, cos26, 
sin4@, and cos4@. The measured torque curves (Fig. 3) 
were found to be composed of terms proportional to 
sin2@, cos26, sin4é, and cos4#, with no appreciable 
residual. Accordingly, the curves were analyzed into 
these components,’ the calculations being facilitated by 
the use of a punched card machine. Writing the ex- 
pression for ZL in the form 


L= az sin26+a, sin40+- b, cos20+-b, cosé, (3) 
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* This was done with the kind cooperation of Dr. R. W. 
Hamming and Miss F. Maier. 
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Fic. 5. Observed points, and lines calculated for three principal 
cases, using constants K,;=1.5X10°, Kr=0.5X 10°. 


and comparing with the previous expression for L, we 
have 
— K l ‘St 


The values of a, to by, derived by analysis of the torque 
curves, are plotted in Fig. 4 as points and there they can 
be compared with the expected values shown by the 
lines drawn for K,;= 1.5 10°, Kr=0.5X 10° ergs/cm*. 

It will be noted in Fig. 3 that the direction of easy 
magnetization may depart from the cubic axis by some- 
what more than 10°. Larger departures are noted in 
Fig. 5; here points show measurements made on the 
(100) and (110) specimens and the curves are calculated 
from Eq. (1) using the above chosen values of K, and 
Kr. Theoretical and observed directions of easy mag- 
netization for the (100) disk are plotted in Fig. 6 as lines 
and points, respectively. 

To test for any possible variation of Kr with 67, Kr 
was derived from each curve of Fig. 3 and plotted against 
67 (see Fig. 19). No trend is observed. 

It follows from the above described behavior of the 
single crystals that a polycrystalline material should 
respond to magnetic anneal in a degree determined by 
Kr alone. Material was prepared by L. G. Van Uitert to 
correspond in composition to the single crystal of cobalt 
zinc ferrite. After heat treatment in a magnetic field at 
150°C, the torque curve of the polycrystalline material 
was found to have an amplitude of 0.54 10° ergs/cm', 
close to the chosen value of Kr=0.5X 10°. 

The changes in the torque curves of cobait zinc ferrite 
with magnetic anneal may be contrasted with the 
changes produced‘ in magnetite by cooling through its 
transformation temperature at about — 140°C. In the 
latter material the direction of easy magnetization re- 
mained very close to a crystal axis when the strong field 
applied during cooling through the transformation tem- 
perature was 30° or less from the axis, and departed 
widely from an axis when the field was near 45°. This 
change of the direction of easy magnetization with the 


~ ¢ Williams, Bozorth, and Goertz, J. Appl. Phys. 91, 1107 (1953). 


a.=—Krycos26r, a4 bo=Krsin26r7, b,=0. 
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direction of the field present during cooling is shown for 
magnetite in Fig. 6, curve E, where it can be compared 
with the data for cobalt zinc ferrite, curve A. The 
different behavior of the two materials suggests that 
different mechanisms are operating. 

Two other estimates have been made of the anisotropy 
of cobalt ferrite. Weisz® has derived the absolute value 
ot K, from measurements of the initial permability, yo, 
of polycrystalline material, using the relation 


wo— 1=21M,7/K;,. 


This assumes that the change in magnetization takes 
place by a rotational process alone, and assumes a 
partly empirical constant of proportionality. His value 
of | K;| =3.5X10® compares with our measured value of 
K,=1.8X10*, for the material nearest stoichiometry. 
Constants for other stoichiometric simple ferrites are 
given in his original paper. In the case of stoichiometric 
NiFe,O, Weisz’s estimated value of | K,| = 400 000 is to 
be compared with K,=62000 determined by Galt, 
Matthias and Remeika.*° 

Shenker’ has measured K for cobalt and _ nickel 
ferrites by observing the torque in a measured field 
which is insufficient to saturate. Results are reported for 
temperatures of 20 to 800°K. The method is based 
essentially on the known relations 


L=—HM, sin(@.—0)= —}K;, sin4@, 
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Fic. 6. Dependence of direction of easy magnetization on the 
direction in which the field was applied during heat treatment in 
the (100) plane. Points, observations. Lines are: (A) for chosen 
values K7/K =0.5/1.5=}, (B) for Kr/K=1, (C) for Kr/K=@. 
Theoretical and observed directions of hard magnetization are 
shown by (D). Data for Fe;O, are represented by broken line (E), 
to show the difference in type of curves. In (A), solid lines show 
easiest directions, dotted lines, secondary easy directions. 


*R. S. Weisz, Phys. Rev. 96, 800 (1954). 

* Galt, Matthias, and Remeika, Phys. Rev. 79, 391 (1950). 

7H. Shenker, thesis, University of Maryland, 1955 (unpub- 
lished) ; and private communication. 








ANISOTROPY AND MAGNETOSTRICTION OF FERRITES 179] 


6 and 4 being the respective angles that M, and H make 
with [001] in the (100) plane. When 4, is small, Z can 
be plotted against 1/H and extrapolated to 1/H=0. 
This gives the torque for infinite field, which is —2K@p, 
and so K, is evaluated. M, may also be obtained from 
the slope of the curve used for extrapolation. 

A more exact method is to plot a series of curves for 
2/sin4@ vs sin(@)>—6), for various values of 4. Then for 
given 6) one measures —L/HM, [equal to sin(@)—6) ] 
and reads off —K/L (equal to 2/sin4@) from the ap- 
propriate curve, and then obtains K, from the measured 
value of L. This assumes that M, is known. 

Shenker’s values of K for a crystal of composition 
Co1,12F 2.2104 are 3.8 10° for 20°C and 17.5 10° for 
— 196°C. The former may be compared (Table I) with 
our values for specimens of different compositions. 
Shenker’s values of K, for Nio.47Coo.osF 1.390, for these 
temperatures are also given in this table (K,= —42 900 
and —27 800, respectively). 




















22 t eC Ke 
| COBALT ZINC J we 
FEARRIT 175°C 

20 + : ~ s i T + T 5s 5 en 
-s | 
? 5 wg 
$ 1.8 rey, 1 i + ; ; } + + + — 
$ 250°C 
So 6 7 +~ 
« | 
2 2 | 300°C + 
a 43 > + + + 
4 1 
° 
& 2} + + + + + - +— 
a 
EO oe +t + 
a ; j Hy CHANGED 
ey ' j a BY 90° 

Os + + + + 7 —— 

= 
0.6 J = 








© )65§lClU10 1S 620 lU2S5lCU OOS COS CO OSS CO CS 
TIME OF ANNEAL IN HOURS 


Fic. 7. Anisotropy as dependent on time of magnetic anneal. Z, 
and L, as designated in Fig. 1, curve B. Dotted curve shows effect 
of changing direction of magnetic anneal by 90 degrees, from [001 } 
to [010]. 


TEMPERATURE AND TIME EFFECTS 


The measurements described above were made after 
the specimen had been held at 150°C for three days. 
The magnitude of the effect is dependent on both the 
temperature and time of treatment in a field, as well as 
on the magnitude of the field. As a measure of the effect 
we used the ratio of the first minimum to the first 
maximum of the torque curves, designated as in Fig. 1 as 
L, and L». This ratio is plotted in Fig. 7. The change of 
L,/L, with time of treatment shows that a change is 
taking place, to which a relaxation time may be as- 
signed. Plotting the logarithm of this relaxation time 
against the reciprocal of the absolute temperature, as 
shown in Fig. 8, one obtains the activation energy of 
0.94 ev. 

It is apparent from Fig. 7 that a different limiting 
value of L,/Z, is approached for each temperature of 
magnetic anneal. The limiting values are plotted against 
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Fic. 8. Relaxation time of effect of magnetic anneal for (a) 
cobalt ferrite single crystal, (b) cobalt zinc ferrite single crystal, 
(c) cobalt ferrite polycrystal. Activation energy, 0.94 ev. 


temperature in Fig. 9. The ratio is higher the lower the 
temperature of anneal, and drops in an almost linear 
fashion to one at the Curie point. 

The same specimen, a disk with dimensional ratio 
2.36, was used to determine the strength of the field 
necessary for effecting a magnetic anneal. The data of 
Fig. 10 show that an applied field of 500 oersteds will 
cause about half of the maximum change in L,/ Ly». Since 
this is about half of the demagnetizing field for satura- 
tion magnetization, the field inside the material (applied 
field minus demagnetizing field) is presumably much 
smaller. This is confirmed by measurements on a hollow 
square specimen as described below. 


OTHER FERRITES 


The single crystal of cobalt ferrite of composition 
Coo.7F 2.2704 was used in some experiments like those 
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Fic. 9. Effect of magnetic anneal at various temperatures, 
measured by the ratio of the two peaks of the torque curves in the 
(100) plane. 
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Fic. 10. Effect of strength of field, Hr, present during annealing 
of (100) disk, on the magnetic anisotropy as measured by the ratio 
of the maxima in the torque curve. 


performed on cobalt zinc ferrite. A torque curve for a 
(100) disk, heated at 150°C with Hr'|[001 ], is shown by 
the solid line in Fig. 11. Before analyzing into its 2 and 
49 components this curve had to be corrected? for lack of 
saturation even in a field strength of 25 000 oersteds. 
The corrected points are shown as triangles, and the 
accompanying dotted curve is the best line through them 
that contains only sines and cosines of 26 and 40. The 
analysis gives K,;=4.3X10°, Kr=2.5X10° ergs/cm', 
values considerably higher than those for cobalt zinc 
ferrite. The curve obtained after treatment in zero field 
was somewhat irregular in shape, showing definite lack 
of saturation and possibly other disturbing effects. 
Therefore K, was deduced from the curve for Hr||[001], 
as mentioned above. 

The cobalt ferrite of composition Co;.:Fe:.90,, nearly 
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Fic. 11. Torque curves for cobalt ferrite annealed at two 
temperatures, 7 ,, with and without presence of a strong magnetic 
field, Hr. “Synthesis” curve is drawn from 28 and 4@ components 
derived ed originally from corrected points (triangles). 


~ ® As proposed by H. J. Williams. See Bozorth, Phys. Rev. %, 
311 (1954). 


stoichiometric, was found to have the much lower 
crystal anisotropy constant of K,= 1.8 10°. It did not 
respond to magnetic anneal, therefore Kr=0. 

Some other ferrites, of manganese, nickel, and 
manganese-zinc, were examined and the results are 
given in Table L*:7*"* Direct comparison was made 
with the results on manganese ferrites obtained at 
microwave frequencies.’ Pieces for both kinds of experi- 
ments were cut from the same ferrite crystal. It is noted 
that the results are the same for the two methods, well 
within the experimental error. 

The results for nickel ferrite at room temperature 
may be compared with the previous data obtained by 
Galt and collaborators'*-” and by Healy."' Some differ- 
ences are apparent. Not enough data are available to 
determine quantitatively the effect of small differences 
in chemical composition. 


Taste I. Crystal anisotropy constants of some ferrites. 








Composition K; at 20°C Ki at —196°C 
FeO, 
Fe;0, 

» { Coo.sFe2. 20x 
CoosFes 20, 
Co; 1Fei.9O. 
Coy. 1Fes. 20, 
Coo sZno.2Fe2 204 
Coo.sMno «Fes oO, 
Mno «sZNo ssFez 0% 
MnFeO, 

> /Mno wFe, 360, 
\Mno.wsFe: sO, 

» |Nio sFe2 204 

(Ni sFe:. 10, 

Nio.8F e2. 2504 
Ni oF 2.004 
NiFe, 
Nig. 7Coo o02F e2. 204 
Nio.7Coo.00sFe2. 204 
Nip. @Coo.osFe1 «O04 





—1.1X10 
—1.35X 10° 
3.9X 10% * 
2.9X 10° © 
1.8X 10° 
3.8X 108 
1.5X 10° 
1.1X10° 
—3.8X 10 
—28X 10° 
—34X 10 
—33X 10° 4 


4.4X 10° 
17.5X 10° 


—187X 10 

—240X 10° 

—233K 104 
—42X 10 
—74X 10 4 


—87X 10 4 
+20X 10 4 
—125X 10° 
—196X 10 


—43X 10 —28X 10° 








* Quenched in air from 400°C. 

» Brackets indicate that measurements were made on different specimens 
cut from the same crystal. 

* Aged at 150°C for 3 days. 

¢ Constant derived from measurements at microwave frequencies. Others 
at zero frequency (torque method). 


Bickford et al.'* have shown that addition of only a 
small amount of cobalt ferrite to magnetite changes the 
sign of the anisotropy constant from negative to posi- 
tive. Our experiments extend this idea to additions to 
nickel ferrite. The anisotropy constant of nickel ferrite 
is reduced from about —40000 to —10000 by the 


* Private communication from S. Geschwind and J. F. Dillon. 

*” Private communication from Cetlin, Galt, Merritt, and Yager. 

uD. W. Healy, Phys. Rev. 86, 1009 (1952). 

#L. R. Brickford, Phys. Rev. 78, 449 (1950). 

—_ Yager, Remeika, and Merritt, Phys. Rev. 81, 470 
(1951). 

“4 Yager, Galt, and Merritt, Phys. Rev. 99, 1203 - 

wy, —— Merritt, and Wood, Phys. Rev. 80, 774 (1950). 

oe on , and Merritt, Phys. Rev. 93, 1119 (1954). 

me K. Galt, Bell Syste: Tech. J. 33, 1023 (1954). 

ickford, "Pappis, and Stull ull, Office of Naval Research Tech- 

nical Report, January, 1954 (unpublished). 
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addition of only 0.4 mole percent of cobalt ferrite 
(attempted composition). 

It is possible that the variable estimates of K, for 
nickel ferrite may be attributed to a slight variable 
impurity of cobalt. 

Specimens cut from the same crystal of Nip sFes.204 
were used for microwave measurements by Cetlin, 
Galt, Merritt, and Yager, and for static measurements 
by the authors. Results show a decided difference be- 
tween the K,’s determined at — 196°C, and some differ- 
ence also at room temperature. The large difference at 
—196°C is in accord with the relaxation phenomena 
reported by Galt ef al.'*"7 This is discussed in a recent 
note.'8* 


MAGNETOSTRICTION 


Measurements of magnetostriction and of crystal 
anisotropy were made on the same crystals. Using the 
strain-gauge technique,” magnetostriction was deter- 
mined usually in the [001] and [011] directions in the 
(100) plane, as dependent on field strength up to 25 000 
oersteds, the field being applied parallel or perpendicular 
to the gauge. Specimens were heat-treated in various 
ways, with or without the presence of a strong field 
during the heat treatment. Some of the materials 
showed an unusually large magnetostriction. 

One can determine from the magnetostriction data 
the distribution of domains resulting from a given 
heat treatment. 

Results are shown in Fig. 12 for Coo. sZno.2Fes.9O,, the 
specimen having been treated (a) in zero field (Hr=0) 


TABLE II. Magnetostriction constants of some ferrites. Also 


saturation magneostriction, A, of polycrystalline material, calcu- 
lated from these constants. Values are for room temperature unless 
noted. 





Aine X 108 Ax10 


—19 81 41 
—23 55 24 
— 250 oe — 
— 590 120 —210 
—210 110 —18 
— 200 65 —40 
—36 —4 —17 
—35 —1 —15 
—14 14 3 


Com position Au X108 





Fe,O,* 
Fe,0,(124°K)* 
Co, 1Fe: 94 

Coo sFes.204 

Coo sZno. 2Fes 104 
Coo.sMno sFes 04 
Nie sFes. 20, 
Mno.wF e560, 
Mn sZne 1Fes. 0. 








and (b) in a high field parallel to [001]. For this and 
other substances examined the results are interpreted in 
terms of the coefficients A100 and \y,; which appear in the 
well-known expression™ for the magnetostriction \= Al/] 
in a cubic crystal: 
A= (3/2)A100(a178+-a782+a787— 1/3) 
+3111 (:028182+4203883+09088)). 

4% Bozorth, Cetlin, Galt, Merritt, and Yager, Phys. Rev. 99, 

1898 (1955). 


* J. E. Goldman, Phys. Rev. 72, 529 (1947). 
ad reference 2, p. 650. 
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Fic. 12. Magnetostriction in Co-Zn-ferrite after treatment in 
(a) zero field, and (b) strong field parallel to [010] in (100) 


plane. 


Here the a’s are the direction cosines of the saturation 
magnetization, and the §’s those of the measured change 
in length, with respect to the crystal axes. In any given 
specimen, with given distribution of domains in the 
initial (demagnetized) state, the constants are evaluated 
by magnetizing to saturation first in one direction, then 
in another, and noting the difference. In most of the 
experiments reported here, Aioo was determined by 
placing a gauge parallel to [001 } in (100) and measuring 
the change in length when the material was saturated in 
the plane in directions first parallel and then perpen- 
dicular to the gauge. Then Ajoo=dy—A, in [001]; 
similarly, using a gauge placed parallel to [011] in 
(100), Aim=Ay—Az- 

The same values of Ayo and A4;; were derived from the 
data of (a) and (b) of Fig. 12, and these are given in 
Table IT. In (a), for which Hy=0, it is apparent that the 
domains were initially distributed almost equally among 
the 6 directions of easy magnetization, [001], ---. In 
(b), for which Hr||[001], the domains were initially 
aligned parallel and antiparallel to [001], where they 
were fixed by the magnetic anneal. It should be noted 
that the magnetostriction in this direction is zero; 
therefore, essentially all of the domains were oriented 
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Fis. 13 
out and (b) 


Table IL 


Magnetostriction of cobalt ferrite crystal (a) with- 
with magnetic anneal. Derived constants in 


originally parallel to [001], although a shallow mini- 
mum in the crystal anisotropy energy occurs also 

[010], a subsidiary direction of easy magnetization as 
shown by the torque curve B of Fig. 2. 

Similar data for Coo sFe, sO, are shown in Figs. 13 (a) 
and (b), and the derived values of A,00 and A,,; are the 
same for the two sets (see Table IT). The initial domain 
distribution is fixed, as for cobalt zinc ferrite, by the 
magnetic anneal (direction of Hr), when this is parallel 
to a crystal axis. 

For this material the magnetostriction measured with 
the field and gauge perpendicular to Hr is very large, 
namely 740X 10~*. Measurements of this were repeated 
with a second specimen comprised of a rod of dimen- 
sional ratio length/thickness=2.2 instead of with a 
disk. See Fig. 14. It was noted that the \ vs H curve is 
strictly reversible, even on the steep portion, the same 
points A and B being obtained on increasing as on 
decreasing H. The slope on the steep portion is equal to 
@d\/dH=0.5X10~*, and would presumably be much 


higher if the demagnetizing field of the rod (about 1000 
oersteds at saturation) were smaller. 

The smallness of the initial slope of the \ vs H curve is 
apparently associated with the high anisotropy of the 
specimen. The corresponding curve for the specimen 
heat-treated in zero field has a larger initial slope be- 
cause in this material 90° domain walls can move so as 
to permit the magnetization to change from one direc- 
tion of easy magnetization to another equally easy. 
When Hr is applied parallel to one crystal axis, the 
difference in the crystal anisotropy energy along the axis 
and one at right angles is Kr=2X 10° ergs/cm’. 

The magnetostriction constants of single crystals of 
these and some other ferrites are given in Table IT. The 
saturation magnetostriction of polycrystalline ferrites of 
these compositions are included in the table, as calcu- 
lated from the relation \= (2Ay00+3A11:)/5. 


HYSTERESIS LOOPS 


Since materials that respond to magnetic anneal often 
have square hysteresis loops, a specimen was cut from a 
single crystal in the form of a hollow square so that it 
could be measured with closed magnetic circuit. The 
length of the edges, cut parallel to [100] directions, was 
3.7 mm, the thickness 1.2 mm, and the width of each leg 
1.1 mm. Hysteresis loops for different fields present 
during annealing for 15 minutes at 400°C are shown in 
Fig. 15. Although sharp corners were not observed on 
the loops, remanence was considerably increased by 
magnetic anneal and the maximum effect was obtained 
when the field present during anneal, Hr, was about 10 
oersteds. The coercive force was then about 5 oersteds. 
The lack of sharp corners may be due to the geometrical 
imperfection of the specimen. Unfortunately, the speci- 
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Fic. 14. Magnetostriction of cobalt ferrite square rod. Note 
reversibility on the steep portion of the curve. 
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men was broken before it could be annealed at right 
angles to its plane. 

Powder patterns were made from portions of the 
specimen by Mr. R. C. Sherwood, after careful polishing 
and etching. These show the expected domain structure 
with parallel and antiparallel domains, the domain walls 
being always parallel to the edges of the magnetization 
and to the specimen. Figure 16 shows two of the patterns 
for the demagnetized state. 


POLYCRYSTALLINE SPECIMENS 


The experiments on single crystals of cobalt ferrite 
showed that the response of the material to magnetic 
anneal varied with composition. This response could be 
investigated most easily with polycrystalline specimens, 
and was determined for severa] compositions lying be- 
tween CoFe,O, and Fe,O,. Specimens were fired at 
1250°C in O, or COs, depending on composition. The 
magnetic anisotropy created by the maggetic anneal, 
expressed as maximum torque per unit volume and 
given in Fig. 17, shows the already known lack of re- 
sponse at the two extremes and a rather high maximum 
in the middle. The highest measured anisotropy corre- 
sponds to Kr=2X 10° ergs/cm’. 

The composition for maximum effect of heat treat- 
ment is consistent with the optimum composition of 
material used for permanent magnets, known as “O.P.” 
or “Vectolite.” 


Ordinarily the magnetostriction of a material at 


saturation is considered to be a structure-insensitive 
property. In view of the change in some of the properties 
of ferrites with state of oxidation, it was suggested by 
L. G. Van Uitert that the dependence of saturation 
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Fic. 15. Hysteresis loops of cobalt zinc ferrite showing effect of 
magnitude of field present during anneal, Hz, in oersteds. 
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Fic. 16. Powder pattern on hollow rectangle of cobalt zinc ferrite, 
showing effect of magnetic anneal on domain orientation. 


magnetostriction on state of oxidation be tested. Two 
polycrystalline specimens of nickel ferrite a: selected 
from the same lot of material, having Fe/Ni= 1.87, and 
fired under different conditions of oxidation so that the 
ratio of their electrical resistivities was greater than 
1000. Figure 18 shows the longitudinal and transverse 
magnetostrictions to be the same, within experimental 
error. 


DISCUSSION 
Anisotropy 


Cobalt ferrite is characterized by high-positive crystal 
anisotropy, by a high-negative magnetostriction, and by 
response to magnetic anneal. All of these characteristics 
are at a maximum when some iron ferrite (magnetite) is 
present in solid solution, and they tend to lower values 
(and zero response to magnetic anneal) as the composi- 
tion approaches stoichiometric CoFe,O, or FesO,. 

Addition of a small amount of cobalt ferrite to other 
ferrites is often enough to change their inherent negative 
anisotropy (easy direction, [111 ]) to positive," and to 
make them respond to magnetic anneal. Addition of 
about 1 percent of CoFe,O, to iron-rich NiFe,O, seems 
to be enough to make the negative anisotropy of the 
latter decrease in magnitude and pass through zero to 
become positive. 

Since the magnetostriction is large there is some 
possibility that it will contribute substantially to the 
anisotropy. The contribution has been expressed by 
Becker and Déring” as an additional anisotropy con- 
stant, AK: 


K,= Kot+AK, = Kot+ (9 ‘4)D100(C ur —C12)—AnsCu ], 


Ko being the intrinsic crystal anisotropy constant, K, 
the observed constant, and AK the difference which is 
dependent on the magnetostriction and elastic con- 
stants. Calculation of AK,/K, for cobalt zinc ferrite, 
using the elastic constants determined by McSkimin 


a J L. Stull and L. R. Bickford, Phys. Rev. 92, 845 (1953). 
@=R. Becker and W. Déring, Ferromagnelismus (Verlag Julius 
Springer, Berlin, 1939), p. 145. 
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Fic. 17. Dependence of anisotropy, developed in polycrystal line 
material by heat] treatment, on composition. Maximum torque, 
La, is equal to Kr/2. Attempted compositions; circles, fired in 
oxygen ; crosses, fired in CO,; triangles, another series fired in air, 


and others,” is found to be only 70X 10°/(1.5X 10°) or 
less than 5 percent. Thus the contribution of magneto- 
striction to the anisotropy is small. 

In the crystal of cobalt zinc ferrite the response to 
magnetic anneal was such as to make the selected direc- 
tion an axis of easier magnetization, the difference in the 
energy between this direction and the direction at right 
angles being 0.5X10° ergs/cm*. In iron-rich cobalt 
ferrite the response is similar in kind, but larger. 

The origin of this difference in energy is so far not 
clear. The firmness by which the domains are held in the 
easy direction by the magnetic anneal, measured by Kr, 
can be compared with the elastic energy that is absorbed 
during the change of magnetization from one easy 
direction to another. Consider a crystal that has been 
heat-treated with the field parallel to [100], so that all 
domains are parallel to this axis, and then magnetize it 
to saturation parallel to another axis, [010 ]. The elastic 
energy so expended is *Y, where A= $Ajo0 and Y 
represents Young’s modulus, and is 


E= (9 4)X100(€11— C12) (Cra + 2c12) (Cxr+e12). 


This is 150 000 ergs/cm*, which is to be compared with 
500 000 ergs/cm', the difference in energy as determined 
from the torque curve. The domains are obviously held 
to the direction of easy magnetization by forces much 
stronger than those of magnetostriction. 

Néel™ has proposed a theory of short range order and 


* Using the elastic constants determined on a piece of the same 
crystal by McSkirnin, Williams, and Bozorth, Phys. Rev. 95, 616 
(1954). 

™ L. Néel, J. phys. radium [8] 15, 225 (1954) 
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its effect on the magnetostriction and crystal anisotropy. 
In relation to the present experiments it suggests that 
the short range order is controlled by the magnetic 
anneal and that as a result there will be a uniaxial 
anisotropy superposed on the normal crystal anisotropy. 
The magnitude of the uniaxial anisotropy, however, 
should be dependent on the crystallographic direction 
according to Néel’s theory, and in a face-centered cubic 
lattice the constant Kr should be twice as large when 
Hr)\[110] as it is when Hy//[100]. In our experiments 
no such crystallographic dependence was observed. In 
order to check on this point our torque curves were 
analyzed and Kr, the amplitude of the 26 component, 
was derived separately from each curve for the (001) 
plane. The results, given in Fig. 19, show no trend that 
approaches the magnitude required by Néel’s theory for 
a simple face-centered lattice. In a private communica- 
tion Professor Néel has pointed out that the various 
interactionsdetween neighbors, either between nearest- 
neighbors, second-nearest neighbors, or through super- 
exchange, is so complicated that it is uncertain if there 
should be any dependence of Kr on crystallographic 
direction in the ferrites. The results, then, are not 
necessarily in conflict with Néel’s theory. 

Note added in proof.—In an attempt to detect atomic 
ordering, E. Prince has made neutron diffraction obser- 
vations on cobalt ferrites of various compositions, both 
before and after heat treatment in a magnetic field. 
The neutron data show no evidence of long range order 
of Fe and Co on octahedral sites, but the possibility of 
some short range order cannot be eliminated. The 
magnetic structures of heat-treated samples contain 
moments which are not in general aligned parallel to 
[100] directions, the angle of misalignment being 
greater in iron-rich samples in accordance with the 
magnetic observations. We are indebted to Dr. Prince 
for permission to include this note in our paper. 

Chikazumi** measured the effect of magnetic anneal 
on the anisotropy of a crystal of composition FeNis, and 
found a uniaxial anisotropy, Kr, of magnitude 450 to 
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Fic. 18. Magnetostriction of polycrystalline nickel ferrite, 
showing negligible effect of oxidizing anneal which changed 
conductivity 1000-fold. 

*S. Chikazumi, as reported by S. Kaya, Revs. Modern Phys. 
25, 49 (1953). 
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1250 ergs/cm*. In accordance with Néel’s theory, and 
unlike our measurements on Co-Zn-ferrite, the uniaxial 
anisotropy of FeNi; depends on the crystallographic 
direction. 

Another possible explanation to be considered in the 
explanation of our results is the formation of thin plates 
or rods of precipitate that are directed by the magnetic 
field during the anneal, in much the way that they are** 
in Fe,NiAl and Alnico 5. According to calculation, the 
torque of a rod-like precipitate at saturation is 


L=}(N.—N)M? sin2#, 


N, and N;, being the longitudinal and transverse 
demagnetizing factors of the rods. In cobalt zinc ferrite 
the amplitude of the 26 term, 0.5X 10°, would be realized 
by a rod-like precipitate having V.—N,~ 2s, corre- 
sponding to a large ratio of length/diameter. Plates 
having appropriate dimensional ratios might also satisfy 
the experimental data. The nonsinusoidal! character of 
the torque curves of cobalt ferrite, seen in Fig. 11, sup- 
ports the idea that a separate phase is precipitated at 
low temperatures and that its direction is controlled by 
the field during annealing. 

The time constants used in determining the energy of 
activation, (Figs. 7 and 8), correspond to the expression 
for the relaxation time: 


T= Tee" kT 


the energy of activation being 0.94 ev. The magnitude is 
consistent with the time necessary for the diffusion of 
atoms in a solid of this kind. No specific data on the 
diffusion constants of any of the elements in these 
materials, or their temperature dependence, are known 
to us. 

It is surprising at first to find the relaxation time of 
magnetic anneal, as shown in Fig. 7, to be so rapid at 
temperatures as low as 150°C. It should be remembered, 
however, that the ferrite structure is built up of a 
lattice of relatively large and deformable 0~~ ions with 
much smaller metal ions in the interstices. It is therefore 
reasonable to observe the effects of the diffusion of the 
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Fic. 19. Constants Kr derived from harmonic analysis of torque 
measured in (100) plane, for various angles @7 between H 
and [001]. 

* Nesbitt, Williams, and Bozorth, J. Appl. Phys. 25, 1014 
(1954). 
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Fic. 20. Magnetostriction of Co—Zn-ferrite in (100) plane. See 
Table II for derived constants. 


relatively small metal atoms at this low a temperature; 
the diffusion of C and N in iron take place with com- 
parable speeds at even lower temperatures. The relaxa- 
tion time of cobalt ferrite reduces to about 1 second at 
the Curie point. 

The temperatures required for the sintering of ferrite 
powder are hundreds of degrees higher than the tem- 
peratures at which magnetic anneal is effective. It is 
suggested that the diffusion of the O-~ ions, which 
control the lattice structure, occurs with appreciable 
rapidity only at the higher temperatures needed for 
sintering, while the much greater mobility of the metal 
ions at the lower temperatures controls the magnetic 
properties. 

It will be noted that ro for the process under discus- 
sion is about 10~* sec, a time long compared with 10 
sec, the time of oscillation of an atom in the lattice. 
This means that many oscillations take place before an 
atom can escape from a potential well, or that it must 
escape successively from many wells before it finds a 
position where it causes a change in the property ob- 
served, in this case crystal anisotropy. 


Magnetostriction 


Com position.— Insufficient data are available to show 
uniquely the effect of composition on the magnetostric- 
tion constants. It is apparent, however, that the pres- 
ence of Co causes a large negative value of Ajoo and a 
moderately large positive Ay. Apparently higher A,oo’s 
are obtained when there is somewhat less than one Co 
atom per molecule. The effect of the valence of the 
atoms (in nickel ferrite) has no apparent effect on 
magnetostriction. 

Crystal symmetry.—In the ferrites examined Ajoo <9, 
and generally A:,>0. In most cases |Ajo0! > |Auu!, and 
in some cases |Ajoo| is very large. The high magneto- 
striction emphasizes the fact that crystals which are 
originally cubic have lower symmetry when magnetized. 
Guillaud and Sage’ have even observed by x-rays the 
difference in spacing between (001) and (100) planes 


"C. Guillaud and M. $ 
See also C. Guillaud, Revs 





ce, Compt. rend. 237, 313 (1953). 
odern Phys. 25, 64 (1953). 
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Fic. 21. Various types of magnetostriction curves expected from 
various relations between K, Ayoo and Ay. See Table III. 


when the direction of magnetization is differently related 
to these planes. 

This raises the question as to when to take account of 
the effect of the magnetostriction on the crystal sym- 
metry. One point of view that we believe to be tenable is 
the following. When a crystal such as iron is unmag- 
netized and its spins are distributed equally among the 
six directions of easy magnetization, it is cubic, because 
the properties measured in various directions in a 
crystal of reasonable size have the required symmetry 
(four 3-fold symmetry axes). This is so even though the 
unit cell, and also a single domain, have only tetragonal 
symmetry, and of nickel have 
rhombohedral symmetry. If either of these crystals is 
magnetized along one axis it is tetragonal, and if 
magnetized in an arbitrary direction it is triclinic. 

Initial domain distribution._-The magnetostriction at 
saturation is useful not only in determining the values 
of the constants Ajoo and Aj,;; but also in deducing the 
domain distribution in the unmagnetized state. For 
example, Fig. 13 shows that when cobalt ferrite is 
magnetically annealed with Hr!\[ 100], the longitudinal 
magnetostriction in this direction is zero, therefore in 
the unmagnetized state all of the domains are oriented 
either parallel or antiparallel to this direction. Even 
though [010] is also a direction of easy magnetization, 
practically all of the domains are fixed |/[100]. 

After annealing the same specimen with Hr/'[110] it 
was found (see Fig. 20) that practically all of the 
domains were aligned nearly parallel to [100] and none 

010}. In this case [100] and [010) are equally easy 
and equally near to Hr, and one might expect half of the 
domains to be nearly parallel to each axis. Presumably 


these subdivisions 
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Hr was slightly nearer to one axis than to the other and 
the nearer axis was chosen. It may be that a very slight 
error in adjusting the angle of Hr will result in the 
alignment of the domains almost parallel to one or the 
other of the axes. The torque curve for this treatment 
(see Fig. 6) shows the easy direction to lie about 10° 
from the crystal axes. 

Form of >, H curve.—Bickford, Pappis, and Stull'® 
have studied the behavior of \ vs H curves of Fe;0, and 
of solid solutions containing a few percent of CoFe,O,. 
They note that in FeO, at room temperature the 
magnetostriction is positive at low values of H, and that 
it becomes negative when the temperature is lowered 
below 160°K and [100] becomes the direction of easy 
magnetization (K,>0). As they point out, the initial 
part of the A, H curve depends on the sign of A in the 
easy direction, and the latter part of the curve shows the 
effect of the sign of \ in the hard direction. 

This idea may be generalized, and the relation of the 
signs of Ky, Ax90, and A111 to the general shape of the A, H 
curve may be tabulated. It is convenient to distinguish 


Taste III. Types of magnetostriction curves (A os H). See Fig. 20. 


Curve 


K » a type Examples 

- + 4 1 O% Ni-Fe 

+ + _ 2,4 2% Si—Fe, Fe 

+ ~- + 3,5 

+ _ - 6 

_ + + 1 

“ + = 3,5 70% Co—Ni, 
40% Co—Ni 

- - + 2,4 

- - -- 6 Ni 


6 types of curves as indicated in Fig. 21, the type de- 
pending on the presence or absence of maxima or 
minima, and on the existence of a crossing of the curve 
through A=0. The situations that give each type of 
curve are given in Table III, and some materials that 
fall into various classes are noted. 
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The asymptotic value of the Hall constant of semiconductors as the magnetic field becomes very large is 
shown on general grounds to be 1/(p—m)ec, where p and m are the concentrations of holes and of electrons 
respectively ; this result is independent of the band shapes in the neighborhood of energy maxima or minima, 
The unscattered motion of electrons, which determines the saturation Hall constant, is examined by means 
of the usual crystal momentum force equation, and also through direct investigation of the properties of 
stationary states in crossed electric and magnetic fields. The saturation magnetoresistance is also discussed, 
within the framework of the crystal momentum approximation. 





INTRODUCTION 


HE Hall constant of semiconductors may ex- 

hibit considerable variation with magnetic field 

strength. At vanishingly small fields, the Hall constant 
of extrinsic semiconductors takes the form 


(1) 


Mh NieC 


where mx is the concentration of holes (+) or of elec- 
trons (—), w is the drift mobility, ua is the Hall 
mobility, and e and c have their usual significance. The 
ratio ux/p in general differs from unity, since electrons 
in different states may be deflected through different 
individual Hall angles. 

As the magnetic field is increased the Hall constant 
changes, and may eventually approach a saturation 
value, R,. Theoretical calculations of Hall constant 
versus magnetic field strength have been carried out for 
certain special types of energy band—those having 
spherical! or ellipsoidal? surfaces of constant energy in 
crystal momentum space. In these instances the satura- 
tion Hall constant is 


R,=+1/ nsec. (2) 


In this note we shall examine specifically the theory of 
the saturation Hall constant, and shall attempt to 
generalize somewhat the conditions under which for- 
mula (2) is valid. 


I. PHYSICAL INTERPRETATION OF THE 
SATURATION CONSTANT 


At saturation the longitudinal current can be calcu- 
lated exactly as though the particles were unscattered, 
that is, as though they followed their natural motion 
in the electric and magnetic fields. 

The reasoning leading to this conclusion, and to the 
value of the saturation constant itself, is especially 
straightforward if all the particles have a single effective 
mass, m*. The orbits of such particles in crossed electri 

1A. H. Wilson, Theory of Meals (Cambridge University Press, 
Cambridge, 1953), Chap. VIII. 

2 Motoichi Shibuya, Phys. Rev. 95, 1385 (1954). 


and magnetic fields are well known; they are cycloids 
with angular frequency 


(3) 


w=eH/m*c 
and translational velocity 


v= (E/H)c (4) 


in the direction (EX H). A simple proof of this consists 
in transforming to a coordinate system moving with 
velocity Vo relative to the initial system. In this new 
coordinate system there is no electric field. 

Let the mean free time of a particle in a given 
cycloidal orbit be r. Then on the average a particle will 
traverse the angle 

6’ =wr, (5) 
before being scattered. If # is small, the Hall angle @ 
between current and electric field is given by 


(6) 


where ry is a weighted average of the mean free times 
for different orbits, in general not identical to the 
average used in calculating the drift mobility. The 
definition of the Hall mobility, 


6=wrn, 


6 
ua=c lim —, (7) 
te | 
leads to the equation 
un= (e/m*)ry. (8) 


This abbreviated conventional analysis shows that 
the Hall constant at low magnetic fields depends on the 
distribution of mean free times. 

When the magnetic field is sufficiently large, & for 
all particles becomes greater than 2x, while @ cannot 
exceed x/2. The particles follow their natural motion 
for one or more revolutions, and hence between col- 
lisions possess average velocity 0». Since @ approaches 
a/2, this velocity has the direction of the normal 
longitudinal current. It is reasonable to suppose that 
collisions merely carry a particle from one orbit to 
another without adding any characteristic displacement 
in the longitudinal direction. In this event the longi- 
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tudinal current i; is 
ij= +N 0%, 


(9) 


and the saturation Hall constant is clearly given by 
Eq. (2). 

The fact that scattering may be ignored at high 
fields leads us to make a more general analysis of the 
motion of electrons in crystals under crossed electric 
and magnetic fields. Proof that scattering does not 
affect the saturation Hall constant in the general case 
will be deferred until Sec. III, since it will be desirable 
to have the theory of the unscattered motion, already 
in mind when considering this and related questions. 


Il. MOTION IN CROSSED FIELDS 
Orbits in Momentum Space 


The particle orbits in momentum space are deter- 
mined by the force equation 


dP /dt= —eLE+(vXH)/c], (10) 
and the associated velocity equation 
1,= OW /dP;, (11) 


where P is the crystal momentum, v the velocity, and 
W the band energy. This description of the motion 
does not include quantum effects specific to the oscilla- 
tion of the particle in its orbit. We shall discuss this 
question in Sec. IV. 

In order that P; may be continuous we shall not 
employ the reduced zone scheme initially, but instead 
allow P; to take on all real values. The energy in one 
band then becomes a periodic function of crystal mo- 
mentum, i.e., three primitive P-vectors may be defined 
such that any displacement which is a sum of primitive 
displacements leaves the energy function unchanged. 
The images of the orbits in the reduced Brillouin zone 
will be discussed later. 

Let us set up a right-handed coordinate system with 
orthogonal unit vectors u,, u,, and u, pointing in the 
direction of the x, y, and s axes respectively. The direc- 
tions of the electric and magnetic fields are specified 
as follows: 

E=£u,, 
H=—Hu,, (12) 


so that the vector (EXH) points in the direction of 
the y-axis. 

» The motion is confined to a plane in momentum 
space 


P,=const. (13) 
The other component equations of (10), 
P,= —e(E-—1,H/c], (14) 
Py = —ev,H/c, (15) 
can be combined to yield 
éP,/dP,= (cE—»,H)/2,H, (16) 
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which in conjunction with Eq. (11) determines the 
orbit. A more informative equation is obtained by 
using the well-known relation 


W=v-dP/dt, (17) 


which follows from Eq. (11). Substituting the expression 
for dP/dt given by Eq. (10), we have 


W=—cE»,, (18) 
and from Eqs. (15) and (18) it follows that 
dW /dP,=, (19) 


where t%» has the value cE/H, as in Eq. (4). We shall 
base our further discussion on this relation. 

The orbits in P-space, as given by Eqs. (13) and (19), 
may be visualized as follows: Confining ourselves to 
the plane P,=const, let the energy as a function of 
P, and P, be plotted in what was formerly the P, 
direction. Then the orbits in P-space are the projections 
on the plane P,=const of the intersection of planes 
with slope dW /dP,= 1 with that energy surface. 

It is clear that all of the orbits in P-space are either: 
(a) infinite in extent with average direction along the 
electric field, or (b) reentrant. For if an orbit were 
confined to a bounded region of the plane P,=const 
and were not re-entrant, there would have to be an 
infinite number of distinct intersections of a particular 
plane of slope (19) with the energy surface, and this is 
of course impossible in cases of physical interest. 

If v is different from zero and not too large, orbits 
of both type (a) and type (b) exist. The orbits are 
obviously reentrant near a maximum or minimum of 
the energy surface (i.e., the surface which represents 
energies in the P,=const plane, and conceived in the 
preceding as erected above that plane), providing 1% is 
small enough. It will be shown later that orbits of 
type (a) must then also exist. The special case 1=0 
corresponds to an infinite magnetic field or zero electric 
field. In this case all orbits are constant energy con- 
tours. For t= © all the orbits are infinite straight lines, 
corresponding to motion in a pure electric field. 

We are interested primarily in the time average of 
the velocity of particles in these momentum orbits. 
Using the angular parentheses to designate the time 
average of the included quantity, we find from Eqs. (14) 
and (15) that 
(vy) = vo+(P.)c/eH, (20) 


(v,) = —(P,)c/eH =0, (21) 


the last equation following from the fact that P, is 
bounded (since the energy in one zone is bounded). 
Furthermore, for any re-entrant orbit (P,) is zero, 
and thus 

(22) 


It is Eq. (22) which allows us to realize the more general 
validity of Eq. (2). 
We next consider the images of these orbits in the 


(n,)= 0 (all reentrant orbits). 














reduced Brillouin zone. Let us select one plane P,= const 
and one energy plane W = P,+const. Then if there 
exists no vector in the direction of the electric field 
which can be expressed as a sum of the primitive 
momentum displacement vectors, the image of the 
orbits so defined will be everywhere dense in the funda- 
mental zone or on a surface in the fundamental zone. 
Let us for simplicity choose a direction for E which 
contains such a vector. Then the orbits in the topo- 
logical space of the reduced zone are “closed” curves. 
We may generate a complete set of such closed orbits 
by imagining the reduced zone to be completely popu- 
lated at one instant of time by the array of points 
representing the stationary states. The orbits subse- 
quently traced out by these points give us our com- 
plete set. 

Having a complete set of orbits in the reduced zone 
we can attach a more definite meaning to the terms of 
the following statement: the sum of the average 
velocities associated with all orbits is zero. (If several 
orbits coincide, the contribution of each must, of course, 
be counted.) This must be so since the total current 
contributed by a full Brillouin zone is zero. One should 
recall here that the flow of points in P-space is “incom- 
pressible.”” Since all the reentrant orbits have the 
average velocity vo, those orbits which are not reentrant 
in the infinite P-space have on the average an opposite 
velocity. Both reentrant and non-re-entrant orbits must 
exist in general in order that the sum of all average 
velocities be zero. 


Application to the Hall Effect 


Let us suppose that the great majority of electrons 
in a given band have energies less than a certain energy 
Wo. Consider the volume in extended P-space composed 
of points associated with energies less than or equal to 
W >. If this volume is composed of subvolumes which are 
finite in extent and disjoint, then the current carried by 
the corresponding filled orbits in the fundamental zone 
is —m_evo, where n_ is the number of electrons in the 
band. This follows from the fact that the electrons are 
confined to these disjoint regions if the velocity % is 
small enough. If there are several partially filled bands, 
each satisfying the above criterion, the same formula 
for the current will apply, with m_ equal to the total 
number of electrons in such partially filled bands. The 
image of the disjoint regions on the reduced zone may 
be either connected or disconnected. 

The same result clearly holds for holes. An empty 
orbit can be considered to carry the current +e. 
If the regions in P-space corresponding to all relevant 
unfilled states are finite in extent and disjoint, the 
current is m,ev, where n, is the number of unoccupied 
states. 

Experimentally, saturation of the Hall constant is 
obtainable only if the mean free time is sufficiently 
large that at available fields most of the particles 
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average at least one traversal of their orbits between 
scattering collisions. If the electrons are inhomo- 
geneous, i.e., are spread among several bands or differ- 
ent energy minima, the saturation condition may be 
realized by different groups of electrons at different 
field strengths. As a result the Hall constant may still 
change materially after the first apparent approach 
to saturation. 

We conclude this section by pointing out that when 
both holes and electrons are present the longitudinal 
current density is 


i,== evo(my—n_), (23) 
and the Hall constant is 
R,=1/(n,—n_ec. (24) 


This is a well-known formula, now validated more 
generally. For a near-intrinsic semiconductor the cri- 
terion for saturation is somewhat different, as explained 
in Sec. III. 


III. STATISTICAL TREATMENT 


In this section, we shall apply the Boltzmann trans- 
port equation to the problem of determining the distri- 
bution function at high fields. This analysis enables us 
to show that the high field Hall constant is determined 
by the free motion of the carriers. The discussion also 
leads naturally to a study of the saturation magneto- 
resistance. 

Let f be the probability of occupation of states of a 
band in the reduced zone of P-space. If the concentra- 
tion of carriers is uniform in space, the Boltzmann 
equation for this band is 


dP ’ of 
— -Vpf= ~eCB+ (WXM)/e}-Vef=[ , (25) 
dt al eoll 


where the symbol Vp denotes the gradient with respect 
to crystal momentum. The right member of Eq. (25) 
represents the net rate of change of occupation prob- 
ability due to scattering collisions. 

From Eq. (25) one can deduce in a general manner 
the behavior of the electric field as the magnetic field 
increases without limit while the longitudinal current 
density remains constant. Since the right member of 
Eq. (25) remains finite while the force dP/dt becomes 
infinite, the gradient of the distribution function along 
the direction of the force must approach zero. Thus the 
distribution function tends to become constant along 
the unscattered orbits. It follows that the electric field 
must become infinite; otherwise, the limiting distribu- 
tion function would have zero current associated with it. 
However, the component of the electric field in the 
direction of H will remain finite, since a finite electric 
field is sufficient to cause a current in that direction. 
In the limit the electric field therefore becomes per- 
pendicular to the magnetic field. 

It follows from the above that the current density at 
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saturation in the plane perpendicular to H is deter- 
mined by the unscattered motion of the carriers in the 
magnetic and transverse electric fields. This current, 
as we have seen, is orthogonal to both fields. Should the 
magnetic field be applied in a direction not perpen- 
dicular to that of the longitudinal current density, 
a finite electric field in the same direction as the mag- 
netic field is required to produce a balancing current, 
such that the resultant current lies in the longitudinal 
direction. The current density due to the unscattered 
motion of the particles in the magnetic and Hall electric 
fields is thus the projection on the axis perpendicular 
to E and to H of the longitudinal current density. It 
follows that the saturation Hall constant is determined 
by this unscattered motion, and has the same value 
for all directions of H, provided that the definition of 


the Hall constant 


is generalized in the 
Ey=—R(ix<H), 


h Ey is the Hall field, 


isual way: 

(26) 
in whic and i the vector current 
density 


} 


In the following we shall treat the saturation Hall 


constant and also the magnetoresistance in a more 


rigorous fashion for the case in which the magnetic 
field is perpendicular to the longitudinal current density. 


We will adopt the same notation and direction for 
each field as in the previous section 
It is convenient for the analysis to constrain one 


field to be m iltiple of the other, i.e.. 


k= iE C. 27) 


a constant 


lhe 


in the crossed fields. Let us define for every such orbit 


determines a set of unscattered orbits 


onstant 


a specific orbit time ¢’ such that ¢ is the time (measured 


with respect to an arbitrary fixed reference moment) at 


which the particle occupies a particular point of its 


orbit in a magnetic field of unit strength. In a general 
field H, the corresponding time ¢ is related linearly to ¢’ 
t' = Ht, 28 


becomes in terms of /’ 


Hdf/ dt’ 


and Eq. (25 


[ ofa | 29) 


oll 








In Eq. (29) the right member is a partial derivative 
with respect to time at a fixed point in momentum 
space, while the term df/dt’ is a total derivative with 
respect to specific time along the orbit passing through 


the point in question. 


Let us assume that at sufficiently high fields the 
following expansions are valid: 

f— fo=hoth,H'+h.H + ---, 30) 

[Of/ At ou= Sots, H-'+5,H*+ - - (31) 


It will prove useful to define the additional quantities 
ho= fothe, 
hy= hy 


(32a) 


(i#0). (32b) 
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The quantity A, is the saturation probability distribu- 
tion function for the particular value of 1%» selected. 

Applying Eq. (28) to the expansions (29) and (30) 
we find that 


dhi,1/dt’ =s;. (33) 


The first equation of the set is 


dh,/dt'=0 (34) 


showing that fy is constant along each of the orbits 
determined by 1%. Thus, provided that the series (30) 
converges, the saturation Hall constant is rigorously 
shown to be determined by the unscattered motion. 
It should be noted, however, that Eq. (34) does not 
determine the distribution of electrons among the 
orbits. As one would expect, this distribution is de- 
termined by the law of scattering. 

Let us in fact note that every s; must satisfy the 


condition 
g s,dt'=0. 
70 


The loop integral sign indicates that the scattering 
function s; is to be integrated around one complete 
revolution of the particle in one of the orbits deter- 
mined by the constant 1. The proof of Eq. (35) con- 
sists in integrating Eq. (33) with respect to the time 
around one of the closed orbits. The integral of the 
left hand member is the change of A; around the orbit, 


(35) 


which must be zero. 

Equation (35) constitutes a condition on A,, since h, 
determines s; through the scattering law. This condition 
is needed to specify A; uniquely, since to any /, satis- 
fying (33) we can add a function constant along the 
orbits but otherwise arbitrary, thereby obtaining a new 
solution. In particular, the value of ho along a given 
orbit is determined by Eq. (35) as applied to So. 

Rather than discuss the general case further, we 
shall suppose that a mean free time exists. The problem 
is then greatly simplified, since the functions s; are 
given in terms of h; by the relation 


ss=—h,/r. (36) 


The set of equations resulting from substitution of 
this expression for s; into Eqs. (33) is easily soluble, 
and moreover the solution may be found along each 
orbit independently. For suppose 4; has been deter- 
mined ; then we may determine /;,, by integrating part 
way around an orbit: 

t 


hss P)—hus(Po)= -f 
to’ 


Q 


ht’ T. 


(37) 


Here Py and t' are the coordinates of an arbitrary 
reference point on the orbit, and P and ¢ are the 
coordinates of a general point. Equation (36) deter- 
mines A,,, along every orbit to within an arbitrary 
constant. This constant is determined from the con- 
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g his \dt’/r = 0, 
0 


following from Eq. (33). 

We next show that the series (30) obtained in this 
manner converges if H is sufficiently large. We note 
that the maximum absolute value of 4;,; along a par- 
ticular orbit is less than the maximum absolute value 
of h; integrated around the complete orbit. This follows 
from Eq. (37). Indicating the maximum absolute value 
along an orbit by the subscript m, we have 


histm<hin rs dt'/r. 
v0 


Since A; must take both positive and negative values, 
the inequality (39) is in general rather strong. It is 
useful for our purposes to express this inequality in a 
different form. Taking the line integral with respect to 
the actual orbit time ¢ we have 


hs Lm 
—< g dt/r. 
hy, mH v0 


The left member of Eq. (40) is the ratio of the maximum 
absolute values of adjacent terms in the series (30). 
Thus the series converges for a given orbit if 


g dt/r<1. 
vo 


This condition may be assured for all relevant (occupied) 
orbits by choosing a sufficiently large magnetic field. 

Thus if a mean free time exists, the convergence of 
series (30) for sufficiently high magnetic fields can be 
proven rigorously. We note, however, that the series is 
not convergent for all magnetic fields. In fact, it is not 
difficult to show that for the condition 


¢ dt/1t>2x 
v0 
the series diverges. 


When the left member of inequality (41) is very 
small compared to unity, it is approximately equal to 
the probability of the occurrence of a scattering collision 
during the time of one revolution of the particle. We 
may consider the maximum absolute value (along an 
orbit) of the ith term in the series (30) as a rough 
measure of the ith order current contributed by a 
particle in that orbit. Applying inequality (40) to the 
first and second terms of the series (30), we see that 
the major part of the current contributed by particles 
occupying a given band and region of momentum space 
is due to the unscattered motion of these particles if 
the probability per revolution of scattering in that 
band and region of momentum space is small. 


dition 


(38) 


(39) 


(40) 


(41) 


(42) 
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It would be wrong, however, to conclude that the 
saturation Hall constant is effectively reached when the 
preceding sentence is true for all relevant bands and 
regions of momentum space. The condition for the 
saturation of the Hall constant is that the current 
density due to the first term of (30) is much larger 
than the current density due to the second term. But if 
both nearly empty and nearly filled bands must be 
considered, the contribution to the current of the holes 
balances the contribution of an equal number of elec- 
trons as far as the current due to the unscattered 
motion is concerned. The magnitude of the current due 
to ho is therefore reduced, and the current associated 
with 4, may continue to be dominant or appreciable at 
fields much higher than those required to reduce the 
probability of scattering per revolution to a very small 
quantity for all orbits. This enables us to understand 
the implausible discontinuity exhibited by formula (24) 
at the intrinsic point. At any given finite field the Hall 
constant is continuous as a function of the net impurity 
concentration, but in a region of concentrations close 
to intrinsic it will not have reached its saturation value. 
Only in the limit of infinite magnetic fields will the 
Hall constant have reached saturation for all impurity 
contents, and therefore it is only in this unrealizable 
case that the discontinuity exists. 

To conclude this section we discuss briefly the possi- 
bility of expanding the distribution function in the 
following manner: 


{= fot E(giH'+ gx +--+). (43) 


This expansion is incomplete in the sense that terms of 
order higher than the first in the electric field are 
omitted ; nevertheless the differential equation govern- 
ing the g’s can be solved in a manner similar to that 
employed above, with the integrals in this case taken 
along constant energy contours. The previous expansion 
is complete since it contains all powers of EZ by virtue 
of the constraint Ec=/#. This constraint does not 
detract from the generality of the solution, since 0» is 
arbitrary. 


Saturation Magnetoresistance 


Let the Hall angle @ be expressed as 


6=9/2—6. (44) 
Then near the saturation of the Hall constant 
o=tzg/is, (45) 


where i; is the current due to the free motion of the 
particles, and ig is the current in the direction of E. 
The electric field EZ; in the direction of the longitudinal 
current can be expressed in terms of ¢: 


E,* Ed. (46) 


The resistivity at infinite magnetic field, p,, which 
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we shall call the “‘saturation resistivity,” is given by 


pom E; 1:=oE i; = R, Hig i}. (47) 


In genera! the difference in resistivities 
p= px Po, 


where po is the resistivity at zero magnetic field, does 
not vanish, and a magnetoresistance”’ 
exists, proportional to this difference. Since ho does 
not give rise to current in the direction of the electri 
field, the saturation magnetoresistance is determined 
by Ay. 

The form of the functions 4o(P) and h,(P) depends 
on the value of t%». Thus it may be that the saturation 
magnetoresistance is current-dependent. In the follow- 
ing we shall be concerned with the limiting value of the 
magnetoresistance as the longitudinal current density 


“saturation 


is reduced to zero. The saturation magnetoresistance 
should not deviate appreciably from this limiting value 
if the longitudinal drift velocity is much less than the 
thermal velocity associated with each energy minimum. 
We wish to obtain a formula for /4,, but in order to 


do so it is necessary first to determine Ap». Let us con- 


centrate our attention upon a particular orbit and a 
particular constant energy contour (energy Wo) which 
intersects it at a point Po. Then, if v is sufficiently 


small, 


= fo(Wo)+ (0f./0W)(W-W (48) 


f(W 


where W is the energy along the orbit. Now consider a 


point on the energy contour and the adjacent point on 


the orbit which has the same P, coordinate. Then, 


in view of (19), 


fo(W)— fo(Wo)=(Afo/AW)00(Py— Po). (49) 


Since Po, is arbitrary we may set ho(W) equal to fo(Wo). 
Then Eq. (37) for i l 


on a 
» > Vai le 
$ (r,-1 dt’ /7=0. 


are specializing to cases in Ww 


the condition (50) may be approximated by 


onstitutes a condition 


(50) 


since we hich 2% is small» 


an integral around a constant energy contour. 


writing Eq (49) we have 
(af ~Py). (52) 


ho(W)= fo(W)- OW )ao(P, 


The two terms on the right-hand side of this equation 
must correspond to the first two terms of the expansion 
(43). In fact, had we solved the latter expansion we 
should have found that 


gi= — (0fo/OW)(P,— Pa), (53) 


where Py is determined by Eq. (51). One may employ 
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(52) as an adequate approximation of the correct 
function near each energy minimum when 1?» is small. 
The resultant formula for h; is 


afo pt 
hi(P)—hy(P)=—1 f (Py—Po)dt'/r. (54) 
Ow Jw 


To Eq. (54) must be added the usual condition 


rs hydt’ =0. 
A 


Equations (50), (53), and (54) determine the satura- 
tion magnetoresistance. Should the contours of constant 
energy in a given plane P,=const have a center of 
inversion in the point of maximum or minimum energy, 
and should the mean free time possess the same sym- 
metry properties, the problem is further simplified. For 
then the constant Po, is the same for all the contours 
in the plane P,=const, and in fact is equal to the 
P,-coordinate of the center of inversion.* 

It should be noted that this method of finding the 
magnetoresistance is related to Shockley’s “tube in- 
tegral” method‘ discussed further in the Appendix. 

The quantity 


(55) 


g2=hyc/ 0% (56) 


is independent of v». Let J be the operation (consisting 
of the usual integration over P-space) which, acting on 
a distribution function, yields the value of the current 
density in the x-direction (direction of E). Then it is 
easy to see by virtue of Eq. (47) that 


(57) 


IV. STATIONARY STATES IN CROSSED FIELDS 


Pu= R71 g2. 


Thus far we have described the unscattered motion 
of an electron in a periodic potential under crossed 
electric and magnetic fields in terms of the crystal 
momentum, i.e., in terms of the stationary states which 
exist when these fields are absent. In this approximation 
the electric and magnetic fields are treated as perturba- 
tions, a procedure which loses its justification when 
these fields become excessively large. It is then more 
appropriate to discuss the motion of the electron in 
terms of the true stationary states which exist in the 
presence of the crossed fields. We shall investigate the 
properties of such stationary states which are relevant 
to the saturation Hall constant, but not those relevant 
specifically to the saturation magnetoresistance. That 
is, we shall attempt to calculate the expectation value 


+ With constant P»,, formula (53) represents a displacement of 
the equilibrium distribution in P-space, and can be obtained by 
simpler arguments if one assumes that the effect of electric and 
magnetic fields is to produce such a displacement. See the paper 
of M. Kohler, in which the saturation magnetoresistance of metals 
is regarded from a point of view similar to ours [M. Kohler, Ann. 
Physik 38, 283 (1940)]. 

*W. Shockley, Phys. Rev. 79, 191 (1950). 
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of velocity of an electron in such a state, but not the 
probabilities of scattering into other states. 

In the following we shall find it convenient to dis- 
criminate between “restricted band states” and general 
states. The term “restricted band state” shall refer to 
states resulting from a superposition of states primarily 
from one band or group of degenerate bands. Though 
not, in general, stationary, such states may be “quasi- 
stationary” in the sense that the probability density is 
essentially constant over ordinary time periods. Since 
the probability of field-induced transitions to higher 
bands is usually small, most electrons will in fact occupy 
such states. From the familiar result that a full band 
carries no current it follows that not all restricted band 
states can have the same expectation value of velocity. 
However, this conclusion does not apply to the true 
stationary states. 

Before beginning a direct calculation of the velocity 
expectation value we take cognizance of an exact solu- 
tion previously obtained for a special case. The problem 
of charged particles in crossed electric and magnetic 
fields in free space has already been treated quantum 
mechanically by Titeica,’ whose work was concerned 
with the magnetoresistance of metals. He found that 
stationary states exist having the form 

v(x, 9,2) = fn(a— roel mire-exougiter, (58) 
in which f,,(x) is the harmonic oscillator wave function 
corresponding to the angular frequency w= eH/me and 
quantum number n. The average position of the elec- 
tron, xo, is arbitrary. It is easily seen by direct applica- 
tion of the velocity operator that the average velocity 
IS Vo. 

In this case we see that each wave function belongs 
to a class, the members of which differ only by relative 
translations along the x-axis and a corresponding phase 
factor. Such classes exist in general, a fact which 
enables us to deduce the expectation value of velocity 
for stationary states when the electron is contained in 
a crystal, as shown below. 

The Hamiltonian for our problem is 


H= 


1 eH \? 
[2+ (<2) pe] rezet vata), (59) 
” c 


2” 


where V, is the periodic potential. We have chosen the 
gauge which gives to the Hamiltonian the maximum 
translational symmetry in the y-direction. We note in 
passing that if the y- and z-directions are collinear 
with lattice displacement vectors the solution of 
Schrédinger’s equation can have a form very similar 
to (58): 

(60) 


¥ (x,y,z) =o,(2,y,z)e*e**, 


where ¢, is periodic in the y- and g-directions. 
It will now be shown that, given any solution of 
Eq. (59) with expectation value of the 2-coordinate 


*S. Titeica, Ann. Physik 22, 129 (1935) 
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(x)=2o and energy Wo, infinitely many solutions exist 
of identical form except for a phase factor, having each 
a value of (x) and a related energy Wo+46W such that 


eE ((x)—x) = dW. (61) 


Let a be a general lattice displacement vector. Then, 
simultaneously with the coordinate transformation 


(62) 


r=r'+a, 
let us introduce the gauge transformation 


A,y=Ay'— (eH/c)as. (63) 


In the new coordinate system and gauge the original 
Hamiltonian is recovered except for the additive term 
eEa,. Thus if ¥(r) is a solution in the old gauge, y(r’) 
is a solution in the new gauge. 

It follows from gauge transformation theory and may 
easily be verified directly, that the new wave functions 
in the original coordinate system and gauge have the 
form 


¥(r) =P (r—ale/MePw, (64) 


where 6P,= el/a,/c. 

Let us suppose that a wave packet has been con- 
structed by superposition of states of the form (64). 
Then the group velocity of this packet is 


1 = 8W/6P, =», (65) 


which is consequently the expectation value of velocity 
for the component states. 

This result has been shown to apply to all true 
stationary states. We will show below that it applies 
also to all quasi-stationary restricted band states satis- 
fying a certain condition. This condition is that the 
restricted band states in question can be generated 
from stationary states in the magnetic field alone by 
regarding the electric field as a perturbation. It is clear 
that the unperturbed states must be localized with 
respect to the x-coordinate and must have essentially 
uniform probability density in the y-direction in order 
that the electric field constitute a perturbation; but it 
is probable that in general a complete set of states in 
the magnetic field can be found having this property. 
The unperturbed states are automatically restricted 
band states. Consequently, the perturbed states, if they 
exist, are also restricted band states. 

The expectation value of velocity for the perturbed 
states will now be calculated directly. Letting the 
symbol 6 indicate the change in the conjoined quantity 
induced by the perturbation, we have 


1 eH 
&(0,) =— (%p)- us). 
m c 


But to first order in electric field we have 


. Hon’ Pynot Pynoll a0’ 


Kp)=¥ | 
~ S W.-W. 


(66) 





JOHN A 


where W, is the energy of the nth 
and Ho.’ = Ho,” 
turbation. The sum is taken over all values of n except 
n= (0), this value indicating the initial unperturbed state, 
Yo(x,y,2). 

The perturbation H’ is eRx. However, on transform- 


ing to a new coordinate system defined by 


x’—mcE/ eH’, 


unperturbed state 


are the matrix elements of the per- 


(69a 


r=r+a, (69b) 


! 


where a is a latt 


displacement vector, the term eEx 


ict 
drops out of the Hamiltonian (59), and is replaced by 


the term top,. In this new coordinate 


therefore treat top, as the 


system one can 


pert irbation. Out of all the 
same form except for a phase factor 


states having the 


cement let us choose as the 


unperturbed 
1) Then 


coordinate system ¥ \x ,y ,2 
ained in both cases 


new 
> same perturbed state will be obt 
For neither 
i¢ of k,. But 


relative to the 


This is easily seen if Yo has the form (60 
perturbation changes this form nor the val 
for iny given onentalion of the lattice 
magnetic f choose another orientation 


‘ 


that the wave functions 


urbitrarily 
may take the form | in the new 


ted at 


orientation. | It 


should also be a succeeding infinitesimal 
discrete set 


ol vaiues ol k allowed by I qs 69) is everywi ere ce nse. 


rotation about the y-axis insures that the 
The restriction to a discrete set is therefore not sig- 
nihcant 

Now if we compute 
system HH’ =ekx 
system (H”" =1 Py 
stituted into Eq. (66) cancel 
te: by the 


and this gives 


&(p,) in the original coordinate 


and &x) in the 


, the resultant expressions when sub- 


second coordinate 


However, we must correct 


amount of the coordinate shift — mc*E, eH’, 


is finally the desired result 


} ¢ 


Relation to Orbits in Momentum Space 


is consider the classical ensemble of particles 
(11), all 


momentum 


Let 


satisfying the equations of motion (10) and 


crystal space 


occupying a given orbit in 
and all having the same average value of x-position, but 
having random y- and s-coordinates. The probability 
of finding a particle at a given location is stationary 


We shall 


a orresponds 


for such an ensemble say that a 


stationary restricted band state 
orbit in momentum space if the expe: 
j 


energy and of position are the same 
function as for an ensemble of particles in 
orbit. This ne 

nect the results of the present section 


Part II. 


ytion of correspondence a 
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Not every orbit will possess a corresponding wave 
function. The localization of the electron by the mag- 
netic field, which leads to the displacement property 
expressed by Eq. (64), leads in an intimately related 
way also to the discrete quantization of the energy of 
an electron having a given expectation value of position. 
Thus only orbits belonging to a discrete set possess 
corresponding wave functions. 

This quantum effect, regarded from the viewpoint of 
the crystal momentum approximation, may be called 
“orbital quantization.” The orbital motion of the elec- 
tron in space results in quantum mechanical inter- 
ferences which act to select those particular ‘‘orbits” 
for which the interferences are constructive. A first 
approximation to the resultant energy levels may be 
found by regarding P, and x as conjugate oscillatory 
variables to which the Bohr-Wilson-Sommerfeld phase 
integral condition may be applied. Through use of 
Eq. (15) this condition is easily transformed to 


L. 


ci 
~ g PAP,= g PAP,=—| 
eH 


The integrals are equal to the area contained by the 


(71) 


orbit. It is interesting to note that this condition yields 
the correct energy levels for the free particle and for 
the “pseudoparticle” with different longitudinal and 
transverse masses. 

In cases in which bands overlap, the unperturbed 
wave functions, as stated earlier, must be assumed to 
involve superpositions of states from each of the de- 
generate bands. If there should be degeneracy among 
the unperturbed states, the correct zeroth-order wave 
functions are to be selected for use in the perturbation 
calculation. ’ 
spond simultaneously to several orbits of equal energy 


he resultant quasi-stationary states corre- 


in different bands. 

It is reasonable to suppose that as the electric field 
approaches zero, perturbation theory should become 
applicable to almost all quasi-stationary states. How- 
ever, we should like to know to what states in particular 
the theory is applicable at given values of field strength. 
We shall not attempt to answer this question rigorously, 
but instead shall make use of a plausible argument sug- 
gested by the correspondence developed here. It is 
natural to suppose that if the motion of the electron in 
a magnetic field, as it is described by means of the 
crystal momentum approximation, is merely perturbed 
by the electric field, the actual motion is correspondingly 
perturbed by the electric field, and not altered essen- 
tially. But the reentrant orbits are perturbed constant 

hil orbits are 
us we should expect re- 
states, and 


energy contours, while the nonreentrant 
altered in essential form. TI 
entrant orbits to correspond to perturbed 
nonreentrant orbits to correspond to ~extra- 
restricted band cannot be 


generated by means of perturbation theory from states 


those 


ordinary” states which 


stationary in the magnetic field alone. 
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Such extraordinary states, since they do not occur 
near the top or bottom of a band, are not likely to be 
of interest in connection with the semiconductor Hall 
effect. However, they do play an interesting role in the 
one-electron theory of the full band. By setting the 
expectation value of acceleration equal to zero for a 
quasi-stationary state, it is easily seen that the velocity 
expectation value is %% if and only if the average force 
exerted by the lattice on the electron is zero; the 
corresponding statement in the crystal momentum 
approximation is contained in Eq. (20). In a full band 
the electrons must, however, exert a force on the lattice 
ions equal and opposite to the direct force due to the 
electric field. This force is exerted by electrons in the 
extraordinary states. Correspondingly, the condition 
that formula (24) hold is that the relevant electrons 
and holes exert no average force on the lattice. 

In conclusion we point out that at sufficiently high 
magnetic fields, given constant longitudinal current, a 
significant number of electrons will make transitions to 
higher bands. This phenomenon, which is essentially 
Zener breakdown due to the transverse electric field, 
could in principle be observed, since it would not be 
preceded by avalanche breakdown. 


APPENDIX. INTEGRAL SOLUTIONS OF THE 
BOLTZMANN EQUATION 


If a mean free time exists, the solution of Eq. (25) 
can be written in integral form for arbitrary values 
of H. We have used a series expansion in the preceding 
work since it simplifies the discussion of saturation 
effects. The integral solution is given here for the sake 
of completeness. 

The basic idea of this solution is due to Shockley,‘ 
though his treatment is somewhat generalized here. 
Let the magnetic field, H, have an arbitrary magnitude, 
and an arbitrary orientation with respect to the longi- 
tudinal current density. The electric field, E, will have 
a component E, parallel to H, and a component E, 
perpendicular to H. The set of orbits in momentum 
space of which we shall speak are those defined by E, 
and H. Generalizing notation employed by Shockley in 
treating constant energy contours, we define an angle 
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variable 6 for each orbit such that 6=2xt/7, where / is 
the time corresponding to a point of the orbit, and T is 
the period of one revolution. We further define 


w=22/T, 
g=f—fo. 
Then Eq. (25) can be written in the form: 
dg g fre 
—+—=— -E.y, 
d6 wr IWw 


in which a term eE;-Vpg has been dropped, since it is 
small compared to eE,-Vpfo, a quantity included in the 
right member. This linear equation must be solved 
subject to the boundary condition g(@) = g(@+-2). Such 
a solution is given by the expression 


J “ 
g(0)=A f fo(1— fo)E-v(0’) exr| — f 
6-28 o 


where 


-1 
A=—e(kTw) (1 ~ exp(— § a"/er) | ; 


all integrals being taken along the orbit. The equivalent 
quantity —fo(1—fo)/kT has been substituted for 
0fo/8W. Shockley obtained a solution correct to first 
order in the transverse electric field by integrating 
instead along constant energy contours. This approxi- 
mation should be adequate for normal longitudinal 
drift velocities. In this case @ is the angle for zero electric 
field, and the factor fo(1— fo) may be placed outside 
the integral sign. One may integrate g(@)v around the 
contour in order to obtain the contribution to the 
current of states along the contour. The resultant 
multiple integral, though of somewhat different form, 
is equivalent to Shockley’s integral. 

By expanding the exponentials in power series one 
effectively achieves an expansion in terms of 1/H. How- 
ever, the simple results regarding saturation quantities 
obtained by the direct power series expansion in con- 
junction with a discussion of the orbits are not apparent 
from these integrals, 


do", rae, 
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f +h tzmanr nort eau n ir lid f ‘ j j + 
A solution of the Boltzmann transport equation in a solid is given for applied electric and magnetic fields 
and a temperature gradient. The energy surfaces are assumed to be ellipsoids and the density of states is 
such that Fermi statistics are applicable. It is shown that the calculated kinetic reciprocal coefficients 


define the electric and hez j atisiy the generalized Onsager reciprocal! relations 


INTRODUCTION expanded becomes 


A METHOD is given for the lutic 

Boltzmann transport equation in ; 

applied electric and magnetic fields and a temperature ; Ok, 

gradient. The assumptions made are that Fermi sta 

tistics are applicable, all quantities of interest in the de OX 

yroblem are slowly varying with respect to the energy i ee a ‘ 

I , ; ? ? ' I : ? Ok, Ok, Ok. dk, 

in the region of the Fermi surface, the energy surfaces 

in the crystal can be interpreted as ellipsoids, a single de Ox de dx 

energy-independent parameter defines the relaxation , — 

time for each ellipsoid, there are no coupling terms Ok, Ok, Ok, Ok, 

between ellipsoids, and Ohm’s law is obeyed —— ~ 

. 1 2 oe oa oe ¢ 
The pro edure is to solve the Boltzmann transport H X x 

. — EE wn a _ me os 

quatior eacn ellipsoid in a ordinate system > , 

f qua on tor i LIpsoid ' coora mn y ' 1 In Ok, Ok, Ok, Ok, 

which the ellipsoid is diagonal. The calculated electri: 

current J and heat current w are then transformed T a | de OL Ge OT de OT 

back to the laboratory coordinates. The assumed aia ceo SRG ere fer 

‘ , 1 , : h al Ok, Ax Ok, ay OR, O2 

independence ol each ellipsoid means that the contri . ‘ 


bution from each ellipsoid in the laboratory system 


will be additive 


PROCEDURE | . 
rhe assumed diagonalized energy surface is written 


The Boltzmann transport equation as given in Wilsor 
has the form 
(4) 
e/h)| Ex (A/c vx H) Vil tv Ves 
’ and x is taken to be 


, . . y > th 

where E and H are the electric and magneti id x a y 
spectively, fo the Fermi distribution function . : : . . 2 

sine saaprlahes i = - , . Substitution of bot hese expressions into Eq. ( 

no applied fields, f the pe rturbed distributior gives the result 

and 7 the relaxation time. The other constar 


to have their usua! meaning kf {—2a\ §,+ 2a,BH,-— 26%. j 
Let f= fot x0 /o/ de, where «€ is energy ‘ : : 
X +k,| B+ 2a0D,—2a,AD,—2a, 


+k,[C—2a;BD,+20,A9,—2 


becomes, to first order in the pert irbing fie 
¢ é 


- E- 9,64 H VxreX Vax 
h J 


Vie v,/ , 
i sine 
h a7 


where 7 is the temperature and ¢ the Fermi energy. 


Assuming the applied fields are arbitrary, I q 2) To satisfy Eq. (6) fora general k, the coefficients of 


\. H Wilson. Theory of Metals (Cambridge University Press, *« ™ust each be equal to zero. The resulting set of three 


London, 1953), I 8-11-12 simultaneous equations are solved for A, B, and C with 
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the result that 
AS= (§.— 
BS=(§.— 
CS= (§— 


T aut (Fy— 
T,)a2+ (Sy 
T ast ( (Sy- 


Tart (F.— Tans, 


Taras, 


Ty)ase+ (¥.- T. 2)&s3, 


Tat (F.—- 


where z - 
¥ —_ 1 + 4a2a3) o+ ta 14 27+ 4a 142),", 


ayi= 2a;(1+-40,0,/), 
aij= 2aa;(2D,x€: jx +40. DiD)). 


€:;z is defined as 1 for even permutations of 17k and —1 
for odd permutations. The expressions for the electric 
and heat current, 


e€ 1 
— _f vucftk, w=— 
4r*h 4h 


become, 


f viccfdk, (8) 


in component form, 


€ Ofo 
z= feoake dk, 
4h de 


e Ofo 
J,=- f 2a2Bk,*—dk, 
4h de 


€ dfo 
J ,=- 2axCk,2— dk, 
deh ae 


1 Ofo 
w,=— - f 2a. ck,*—dk, 
4h de 


1 dfo 
Wy= [2oes— dk, 
4h de 
1 Ofc 
w,=- fracar dk, 
4h de 


where the cross terms kik; have been dropped as they 
average to zero. 

The integration of Eq. (9) is simplified by making a 
change of coordinates so that in the new coordinates 
the energy surface will be spherical. Let (h?/2m)k,” 
=a,k? and then Eq. (9) will be the same except for a 
factor (#/2m)*?a;"'(a,a2a;)-* out in front of each 
current component. The advantage of the change of 
variable is that (#?/2m)k,’* can now be replaced for 
purposes of integration by ¢/3. The resulting integrals 
will then be over the single variable ¢. Defining 


S-(h?/2m)'T Ofo 
: as fe dk 
6r*h (aa3a,)8 de 
4xTS“ 


afo 
= enti_de 


(10) 
6x*h(aya50,)9 de 


as K,,? Eq. (9) becomes 


= Lo [eK asV e— eK 0 V 


? 


s(1/T)] 


(11) 


Kya; 
w,;= 7s Kaus t/T)} 


where 

rT @ oT r OT 
——(¢/T)—, ¥,(1/T)=-——. 
h oT Ox; T*h Ox; 


Vu=5j+ 


Equations (11) have the form which Kohler* has shown 
the electric and heat currents must have when calcu- 
lated from the Boltzmann transport equation if one 
assumes that the transition rate between two states of 
an electron is microscopically reversible and the same 
with the field on as at equilibrium. Based on quite 
similararguments, it has been shown that Eqs. (11) area 
general consequence of the Onsager‘ reciprocal relations 
generalized to anisotropic’ media. 

For materials where there are multiple ellipsoidal 
energy surfaces, such as those postulated to explain the 
de Haas-van Alphen® effect, Eqs. (11) must be modified 
to account for the fact that the ellipsoids in general 
will not be diagonal in the laboratory coordinate 
system. Therefore, there will be a set of Eqs. (11) for 
each ellipsoid which must be transformed to the 
laboratory system. In matrix form, the transformation 
can be written as 


=E RA ABOT) 
=> Rip) (R 1% R 1g’, RoOVT’) 
#2 
w,=)>, Ri we (FH, 9T) 
*.7 


=D Ripwe(RGF RH ROT’) 
Ld 
where the summation yu is over the number of ellipsoids, 
the R* is the transformation matrix for the uth ellipsoid. 
In general, there will be twenty-one independent 
kinetic coefficients defining the three electric and three 
heat currents components. Callen’ has shown that in a 
planar isotropic system where there are ten independent 
kinetic coefficients, the many thermomagnetic effects 
can simply be described in terms of these coefficients. 
The generalization to the full set of coefficients is 
straightforward. Wilson* shows how the results for the 


* Sen selesenes f, Eq. (1-7- 

3M. Kohler, Ann. Physik * ‘01 (1941). 

‘L. Onsager, Phys. Rev. 37, ‘405 (1931); 38, 2265 (1931). 

* Fieschi, DeGroot, and Pazur, Physica 20, 67 (1954). 

* D. Shoenberg, Proc. 7 Soc. (London) A170, 341 (1939). 
7H. Callen, Phys. Rev. 85, 16 (1952). 

* See reference 1, p. 211. 
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combination of holes and electrons can be calculated 
by a simple modification of the above procedure. 


CONCLUSION 


A method is given for the calculation of all the 
thermomagnetic effects based on a multiple-ellipsoidal 
energy surface model. It is shown that the kinetic 
reciprocal coefficients satisfy the generalized Onsager** 


. 
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reciprocal relations. It is thought that the formulation 
might be used to correlate the thermomagnetic proper- 
ties of a metal with its effective masses as found from 
de Haas-van Alphen effects.® 
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Resistivity measurements have been performed from 300° to 800° Kelvin on homogeneous germanium 


silicon alloys. The in 
have been performed on 
~osition of the alloy 


with coms 


1. INTRODUCTION 


HE preparation of homogeneous alloys of ger- 

manium and silicon was reported originally by 
Stohr and Klemm! in 1939. More recently, these 
alloys have been prepared by Wang and Alexander* 
and by Johnson and Christian.’ 
The availability of these alloys has stimulated con- 
erable interest in their properties. The alloys are 
and the diamond crystal structure is 
maintained. Nevertheless, the periodicity of the lattice 
is disturbed by the random arrangement of the con- 
stituent the lattice For this reason 


certain properties of germanium alone and silicon alone 


sid 


ystitutional 


atoms on sites. 
need to be re-examined for the alloys 

[The usual energy band concept, based on a one- 
electron wave equation approximation, depends strongly 
on the assumption of a periodic potential in the crystal. 
In the alloys, with periodicity disturbed, one might 
expect that a distinct band structure would not obtain. 
The optical determination of forbidden band width of 
the alloys by Johnson and Christian’ are based on 
absorption curves with slopes which are similar to that 
for germanium alone. This seems to imply that, at 
least so far as the forbidden band width is concerned, 


* Supported in part by Contract with the Bureau of Ships 


t Now at Sprague Electric Company, North Adams, Massa 
chusetts : 
1H. Stohr and W. Klemm, Z. anorg. u. allgem. Chem. 241, 


305 (1939 

*C. C. Wang and B. H. Alexander, American Institute of 
Mining and Metallurgical Engineers Symposium on Semicon 
ductors, New York City, February 15-18, 1954 (unpublished). 
See also Final Technical Report, Bureau of Ships Contract No 
NObsr-63180 (unpublished). 

* Everett R. Johnson and Schuyler M. Christian, Phys. Rev. 
95, 560 (1955) 


trinsic lines for these alloys have beer 


p-type germanium-silicon alloys from 77 


established. Hall and resistivity measurements 
to 300°K. The variation of mobility 


is indicative of alloy scattering 


a distinct band structure does exist for each alloy. If a 
distinct band structure does indeed exist for the alloys, 
it is then possible to speculate, as Herman‘ has, on the 
manner in which the band structure of germanium 
deforms to become the band structure of silicon as the 
composition of the alloy is changed from 0% silicon to 
100% silicon. 

On the basis of Hall mobility data which will be 
described in the present work, it seems likely that the 
aperiodicity of the lattice manifests itself on a scale 
which strongly affects the mobilities of carriers in the 
alloys. Brooks® has suggested that in a random solid 
solution the composition will vary from region to region 
by virtue merely of normal statistical fluctuation. This 
will produce a hill and valley structure in the band 
edges and deformations in the energy bands which can 
be treated in a manner entirely analogous to the 
deformation potentials which arise in the theory of 
thermal scattering. If the mean free path for scattering 
by this mechanism is calculated, one loses a factor 1/T 
which appears in the calculation of the mean free path 
in thermal scattering. Thus the alloy scattering is 
treated as a “frozen-in” thermal scattering, and the 
anticipated temperature dependance for this scattering 
mechanism is 7~°* in contrast to the dependance T=" 
expected for thermal scattering. An important param- 
eter determining the magnitude of the alloy scattering 
is the rate of shift of the band edge with composition 
of the alloy. This parameter is analogous to the param- 
eter describing the rate of shift of the band edge with 
deformation in the theory of thermal scattering. Brooks 


‘Frank Herman, Phys. Rev. 95, 847 (1954 


* Harvey Brooks (private communication) 
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performed his calculation at a time when the variation 
of energy gap with composition was not known. He 
assumed that the energy gap changes linearly with 
composition of the alloy, and that the change in gap is 
shared equally by the edges of the valence and con- 
duction band. On this basis Brooks predicted that 
alloy scattering would be greater than thermal scatter- 
ing at room temperature, for samples with greater than 
8% of minority constituent. If we assume that the 
temperature dependence of the alloy scattering obtained 
by Brooks is correct then in the absence of scattering 
mechanisms other then alloy scattering and thermal 
scattering, the mobility will be given by 

ack 
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Fic. 1. Resistivity of 
germanium-silicon alloys 
versus temperature in the 
intrinsic range. The extra- 
polation of the intrinsic 
resistivities to room temper- 
ature is shown. 














In (1), wa is the mobility to be associated with alloy 
scattering alone and ur is the mobility to be associated 
with thermal scattering alone. For thermal scattering, 
the exponent 1.5, expected from acoustical mode scat- 
tering, is used for illustrative purposes. The argument 
which follows requires only that the exponent char- 
acterizing the thermal contribution to the reciprocal 
mobility be greater than the exponent characterizing 
the alloy contribution. With a mobility law of this 
form it is clear that in the absence of other scattering 
mechanisms the slope of the log-log plot of mobility 
against temperature will change from a value character- 
istic of thermal scattering to one characteristic of alloy 
scattering as the temperature is reduced. The relative 
magnitudes of the coefficients A and B, and the magni- 
tude of other scattering mechanisms will determine 
whether or not alloy scattering is detectable. 
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Fic. 2. Intrinsic resistivity of germanium-silicon alloys at room 
temperature versus Composition. 


The argument presented above suffers from the 
assumption that thermal scattering in the alloys can be 
represented as a simple power law in temperature. The 
calculation of thermal scattering requires that the 
lattice vibrations be described in normal coordinates. 
The usual transformation to normal coordinates® results 
in a diagonalization of the configurational energy of 
the system provided the lattice is periodic. For the 
alloys, it seems clear that this problem needs to be 
reexamined before definite statements can be made 
concerning the thermal scattering. 


2. MATERIALS AND EXPERIMENTAL PROCEDURE 


The alloys used in this work were prepared by C. C. 
Wang of this laboratory, using an isothermal solidifi- 
cation technique which effectively avoids the phe- 
nomenon of coring and makes it possible to produce 
homogeneous alloys without annealing. This technique 
has been previously described.? The germanium used 
was zone purified to room temperature resistivity 
better than 40 ohm-cm. The silicon was du Pont, 
classified as hyperpure. No chemical impurity was 
deliberately added to these alloys. The impurity concen- 
trations indicated by the Hall measurements are of the 
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Fic. 3. The energy gap of germanium-silicon alloys 
versus composition. 


*See, for example, F. Seitz, The Modern Theory Solids 
(McGraw-Hill Book Company, Inc., New York, 1940), Sec. 22. 
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Fic. 4. Hall coefficient versus temperature of eight p-type 
germanium-silicon alloys 

order of 10" per cc. The homogeneity of the alloys was 
verified by x-ray diffraction. The compositions, indi- 
cated in the figures in atomic percent silicon, were 
determined by chemical analysis. The alloys used in 
this study are mostly polycrystalline, the exceptions 
being the 1% and 4% samples which are single crystal. 

The electrical measurements performed consisted of 
resistivity measurements in a temperature range ex- 
tending from 300°K up to 800°K and Hall and resis- 
tivity measurements in a temperature range extending 
from 77°K up to 300°K. The high-temperature meas- 
urements were taken on p-type samples with the excep- 
tion of the 7% sample which was n-type. These meas- 
urements establishes the intrinsic resistivity lines for 
the alloys. The low-temperature measurements were 
taken on p-type samples only. These measurements 
will be shown to yield evidence for the existence of 
alloy scattering. The magnetic field strength employed 
for the Hall measurements was 1300 gauss. The meas- 
uring technique consisted of the standard potential 
probe method. High-temperature measurements were 
performed in an inert atmosphere. Temperature sta- 
bility for the low-temperature measurements was 
achieved with the use of a holder of large heat capacity, 
inserted in a Dewar flask. Auxiliary equipment con- 
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Fic. 5. Resistivity versus temperature of eight p-type 
germanium-silicon alloys, 
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sisted of appropriate switching circuits and a Leeds 
and Northrup type K potentiometer. 


3. RESULTS AND INTERPRETATION 
3.1 Intrinsic Range 


The high-temperature resistivity results are shown in 
Fig. 1, which is a semilog plot of resistivity versus 
reciprocal temperature. The room-temperature intrinsic 
resistivities, shown in Fig. 2, were obtained from the 
results of Fig. 1 by extrapolation. It is clear that the 
intrinsic lines of Fig. 1 can be reconciled by a con- 
ventional law of the form: 


p=A exp(Eg¢/2kT). (2) 


The parameter Eg as a function of composition of the 
alloy is shown in Fig. 3. The parameter Eg may be 
considered the energy gap for the alloys, although this 
interpretation should be regarded with caution. If 
distinct band edges do not exist in the alloys, then Eg 
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Fic. 6. Hall mobility of holes versus temperature in 
) i 
germanium-silicon alloys 


is an effective gap in the sense that it reconciles the 
resistivity data with the convential law. The variation 
of energy gap with composition determined optically 
by Johnson and Christian,’ exhibits the following 
characteristics: In the range 0 to 15% silicon, the gap 
increases linearly from 0.72 to 0.94 ev. A discontinuity 
in slope then occurs and the gap increases linearly at a 
lesser rate to a value of 1.20 ev for 100% silicon. 
Herman,‘ explaining the optical results, has suggested 
that for an alloy of about 15% silicon the minimum in 
the conduction band shifts discontinuously in & space. 
If this is correct, then the resistivity data for alloys 
near 15% silicon would have to be interpreted in terms 
of a model which admitted two kinds of carriers in the 
conduction band and would require two parameters, 
E,' and Eg’, for a complete description. 

If for the moment Fig. 3 is accepted at face value, 
that is taken as describing the energy gap of the alloys 
versus composition, it may be noted that the slopes of 
this curve at the end points are consistent with recent 
experiments on germanium and silicon at high pressures 
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reported by Brooks.’ Brooks has reported that while 
the coefficient of change of the energy gap of germanium 
with pressure is positive, the result for silicon indicates 
a decreasing energy gap with applied pressure. It should 
be pointed out, however, that the maximum in Fig. 3 
is just barely dectable within the experimental accuracy, 
and may be in error. 

The curve of energy gap versus composition has been 
previously published.* It is repeated here for the reason 
that subsequent to the original publication the compo- 
sition of the alloys were determined more precisely, 
and this determination required a slight revision of this 
curve. The energy gap determinations are based on 4 
to 8 resistivity runs for each sample. 


3.2 Extrinsic Range 


Resistivity measurements and Hall measurements at 
a field strength of 1300 gauss were performed on p-type 
samples of these alloys in that portion of the extrinsic 
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Fic. 7. The coefficient A versus composition of the alloy The 
Hall mobility of holes in germanium-silicon alloys in the vicinity 
of 300°K has been reconciled to a law of the form s= AT* 


range extending from 77°K to 300°K. The Hall and 
resistivity data are shown in Fig. 4 and Fig. 5 respec- 
tively. These have been combined to give the Hall 
mobilities for holes, defined as the product of the Hall 
coefficient and the conductivity, shown in Fig. 6. If 
one examines the 1%, 4%, 29%, and 45% sample, it 
may be seen that the scattering mechanisms which 
reduce the mobilities below the values to be expected 
from thermal scattering are becoming successively more 
important and encroach more and more on the thermal 
scattering range. This is strongly suggestive of alloy 
scattering. However one would expect the effect to 
diminish for the 61% and 72% sample. Instead the 
effect becomes stronger. Moreover the reversal in slope 
for the 61% and 72% sample is inconsistent with the 
predicted temperature dependence for alloy scattering. 
One might attempt to explain these reversals in slope 
on the basis of impurity scattering. If a comparison is 
made with work on p-type single crystal silicon, for 


? Harvey Brooks, Phys. Rev. 98, 244(T) (1955). 
* Levitas, Wang, and Alexander, Phys. Rev. 95, 846 (1954). 
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Fic. 8. The exponent x tersus composition of the alloy. The 
Hall mobility of holes in germanium-silicon alloys in the vicinity 
of 300°K has been reconciled to a law of the form w= AT™* 


instance Morin and Maita’s’® recent work, no such 
reversals as found in the present work are observed in 
the same temperature range. If a comparison is made 
with earlier work on p-type polycrystalline silicon, for 
instance Pearson and Bardeen’s” 1949 work, reversals 
of the sort encountered in the present work are found, 
but for samples with impurity concentrations several 
orders of magnitude greater than the impurity concen- 
trations in the samples presently under consideration. 
While one may ascribe some of the behavior of the 
61% and 72% sample to impurity, grain boundary, 
and alloy scattering, the low-temperature results for 
these samples must be viewed as anomalous. 

It seems clear that if any argument for alloy scat- 
tering is to be made for these samples, the argument 
will have to be based on the results in a temperature 
range in which impurity and grain boundary effects 
may be largely neglected. We therefore examine the 
high-temperature limit of the mobility curves of Fig. 6. 

This portion of the curves may be reconciled to a law 
of the form A7~*. In germanium and silicon it would 
be the lattice mobility that we would thus represent. 
In the alloys, if it is true that alloy scattering is im- 
portant at room temperature, then the exponent x in 
the law AT-* would be a compromise between a value 
typical of alloy scattering and one typical of thermal 
scattering. Moreover, one would expect that the coeffi- 
cient A would be reduced by the operation of the new 
scattering mechanism. Figures 7 and 8 show plots of 
the coefficient A and the exponent x as functions of 
composition of the alloy. It is clear that these quantities 
are reduced in the expected manner as one moves away 
from the end points of these curves. 


4. CONCLUSIONS 


The high-temperature results have established the 
intrinsic resistivity lines for these alloys. The slopes of 
the semilogarithmic plots of resistivity versus reciprocal 
temperature may be interpreted as yielding the energy 


°F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954), 
© GL. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949) 
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gap of the alloys, however, uncertainty concerning the urements at somewhat higher temperatures, although 

band structure of the alloys requires that this interpre- not entering the intrinsic range, and to observe a 

tation be viewed with caution. gradual diminuition in the effects of alloy scattering. 
The low-temperature Hall and resistivity measure- he curves of A and x would not dip as strongly. 

ments are indicative of alloy scattering. If these samples 

were available as high-purity single crystals, a conclu- 5. ACKNOWLEDGMENTS 


sive argument could certainly be made. With such os , , F 
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samples one could apply the type of analysis which has 
been employed here at 300°K, to a range of tempera- 
tures, At lower temperatures one would expect that the 


dips in the curves of A and x versus composition would 


establist 


scattering and to determine the relative magnitudes % attering. The successful conclusion of this work is in 


of alloy and thermal scattering. With the samples large measure due to the help received of Mr. George 
presently available, it may be possible to make meas-  Servente in performing the electrical measurements. 
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Hydrostatic pressures of 0 to 100 atmos obtained with helium gas pressure, and of 1.9 10® atmos ob 






tained by an ice expansion bomb technique are used to measure the pressure displacement of critical tem 
perature 7 The coefficient (@7./dp) for Sn, i Tl, and Al is 4.7+0.2, —40+0.2, +0.6+0.3, and 

2.040.2 in units of 10-* “K/atmos, respectively. The temperature dependence of R=(0H./dp)r 
0H ./Ap)T. above 1°K is described by R=0.61+0.029T* for Sn, and R=0.77+0.020T? for In. This result 
is discussed in connection with the similarity principle, H»/7.=constant. From an analysis combining stress 
and isotope effects, it is seen that 7’., or H,, 's more sensitive to volume changes, holding zero-point lattice 
vibration amplitude fixed, than to zer nt amplitude changes, holding V fixed: (0H./d InV)=5.5 
x (0H./8 \ng*)y for Sn. Zero-pressure critica! field data are also presented for the subject metals. 

I, INTRODUCTION of the zero-point lattice vibrations. The isotope effect 


HE dependence of the superconducting critical (M*T.= constant, where M is the isotopi man) BP 
usually understood as the result of a change in lattice 


vibration amplitude. The exponent x is approximately 
4, but varies from metal to metal; this has been ex- 
plained by deLaunay’ from a consideration of the 
under pressure for most superconductors studied so far, vibration spectrum of a real lattice. 1 hus understanding 
s of the isotope effect seems as satisfactory as can be 
expected in the absence of a good quantum theory of 
superconductivity. The understanding of stress effects 

ak a is less satisfa tory, and there is clearly a need for more 
rote Bec nh " ' quantitative data. We have studied the displacement of 

* Magnolia Petroleum Fellow in Physics; now with Humble Oi] 7, in Sn, In, Tl, and Al using pressures of 0 to 100 
Research Center, Houston, Texas atmos obtained with helium gas pressure, and a pres- 


temperature 7. on mechanical stress'* has re- 
ceived renewed interest since the discovery of the isotope 
effect and the introduction of the theories by Fréhlich® 
and Bardeen.* The critical temperature T. decreases 


but increases under pressure for Tl, NiBis, and RhBi, 
As Marcus® first noted, the stress effect is not ade- 


} 


quately explained as the result of a change in amplitude 


G. J. Sizoo and H. Kamerlingh Onnes, Leiden Comm. No P . ; 

180b (1925 ein sure of 1.9X10* atmos obtained by an ice expansion 
*C. F. Squire, Progress in Low Temperature Physics, edited by bomb technique.* For Sn and In, the value of (0H./dp)r 

; yorter (Interscience Publishers, In ev ork, 1955 : . : 

- os = 181 Interscience Publi » Inc., New York, 1955), has been measured as a function of temperature, and 
H. Frohlich, Phys. Rev. 79, 845 (1950 it is found to remain finite as T tends to 0°K. The 
‘J. Bardeen, Phys. Rev. 80, 567 (1950 temperature dependence of (0H ./dp)r for tin is shown 
*Kan, Lazarev, and Sudovstov, J. Exptl. Theoret. Phys aaa 

(U.S.S.R.) 18, 825 (1948); Doklady Akad. Nauk. S.S.S.R. 69, 7 J. deLaunay, Phys. Rev. 93, 661 (1954 

173 (1949) *B. G. Lazarev and L. C. Kan, J. Exptl. Theoret. Phys. 


*P. M. Marcus, Phys. Rev. 91, 216 (1953 U.S.S.R.) 14, 439 (1944). 











SUPERCONDUCTING 


to be in agreement with the similarity principle H/T, 
=constant, but for indium a marked departure from 
this principle is observed. Finally, an analysis com- 
bining stress and isotope data is presented that indicates 
that 7., or H., is several times more sensitive to frac- 
tional changes in volume, holding lattice vibration 
amplitude fixed, than to fractional changes in vibration 
amplitude, holding volume fixed. 


Il. APPARATUS AND TECHNIQUE 


The apparatus shown in Fig. 1 is the usual coaxial 
liquid helium-liquid nitrogen Dewar arrangement. A 
pressure cell containing a sample 12 cm long and 1 cm 
in diameter is immersed in the liquid helium. The super- 
conducting transition is observed by means of a drop 
coil placed in the nitrogen bath and connected to a 
galvanometer. To obtain the data presented, the pres- 
sure and temperature of the specimen were held con- 
stant while a vertical magnetic field was increased in 
small increments. The drop coil was lowered after each 
change in H, and the resulting galvanometer deflection 
plotted vs magnetic field as in Fig. 2. The transitions 
for zero pressure and low pressures were about 1% 
of H, in width as a consequence of the demagnetizing 
factor. The transitions at 1.9 10° atmos were also about 
1 percent of #7, plus only a small constant broadening 
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Fic. 1. Experimental apparatus. A radiation shield not shown 
was installed in the helium Dewar for temperatures in the region 
of 1°K. 
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Fic. 2. Typical transi- 
tion from the superconduct- 
ing to the normal state at Z 
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which indicated that the ice pressure was uniform to 
about 4%. 

The solenoid used to produce the vertical field H 
was calibrated by using a ballistic galvanometer and 
coil in conjunction with a long thin solenoid. The long 
solenoid was wound in a single layer in machined 
grooves so that the magnetic field could be calculated 
accurately from geometry. Solenoid current was sup- 
plied by a generator and electronic regulation system 
giving a 30-minute stability of 2 parts in 10‘. Current 
was measured with a potentiometer and standard re- 
sistance. The earth’s field was compensated by Helm- 
holz coils. 

The temperatures above 2°K were controlled through 
automatic regulation of the vapor pressure. At 3.6°K, 
the regulation was +0.00015°K over 30 minute periods. 
To obtain temperatures between 2°K and 1.3°K the 
pumping orifice was set and the system was allowed to 
come to equilibrium with the pumps. To obtain tem- 
peratures between 1.3°K and 0.9°K the power input to 
the M B-200 oil diffusion pump was fixed and the system 
was allowed to come to equilibrium. In this last tem- 
perature range, a spiral radiation shield installed in the 
helium Dewar reduced the helium boil-off rate by a 
factor of 3. Vapor pressures were measured with a 
mercury manometer or McLeod gauge, depending upon 
pressure. The chief difficulty in temperature control 
occurs in the He I region where large thermal gradients 
usually exist in the He bath. Since these gradients can 
easily introduce an uncertainty of 0.01°K, whereas an 
accuracy of 0.0002°K is required, considerable attention 
was devoted to this matter. Originally carbon resistance 
thermometers with a sensitivity of 0,0001°K were used, 
but for reasons not understood, the stability of the 
resistors or measuring circuit over periods of 15 hours 
was only 0.001°K. Therefore, to obtain most of the 
data, 10 * watt was supplied to a 500-ohm wire wound 
resistor placed in the bottom of the bath. This seems to 
be sufficient power input to insure that the liquid helium 
is boiling in the vicinity of the specimen. The specimen 
temperature then was obtained by adding.the hydro- 
static head pressure of the helium to the measured 
vapor pressure before referring to the 1949 vapor 
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Fic. 3. Nonmagnetic pressure cell for 2X 10° atmos. This cell is 
used with the ice technique (1.9 10 atmos) and also with helium- 
transmitted pressures (100 atmos). The seal is made with a 
triangular cross section metal ring 


pressure tables. To determine the helium level, a 
number of 160-ohm carbon resistors were strung verti- 
cally in the Dewar; a ohmmeter provided sufficient 
accuracy to determine whether a resistor was immersed 
in the liquid He. 

Two methods were used for applying hydrostatic 
pressure to the specimen. Pressures of less than 100 
atmos were obtained by applying helium gas pressure 
to a cell containing the specimen. This pressure is 
limited by the solidification pressure’ of helium. A 
pressure of 1.9X10° atmos was obtained by freezing 
water in a constant volume cell (Fig. 3) containing the 
specimen. From the density of ice J and water, and the 
thermal expansion and compressibility of the ice, 
specimen, and cell, one may estimate that a pressure 
of 3000 atmos would thus be generated. However, a 
polymorphic phase transition occurs in ice at 2200 
atmos.”” Since this transition is found to proceed 
rapidly at, say, 240°K, the maximum pressure obtained 
is fixed by the ice I-ice III equilibrium. If the cell is 
cooled from 240°K to 78°K in a few hours, the ice 
I-III and the ice IIJ-II transitions are frozen-in. Then 
the pressure at 78°K or 4°K is just that of the I-III 
equilibrium reduced by differential thermal contraction 
of the ice, specimen, and cell. Lazarev and Kan’ first 
used this technique and have studied the matter in 
detail. We have not repeated their studies of the 


pressure produced by the ice. Instead we have con- 
*W. H. Keesom, Helium (Elsevier Publishing Company, 


Amsterdam, 1942). 
*” P. W. Bridgman, Proc. Am. Acad. Arts Sci. 47, 441 (1912) 
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cluded from the width of superconducting transitions 
in small fields that a reproducible pressure homogeneous 
to 4% is obtained. We have used the superconducting 
transition in tin and indium to determine the pressure 
produced by the ice bomb. That is, we determine 
(dT ./Ap) using helium gas pressure, and then we ob- 
serve that AT. produced by the ice bomb. Using the 
fact that (07./dp) is pressure independent for low 
pressures," we find that the pressure necessary to pro- 
duce the observed AT, is 1.910 atmos for both Sn 
and In, in fair agreement with Lazarev and Kan and 
with the pressure expected from the reduced ice I-III 
equilibrium. For our studies on Al and Tl we have 
assumed that the ice pressure is again 1.9 10° atmos. 
This assumption is reasonable since the ice bomb pres- 
sure is determined primarily by the I-III equilibrium, 
and since this pressure is found to be the same for Sn 
and In. 

The sources and purities of the specimen metals are 
as follows: Sn, Vulcan Detinning Company, 99.998%; 
In, Indium Corporation of America, 99.97%; TI, 
Johnson-Mathey Company, Ltd., 99.98%; Al, supplied 
courtesy of the Aluminum Corporation of America, 
99.99%. The Al was received in the form of a cold 
worked rod and was machined to ellipsoidal shape and 
annealed at 650°F for 24 hours. The Sn and Tl were 
cast in a vacuum in a Pyrex tube and cooled slowly 
from the bottom. The In was drawn from a molten 
bath of In maintained at the melting temperature. All 
samples were 12 cm long by 1 cm in diameter, shaped 
to be approximately ellipsoidal. 


Ill. EXPERIMENTAL RESULTS 


Figure 4 gives typical low-pressure data for Sn at 
fixed temperature. Similar data are obtained for In. 
H. is measured as a function of pressure with tempera- 
ture fixed. To obtain the data points, the pressure is 
cycled a number of times at each temperature, and 
several values of H. are determined each cycle. No cold 
work effect"? was observed. Although the vapor pressure 
is fixed, the bath level, and thus specimen temperature, 

















ae T T T T a 
T+3.674 kK 

CRITICAL FIELD AS A FUNCTION 

OF PRESSURE— TYPICAL DATA 
ad FOR TIN “I 
aor ol 
TT} + 

i i 

500 1000 1500 PRESSURE PS. 





Fic. 4. Typical critical field data for tin at constant temperature. 


i P. F. Chester and G. O. Jones, Phil. Mag. 44, 1281 (1953). 
8 M. Garbor and D. E. Mapother, Phys. Rev. 94, 1065 (1954). 
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Fic. 5. Critical field data for Sn and In at constant pressure. Zero pressure and 1.9X 10° atmos are shown. 


change with time. Thus a small correction must be 
applied to the observed values of H. so that they refer 
to a common temperature. This is done through 
knowledge of (0H./0T) ». 

The slope of the line through the data of Fig. 4 gives 
the value of (0H ./dp)r at that temperature. A number 
of such determinations are made for Sn and for In at 
temperatures near T.. The weighted average of these 
determinations for each metal is given in Table I. 
(8T./dp) was obtained from (0H./dp)r through a 
knowledge of (@H./0T),. The data for Al and Tl were 
obtained by determining the critical field curves for 
both zero pressure and 1.910 atmos in the vicinity 
of T,. The values of 7, were then obtained by extrapola- 
tion. The difference in the zero pressure and high 
pressure T, was divided by 1.910 atmos to obtain 
the values given in Table I. Also included in Table I is 
a summary of existing determinations of (07 ./dp) for 
these metals.':5"~"* Measurements of simple tension’: 
are not included because Grenier’® has shown that 
stress effects in Sn are highly anisotropic, and thus the 
pressure coefficient obtained from ten- 
sion measurements without a knowledge of crystal 


cannot be 


orientation. 


“™ M. D. Fiske, Phys. Rev. 94, 495 (1954). 
4 Grenier, Spéndlin, and Squire, Physica 19, 833 (1953). 
6 C. Grenier, Compt. rend. 238, 2300 (1954). 


The temperature dependence of (0H,/dp)r was de- 
termined for Sn and In from the data shown in Fig. 5, 
which gives the zero pressure and high pressure critical 
field curves. The temperature dependence is given by 
specifying the ratio of AH.(T) to AH,(T,), where 
AH.(T) is the change in critical field at constant 
temperature. These data are given in Figs. 6 and 7. 
The points given were obtained by subtracting each 
high pressure point from the zero pressure curve ad- 
justed for a best local fit with the zero pressure points. 
Since Chester and Jones" have shown that (0H./dp)r 
is independent of pressure to 17 500 atmos, we are 
justified in replacing AH,/Ap at constant temperature 
with the more concise notation (0H./dp)r. The least- 
squares fit for the data in Figs. 6 and 7 gives 


oH, OH, 

( - ) /( - ) =().61+0.02977, (Sn) 
Op lr Op /T, 
oH, oH. 

( ) /¢- ) =(0.77+4-0.020T*. (In) 
ap Tr Op / 1, 


In the effort to determine small pressure displace- 
ments in critical field curves, the zero pressure critical 
field data were determined with some accuracy. These 
data are given in Table II. The indium critical field 
curve is determined from 45 data points from 1°K to 























1818 NILS L. MUENCH 
Tanre I. 10° (AT ./0p)(°K /atmos) 
Pressure 
Sn In Ti Al (atmos) Author 
~ 4 -4 100 Sizoo and Onnes* 
+0.6 1370 Lazarev and Kan? 
—538 48 +14 1750 Lazarev and Kan> 
—0.4 13 400 Chester and Jones* 
—43 11 500 Chester and Jones* 
—4.5 17 500 Chester and Jones* 
—4.584+0.09 +1.340.2 100 Fiske* 
—44 100 Garbor and Mapother‘ 
—4.740.2 —40+0.3 100 Present work 
—2.0+0.2 1900 Present work 


+0.6+0.3 


* See reference 1 b See reference 5 * See reference 11 
T, which yield an rms deviation of 0.25 gauss. The tin 
is determined from 38 data points with an rms 


deviation of 0.9 gauss. 


curve 


IV. DISCUSSION 


We confine our remarks to two aspects of our subject: 
first, the temperature dependence of (0H./dp)r, and, 
second, the relation between stress and isotope effects. 
The temperature dependence of (0H ,/0p)r is analogous 
in some respects to the temperature dependence of the 
isotope shift which has been studied in detail."*"” We 
first outline the expected form of the temperature de 
(0H./dp)r. We that in the 


pendence of assume 


expression, 


HA(T)= Hf 1+a(T/T.)°+8(T/T.)*), (1) 


the ratio H)/T, and the coefficients a and £ are inde- 
pendent of pressure. This assumption constitutes what 


is called the “similarity principle” ; we will later discuss 





* See reference 13. 


! See reference 12. 


4 Unpublished 


its justification. Differentiating Eq. (1) and substituting 
(AH Op)r= (H./T.)(0T. Op)r obtained from the simi- 
larity principle, we obtain 


(0H. Op)r= (aH, dp) ri 1—al T/T .)—28(7/T, >). (2) 


As is well known, the Third Law of Thermodynamics 
when applied to the superconducting transition re- 
quires that (0H ./0T),=0 for all pressures at T=0°K. 
Therefore we have that (@°H./dpdT) = (#H,./dT0p)=0 
at T=O0°K. The expression of Eq. (2 (OH./Op)r 
does satisfy this Third Law requirement. It is conveni- 
ent to deal with the ratio 


oH oH. 1—a(T/T,.)?—28(T/T.} 
a a ot core 
Ops r Op J T. 1—a—28 


The solid curves in Figs. 6 and 7 represent this ratio 
with the values of a and 8 determined by least squares 
fit with zero pressure data. We observe from Fig. 6 


for 
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Fic. 6. Temperature de- 
pendence of (@H,/dp)r for 
Sn. The solid line is derived 
from the similarity prin- 
ciple. The copetaneael ap- 
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cated for pressure data. 
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Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc 47, 811 (1951). 
7 E. Maxwell, Phys. Rev. 86, 235 
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Fic. 7. Temperature de- 
pendence of (0H./dp)r for 
In. The solid line is derived 
from the similarity prin- 
ciple. The dashed line is de- 
rived by assuming the simi- 
larity principle in error by 
0.7 percent at 19X10 
atmos. 
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that for tin the solid curve obtained on the assumption 
of the similarity principle agrees with the data within 
experimental error. However, from Fig. 7 we see that 
for indium all data points lie above the solid curve 
obtained from the similarity principle. It is clear that 
the similarity principle does not apply for pressure 
effects in indium. The dashed curve through the data 
points in Fig. 7 was obtained on the assumption that 
a and 8 are constant, but that H/T. decreases by 0.7% 
under the ice pressure of 1.9X10* atmos. The volume 
change produced by this pressure is 0.35% for tin and 
0.7% for indium. 

To review the theoretical basis for the similarity 
principle (H»/T.= 


tential based on the Gorter-Casimir two fluid model.' 


constant), we write the Gibbs po- 
4 
We assume an energy gap A per unit volume between 
normal and superconducting electron energy levels and 
a fraction f=n,(T)/n,(O°K), where 1,(7) is the num- 
ber of superconducting electrons per unit volume at 
T’K: 
G,=l 
Here y7 is tl 


molar volume, and x is 


‘o— (V/Vm) 1— f) Fv T+ AV f+G(T) iattice- 


e electronic specific heat per mole, V,, is 
chosen to fit experiment. For 


example, x=} for a parabolic curve of H.(T) vs T. For 


30 37 


°K 


stable equilibrium we have 0G,/0/=0. Performing the 
differentiation, we obtain f=1— (AV,,/xy7")'/“*". At 
T., f is zero. Also A is given by 4yuoffo*?. We obtain 
finally: 


Ho/T = (xy/poVn)*. (3) 


This is the similarity principle providing xy/V, is 
constant. The exponent x can be expressed as a func 
tion of a and 8 only," and thus its pressure dependence 
is expected to be small. The electronic specific heat 
can be expressed as the free-electron specific heat by 
replacing the electron mass with an effective mass m"*. 
Thus, we have 


¥/Vimn=3.26X% 107° (m*/m) (nV nt/ Vm) cal/deg-mole’, 


where nm is the number of valence electrons per atom. 
To explain the observed dependence of Ho/T, on 
volume in the case of indium one must assume that m* 
is approximately proportional to V,,’. 

From another standpoint, we have empirical evi- 
dence for the dependence of H/T, or y/Vm on T,. The 
value of Hy/T. or y/V. for each superconductor can be 
plotted as a function of 7,. One finds that the soft 
superconductors fall approximately along a straight 
line (with a branch line below 2°K) with positive slope. 


TABLE IT. Zero-pressure data. 


0H ./8T) rete (gauss/°K 





3.72840.0015 —147441 


3.412+0.003 —155.8+1 


2.385+0.004 
1.174+0.003 


—135.5+2 
—163+3 


Bender and C. J. Gorter, Physics 18, 597 (1952). 


H = 307 .3—26.80T*+1.225T* 

w= Hof 1~1.2117(7/T.)?+-0.2117(T/T.)*] 
H = 284.5 —27.687*+-0.94897T* 

= Hof 1—1.1325(7/T.)*+-0.1325(T/T.)*] 





1820 NILS L. 


The 


i 
However, one might anticipate from 


reason for this correlation is not understood.” 
i correlation 
that if 7. for a parti 
and 7/V, would 
H 7 tor 
pressure of 1.910? atmos is 0.6 agreemen 


with the observed decrease of / his agreement 


liar metal | 
decrease. On t! 
indium 


decrease in 


Ose 


perhaps fortuitous, since t! 
in H>/T, should ther 
change greater t 


We 


isotope effec ts. By 


now turn t stress and 


nese etlects, 
one may estimate t! anges in 
spacing and itti 

altering 7, or Hp». This is 
H.=H.(T,\ 


represents the 


lattice 


OM 
The 


ired experimentally. 
;* can be 


ind (@0H./d \|nI 

Eqs. {4) and (5) become 
oH, 

rB)4 ) (4A) 

Op O\lnV 

* J. G. Daunt, Progress in L 

C, J. Gorter (Interscience Publisher 


Vol. I, p. 202 


Tem perature Physics, edited by 


Inc., New York, 1955), 


MUENCH 


oH. oH. 


OM ra) Ing? Vv 2M 


OH. 9 Vk, 
— 5A) 
2M x © 


re : 
d\lnV 
where I’ is Griineisen’s constant,” 
9p the 


B compressibility, 
Debye temperature at O°K, N Avogadro’s 
number, and & the Boltzmann constant. If we insert 
experimental values for (06H Op T; OH. OM)r, B, Z. 


Gp and V, 


we have for tin: 


OH OinV 7? 


and for thallium: 


0H./d\nV) a= —3.3(0H 


fractional changes in V, ¢g constant, 


Phat is, in 
are much ing H 
tional changes in g’, holding V constant. Alternately, 
one may consider H.=H.(T,V 6p 
expressions are obtained, with the result that (dH, 
8 InV )ep=10(0H,/0 |nép)y for tin. 

Since the energy gap A between normal and super- 
conducting energy levels on the model is 
given by 4yuoff,?, this analysis seems to indicate that 
the energy gap A, and therefore the interaction mecha- 


more effective in displa« than are frac- 


In this case similar 


two-fluid 


nism responsible for superconductivity, is more sensitive 
to changes in lattice dimension than to zero-point 


lattice vibration amplitude. 
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Certain sources of error in attempting to derive the first order anisotropy constants of ferrites from 
magnetostatic data are pointed out. High-frequency observations, particularly of the natural spin resonance 


frequency, are preferable. 





EISZ' has recently reported quasi-theoretical 

values of the first-order anisotropy constant K, 
of several ferrites. These were derived by substitution 
of experimental values of the initial permeability jo 
and the saturation magnetization M, in the equation 


po— 1=kM,?/K,. (1) 


The constant &, for which theoretical values of , 44/3 
and 8x/3 have been variously proposed, is obtained by 
substitution in (1) of experimental data for magnetite 
(uo=45, M,=480, K,;= —1.1X 10° ergs/cm 


k=21, and the same value is assumed for the other 


This gives 


ferrites. The purpose of the present note is to point out 
several potential sources of error in this procedure, and 
to mention some earlier published work which appears 
to have been overlooked. 

1. The quantity yo in (1) refers to the component of 
the initial permeability due to spin rotation only, and 
not to the total 
experimental values of which are used by Weisz. 

2. Although Birks,? and later Went and Wijn,’ have 
shown spin rotation to be the principal magnetization 


static initial permeability u,, the 


process in several low-conductivity ferrites, the differ 
ence between yu, and yo is not always negligible; for 
Zn ferrite, u 40. yu 34.7 
in be eliminated by 
~200 


example, for Ni rhe error 


introduced by equating uo and yu, « 
at frequencies of 


Mc/sec, between the dispersion regions d 


permeability measurements 
ie to trans 


lational (domain w lisplacemer and rotational 


processes. 
1R. S. Weisz, Phys. Rev. 96, 800 (1954 
*J. B. Birks, Proc. Phys. Soc. (Londor 
+3. J. Went and H. P. J. Wijn, Phys 


B63, 65 (1950 
Rev. 82, 269 (1951 


3. The error is particularly significant in magnetite,? 
in which u,~2u9. The magnetic dispersion at 5-20 
Mc/sec in this material is attributed to relaxation of 
the translational magnetization component, and it is 
only at higher frequencies that the initial permeability 
becomes equal to po. 

4. The translational component (u,—o) is associ- 
ated with the conductivity, which is relatively high in 
magnetite compared with the other ferrites. yu, is there- 
fore susceptible to impurities and strains. This probably 
accounts for the major difference between the values 
for magnetite powder of u,=15, uo=8, observed by 
Birks,? and the value for sintered magnetite of u,=45, 
used by Weisz.' The former experimental data sub 
stituted in (1) give a value of k=3.8, which lies within 
the range of theoretical values of this constant. 

5. An alternative method of determining | K,! for 
powdered ferrites by observations of the natural spin 
resonance frequency in the internal anisotropy field has 
been described previously.? This method gives a value 
of | K; 


with tl 


> 


1.3 10° ergs/cm* for magnetite, compared 
at of Ky 1.1% 10° ergs/cm* derived? from 
the single-crystal data of Quittner,® and subsequently 
confirmed by Bickford® and Danan.’ 

There are insufficient data available to estimate the 
resultant errors in the absolute values of |K,! derived 
by Weisz,' but it is unlikely that they are of sufficient 
magnitude to modify the broad qualitative correspon- 
dence found between | K,| and J, the inner quantum of 
the M** ions in the ferrite structure, MO-FeOs. 


‘J. Zimowski, Acta Phys. Polon. 6, 6 (1937 

*V. Quittner, Ann. Physik 30, 289 (1909 

*L. R. Bickford, Phys. Rev. 78, 449 (1950 
H. Danan, Compt. rend 238 1304 (1954 
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the Overhauser method is examined for the case of metals 
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It is shown 
tion electrons if they are viewed form a coordinate 
Relative to this system, the nuclei precess at nearly 


coupling. The Overhauser result then follows 


agnetic 


where 3C7 represents the electron kinetic and potential 
energies, 3s, is the electron spin-lattice interaction, 
vy. and y, the electron and nuclear gyromagnetic ratios, 
H, the applied static magnetic field (in the z-direction), 
S and I the electron and nuclear spin an 
saturates the electron 


o 
& 


ilar momenta, 
and %,.: the interaction which 
spin system. 

The terms the 
population of electron spins up or down. We consider 


Ksz and Hy, determine relative 


the case of complete saturation, in which case there are 
up or down. We will 
terms p and Heat, 


tron spin population 


equal numbers of electrons spins 
om neglect the presence of the 
the ele 


saturated despite 


JC gs] 
and simply consider that 
is maintained the electron-nuclear 
couplings. 

If we think 
Fermi distribut 
can see readily why the concept of electron temperature 


of 1€ él described by two 


ions, one for each spin orientation, we 


ectrons as 


fails. The bottoms of the distributions, representing 
zero electron kinetic 
electron magnetic energy. Since there are equal numbers 


energy, are displaced by the 


of electrons in both distributions the tops are also 
displaced by the same amount. Clearly, there is no 


corresponds to a displacement of 


1 


temperature which 
the tops. If the tops were in coincidence, the tempera- 
ture concept would apply, and the temperature would 
be simply the “‘lattice” temperature 7, which describes 
the shape of the tail. 

If we now transform to a reference system rotating 
at the electron Larmor frequency, we cancel off the 
electron magnetic energy. That is, speaking classically, 
in the rotating reference system the electron’s pre- 
cessional motion has been “stopped.” Mathematically 
we produce the transformation the 
exp(—iyA&Ho>_ ; S.;), which removes the electron mag- 
from However, this transformation 
ice explicit time dependence into the I1-S 
S,; does not commute with 


by operator 


netic energy KR. 


would introdi 
coupling term, since >; 
this operator. Explicit time dependence in a Hamil- 
tonian corresponds to a “driven” system, so that energy 


yplies within the nuclear plus 


conservation no longer ay 
electron system. To avoid considering a nonconserva- 
tive system, therefore, we use instead the operator 
expl — iy AH o>. ;(S.;+1,;) | which rotates both electrons 
and nuclei at the same rate, y,4H», and leaves the 


coupling term invariant. 


1822 





OVERHAUSER NUCLEAR 


The transformed Hamiltonian is then 


K=HRrt (yhHo—yAH)D; Sei 


Sar 
Ve¥n i?>- 


+ (yahtHo—yAHo)> ; 145+ + SsI,. 
i | 


We note that the electron Zeeman energy is now 
zero. The electrons are now describable by a tempera- 
ture since the tops of the Fermi surfaces coincide, but 
the nuclei have acquired a different splitting, equivalent 
to their having a gyromagnetic ratio nearly that of the 
electron. Since the temperature concept applies to the 
electrons, we can say the nuclei will come to thermal 
equilibrium at temperature 7, among levels of spacing 
(y¥a—ve)hHo. Thus the Overhauser polarization is 
produced. 

We can summarize, then, 
the concept of temperature we must view the nuclei 
and electrons from a system rotating with the electrons. 
Relative to this system, the nuclei are precessing at 
nearly the electron Larmor frequency. Such a rapid 
precession is equivalent to the production of an enor- 


by saying that to apply 


mous nuclear magnetic interaction. 

As a subsidiary consideration, we might point out 
that in many ways the Overhauser effect has been 
with us a long time, although unnoticed. Let us think 
sample in a 


of the magnetization of a paramagneti 


POLARIZATION EFFECT 1823 
static field. The spin polarization is determined by the 
Boltzmann exponent yhH>/kT. If we now transform 
to a rotating reference system to cancel off the magnetic 
energy, we realize there is a seeming contradiction 
since the full polarization must still be produced 
although the magnetic interaction is zero. The expla- 
nation of our difficulty is clearly that the lattice (which 
we must rotate to avoid explicit time dependence in 
the spin-lattice coupling) is no longer described by the 
temperature 7. That is, the spacing of lattice energy 
levels has collapsed, giving a much greater population 
difference for the (zero) energy gap than we would get 
if we used the energy gap in the rotating system and 
the temperature T 

Our considerations should not be confused with the 
interesting discussion by Redfield® of the use of the 
temperatureygoncept with rotating reference frames to 
discuss saturation. He is concerned with the coherent 
transverse magnetization of a saturated spin system 
with strong spin-spin interactions. We are concerned 
with the longitudinal magnetization of the nuclear spin 
system produced by coupling to a saturated spin system 
(that of the electron) of greatly different Lamor fre- 
quency, and possessing additional (translational) de- 
grees of freedom. We have neglected effects of the sort 


described by Redfield. 


eld, Phys. Rev 


A. G. Redfi 
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Gyromagnetic Ratio of Nickel at Low Magnetic Intensities 
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It has recently been shown that the measured value for the gyromagnetic ratio of iron, as measured by an 
Einstein- DeHaas experiment, is field-dependent in the low-intensity region, and that the extrapolated zero- 
intensity value of this ratio checks the value which is theoretically expected from a consideration of recent 
lerromagnetic resonance experiments 

his experiment has been repeated for a sample of pure nickel and a similar result has been obtained. The . 
extrapolated zero intensity value for g’ for nickel is 1.801. At a higher induced magnetic intensity, the 
effective value of g’ changes to 1.830. 














- es * 
. 
INTRODUCTION the rod in its original state on 10 different days during 
: Yecember. 1953. T ‘s obtained fre . 
HE techniques used in these experiments have December, 1 pen og om this set of 
been previously described.'*? The rod used was pots Ws Sy save OS ES of 16 pat ware 
. . } . . ak S é c PLZ y e >. 
of high-purity nickel, very kindly furnished by the “ en a fe age Og 6 * saga 
: ; > Tes agne oment ¢ e rod ¢ Ww 
International Nickel Company. It is the same rod that 7 Sete me - re re ere BON ee: Se 
. 20 871¢ -m?. 

vas previously used to measure the gyromagnet Af 4 i i } : li 

ratio of nickel at the General Motors Research Lab- ruter tae Mg ~% ep pe a. bs rf eke Ing 

oratories. In its original state, this rod was hot-rolled, was removed and the pot was annealed lor < sours in 
annealed. and then cold drawn 40° dry hydrogen at 2000°F and furnace cooled. This re- 

anneaied, and tnen col ay 0. 4 4 J a 

, , , , Ited in a’f i ace j ‘ > > 4 , 
After making the improvements in the equipment — ry a\fourfold ng i 8 magnet inp paca 
described in reference 2, a series of « heck readings were 1€ TOC ore re 14 des me the oe okey 0 pent 
taken on the Ni rod. These readings were taken with ments on the he d< ependen eo g were periormed with 
the rod in this annealed condition. 
Tas_e I. Condensed data for determining 
gyromagnetic ratios of nickel.* RESULTS 
pe/m (59) 2i,= t.) (M.—i, ZA, The condensed data shown in Table I were taken 
during March, and April, 1955. The average value 
a . of pe/m for each value of the magnetizing current used 
is given in Table II along with the corresponding values 
1 0008 21814 28.117 0.036084 1.097 i , a $3 ‘n Tabi 
40001 P1811 28 105 0.036044 1007 Of g’. Figure 1 is a plot of the data given in Table II. 

2.0000 10730 28.105 0.017940 1.110 The average induced magnetic intensity of the rod 
2.0000 10730 28.107 0.017941 1.110 which is plotted along the X axis is obtained by dividing 
0000 10730 28.107 0.017951 1.110 . . ‘ . e 
8 0034 $300)? 28 122 0.072348 1093 ‘the magnetic moment of the rod alone in amp cm? by 
8.0011 13890 28.122 0.072480 1.095 the volume of the rod. 

, 3 RAS TI PQ 154 *< e ° ° ° . 

— tk 7 a 0.14251 1.090 It can be seen from an examination of this curve that 
20001 10730 28.100 0.017963 1.111 : = ; - 
1.0000 5203 28 100 0.008708 1.119 the change from the low intensity value for g’ to the high 
1.0000 5203 28.107 0.00867 1 1.105 intensity value apparently takes place more abruptly 
1.0000 $203 28.106 0.008711 1.111 han is the case for F, ‘ . 
1.0000 $203 28.106 0.008691 1193 Ulan is the case lor e. ; y (ey a 4 
1.0000 5203 28.105 0.008713 1.111 It seems possible that this change in g’ might occur 
1.0000 5203 28.105 0.008731 1.113 at a unique value of the induced magnetic intensity 
3.0008 16247 28.103 0.027031 1.104 . A of 
3.0004 16244 8 107 0.026958 1191 and that the gradual change obtained is the result of 
5.0004 27326 28.109 0.045194 1.097 ag le 
5.0004 27326 28.109 0.045266 1.099 Taste II. Values of pe/m and g’ for various induced 
4.0002 21811 28.108 0.036168 1.100 magnetic intensities in nickel.* 

{oo 21812 28. 108 0.036126 1.099 "a Bs ae 7 
3.0001 16243 28.106 0.027004 1.103 —=—> ———- 
7.0000 16242 28.101 0.027086 1.107 ie “ pe /m ia 
1.0 131.8 1.110 1.802 
sDtiineicthiniie £ adehatiband 2.0 271.9 1.110 1.801 
ptical length, X =1576.9 cm. , 3.0 411.8 1.104 1.812 
ee | a 700e cat 4.0 552.9 1.098 1.821 
Mass sree rat ect m/e =5.6844 X10 g 5.0 692.7 1.098 1.821 
i. = magnetizing current eres . 8.0 1112.8 1.094 1.828 
pie pede ene WHREING), AEND Cl 16.0 2194.3 1.090 1.834 
im = 2 8 — = — — —— — — 
IC ak Se > » Re 9« <1) * ¢. = winding current, milliamperes. 
G G Scott, I hys. Rev 82, 542 1951) 3 me _ induced a * intensity cf rod, amp cm 
*G. G. Scott, Phys. Rev. 99, 1241 (1955 9 = (Me —te DAs) /2. 8 = 38.88 cm. 











nonuniformity of magnetization of the rod. If it is 
assumed that the rod is elliptically magnetized and that 
g changes from 1.801 to 1.830 at an induced intensity 
of 470 amp cm™, then a curve of g’ vs average induced 
intensity would be obtained, which would be nearly 
the same as the experimental curve. In this case, how- 
ever, there would be a discontinuity in the curve at 
370 amp cm™ which is the average intensity at which 
the central region of the rod reaches the assumed critical 
intensity of 470 amp cm™. This hypothetical discon- 
tinuity is shown as a broken line in Fig. 1. More points 
and a winding which more uniformly magnetizes the 
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Fic. 1. Plot of g’ vs average induced magnetic intensity for Ni 
rod 1.5-cm diam, 22 cm long 





specimen would undoubtedly be needed in order to 
decide whether or not this change occurs at a unique 
value of the magnetic intensity. 

The extrapolated zero intensity value of 1.801 for 
g’ is seen to check very well the value expected from 
microwave experiments.’ 





3C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 171 
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Taste III. Chemical analysis of impurities in nickel rod.* 
Iron 0.032% 
Cobalt Negligible 
Manganese 0.030% 
Copper 0 003% 
Silicon 0.10% 
Carbon 0.01% 
Sulfur 0.005% 

*® Analysis made by International Nickel Company 


The higher intensity value of 1.830 checks work which 
has previously been done on Ni at the General Motors 
Research Laboratories.‘ A chemical analysis of the 


Ni rod is given in Table ITI. 
CONCLUSION 


It has been shown from an Einstein-DeHaas experi- 
ment that the effective value of g’ for Ni depends on 
the induced magnetic intensity of the specimen. 

When the curve of g’ vs induced intensity is extra- 
polated to zero intensity, the value obtained for ¢’ 
is 1.801+0.002. A similar effect has recently been re- 
ported for Fe 
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Quimby and Sutton have presented, in an array of equations, an improved, accurate method for com- 
puting the mean Debye characteristic temperature of cubic crystals from the elastic constants. The present 
paper gives an equivalent, simplified, explicit equation. The pertinent integral is also expanded in a Taylor 
series to the fifth term by a special device and a method of getting the general term made evident. The first 
two terms of this series constitute Born’s equation which is shown to be usually inaccurate since the series 
is slowly convergent. This series is useful, however, in estimating the correction to the simple equation first 
mentioned. This correction is analyzed in more detail and extended to values of the anisotropy factor less 
than unity. Graphs are given permitting rapid calculation of Debye temperatures with an uncertainty due 


to the approximation made in the method of about 0.1 percent. 


INTRODUCTION 


N a previous paper by Quimby and Sutton,' a 
method was presented for computing the mean 
Debye characteristic temperature, Op, of cubic crystals 
from the elastic constants. It involves the evaluation 


of an integral 
ior 1 dQ 
. f [x 
o Lé (C+2,)'S4e 


where C= 44) (Ci: —C4a), Cye are the elastic constants, 
dQ is an element of solid angle, and the z, are the three 
rea] roots of a cubic equation. The 2; depend on the 


(1) 


direction cosines for a given direction, a, 8, y, and on 
K = (€12+€44)/ (Cri Cas). 

An approximate formula for Y, denoted Yap, is de- 
vised by Quimby and Sutton! by a modification of the 


method of Hopf and Lechner.? The function f(z) 


C+z)~! is represented by a fifth-degree polynomial 
[ f(z) |p given by the expression 
[ f(t) |e = aot ay2+ ae2?+ age? + ays'+as2', (2) 


and the a, are so adjusted that the value of [/(z) Jr 
coincides with that of f(z) at six appropriately chosen 
values of z. Formulas are given for the a; and a formula 
is given for Vg in terms of these a;. The error involved 
in the substitution of Vg for Y in Eq. (1) is evaluated 
in terms of the anisotropy factor A 12 
the crystal, so that a suitable correction can be made. 


244 (Cy1— C12) Ol 


The foregoing procedure is subject to improvement 
in two particulars. First, the considerable labor incident 
to the separate computation of the a, can be eliminated, 
with no increase in the complexity of the resultant 
expression for Vg. Second, the correction to Y x in fact 
depends upon the values of C as well as of A. This 
circumstance is ignored in refefence 1. 

The usefulness of the method is further increased by 
extending the curves for the correction of Vz to values 
of A less than unity. 

1S. L. Quimby and P. M. Sutton, Phys. Rev. 91, 1122 (1953 


*L. Hopf and G. Lechner, Verhandl. deut. physik. Ges. 16, 
643 (1914). : 


EXPLICIT FORM FOR Yxz 


If the expressions for the a; (reference 1) are sub- 
stituted in the expression for Yz and the result simpli- 
fied, it is found that 


1 
4 [12(15—2x)m,+288m2+1112.4m; 


155 


Vr = 3mo+ 
1 


1 
+825.6m4+135ms5 ]+—[54(ms— ms) +576(m,— mz) } 


c 
54 1036.8 ’ 
+—[m,—m; }+ [ ms— mz, | 
tf 
864 
+ Lma— ms], (3) 
g 
where 
mo= f(0), 
m,= {(1)—mo, c=1—2: 


mo= {(x)— mo, 


m;,= f(2x/3)—mo, f=3—5x, 
m,= {(1—x)—mo, g=3—7x 
ms= f(1—4x/3)—mo, x=(1—K)/2. 


Table I exhibits the variation of Yzg with x and C. 
The indicated range of values of x covers all the cubic 
crystals listed by Hearmon* with the exception of Na, 
K, and NaClO,;. C, for the cubic crystals listed by 
Hearmon,’ ranges from 0.095 to 1.15 except for Na, K, 
and beta brass. 

A correction to Eq. (3) is shown in Figs. 1 (a) and 
1 (b). The method of deriving this correction is dis- 
cussed in a later section. 

The computation of a Debye temperature proceeds 
directly from the elastic constants by calculating C, K, 
and x. Equation (3) then yields Yg. This value of Ve 
may then be checked by comparing it with Table I. 
(Equation (3) must be used since interpolation using 


*R. F. S. Hearmon, Revs. Modern Phys. 18, 428 (1946). 
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Table I is of limited accuracy.) This value of Vx is 
then corrected using Fig. 1. The estimation of position 
of curves of C intermediate to those shown rarely will 
introduce error over +0.3% in final Y. The curves 
themselves may be in error by a like amount, so that 
the error in the computed mean ©p, stemming from 
the computation, may be about 0.2%. 


TAYLOR’S SERIES EXPANSION OF Y 


As an aid to the evaluation of the effect of C on the 
correction to Vg, it is desired to expand Y in ascending 
powers of x. If f(z) is represented by a polynomial of 
the nth degree, there are n+1 coefficients a; to deter- 
mine. Further, if, instead of forcing agreement with 
f(z) at n+1 different points, it is required that 


n 41a; 
a;= fi(0)/j!, 2) ——=f(1), j=0,1,2---m, (4) 
=i (t— 7)! 


where (m+1)<(n+1)/2 and f’(z) denotes the jth 
derivative of f(z), then an equation for ¥ results whose 
first m+1 terms in powers of x are identical with the 
first m+1 terms of the Taylor expansion for Y (see 
Appendix A). 

The series, denoted Y 7, obtained in this manner is 
2C-!+- (C+1)]-[ 


Yr=[ 6/5)B x 


x 
7/24. 105C-7/2 ] 


+[24B+-150(C+1) 
105 


—{ —4176B+6000(C+1)-*?4+-4440C-7 
3 

— 25620(C+1)~**+ 13335C-*? | 
15015 


+[87072B—127200(C+1)-7*—90480C-*? 


— 146160(C+1)-*?4-81900C~*? + 523530(C +1)” 
a 
+ 206246.25C~"? (5) 
255255 


where B=C~*?— (C+-1)~-*”. The first term is the term 


TABLE I. Values of Yg computed by using Eq. (3). 


t 0.25 0.50 0.75 1.0 
—0.8 5.974 
—0.7 21.887 4.614 
—0.6 8.916 3.872 
—0.5 6.515 3.391 
—0.4 15.651 5.332 3.052 
—0.3 10.444 4.005 2.802 
—0.2 41.231 8.240 4.114 2.613 
—0.1 22.508 6.990 3.765 2.466 

0 16.716 6.201 3.511 2.354 
+0.1 13.968 5.677 3.325 2.267 
+0.2 12.461 5.324 3.191 2.203 
+0.3 11.608 5.093 3.099 2.158 
+0.4 11.128 4.959 2.131 
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Fic. 1. Correction function £. 


for an isotropic body. The second term is that given by 
Born and v. Karman.‘ The first ‘hree terms can be 
obtained from an expansion of Vz, Eq. (3), since this 
is the case of m= 2, n=5. 

The Taylor’s series must diverge for x> |( 
converges slowly for x<|C|. 

Yr is always less than the true Y for x<0 and thus 
constitutes a lower bound for Y. For x>0, the terms of 
the series alternate in sign so that Y7 alternately bounds 
above and below as terms are added. 

An upper bound for Y can be had for x <0 by using 
n=5 and m=1 in Eq. (4) and then passing the [_f(z) ]x 
through z=x and z=1—4x/3. This [ f(z) ]g is then 
tangent to f(z) at z=0 and z=1 and lies wholly above 
f(z) throughout the root ranges. (It can be shown that 
(f(z) Je cuts f(z) only at the points chosen.) 


‘|, and 


ESTIMATE OF CORRECTIONS 
The true correction to Yz is given by 


dQ dz; 
= f Ue- (f(z) Je) (6) 


dz; 4x 





*M. Born, Alomtheorie des festen Zustandes, Enc. Math. Wiss. 
(Teubner, Leipzig), Vol. 3, p. 648. 

*M. Born and Th. v. K4rman, Physik. Z. 14, 15 (1913). They 
appear to have neglected to cancel a factor of 41. See reference 10, 
page 18 
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The dQ/dz; are not known analytic functions. The 
shapes of the dQ/dz,, however, vary only slightly with x. 
This is a consequence of the facts, as discussed in 
reference 1, that the intervals (in z) of the dQ/dz, are all 
proportional to x, the maxima of the dQ2/dz; always 
remain at the same points in the intervals, and the 
area under each dQ/dz;, is always equal to 44/48. Thus, 
if the dQ2/dz; are approximated by functions having the 
same intervals, having areas under them of 49/48 and 
having no change in shape with x, then the approximate 
E computed using these functions varies with x in a 
way similar to E itself. A first approximation to E, 
using constants in place of the actual dQ/dz,; and main- 
taining the same intervals and area, is denoted by E’. 
Both E and E’ depend on C in nearly the same way, 
since C enters Eq. (6) only through the known func- 
tions f(z,) and [f(z,) |e. 

E’ may be improved as a first approximation to E 
by dividing E’ by the quantities 0(1+Gx) for x>0 and 
QO(1+Hr) for x<0, where r is defined as the ratio 
x/C. These factors are evaluated as follows: 


( is determined by taking the ratio of E’ to (Y—Yp) 
as x —+ 0. This can be computed since (VY — Vg) may be 
be replaced by (Yr—Yge) as x approaches zero. Both 
E’ and (Y — ¥ x) are proportional to the third and higher 
powers in x. Thus, E’/Q is identical with the true E 
to the order 2°. Values of Q range from Q=1.4902 for 
C=1.136 to Q= 1.5298 for C equal to zero. 

Since E and E’/Q have no lower powers of x than 2°, 
both go through zero with no slope or curvature. 
Division by Q serves to adjust E’ to agree with E in 
general magnitude. Since E’ is computed with a dQ/dz; 
of substantially different shape than the true dQ/dz;, 
the size of Q is not unexpected. 

For x>0, the true value of Y, and thus E, can be 
computed at x=0.5 (i.e., at K=0) since the three 
roots of the cubic are here simply a’, 8? and y’. Division 
of E’/Q by (14+Gx) further adjusts our error estimate 
so that proper choice of G gives a good fit to the exact 
errors at x=0.5, Thus, the final error curves in Fig. 1(b) 
are E’/Q(1+Gx). These curves are precise at either end 
and have the required lack of curvature at x=0. 
Further, as before stated, E and E’ should vary with x 
in a similar manner, so we expect the shape of these 
curves to be nearly correct. Judging by the size of the 
adjustment necessary at x=0.5 the largest probable 
error to be expected in the curves shown is about 
+0.3% in Vr. 

As a check on the foregoing method of arriving at 
the error curves in Fig. 1(b), ¥ has been calculated by 
the numerical method of Griineisen and Goens® at the 
point C=0.25 and x=0.3. This yields Y=11.409 re- 
quiring a correction for VYx of —1.71%. This differs 
from the Fig. 1(b) value of — 1.44% by less than 0.3%. 
The error in the Griineisen and Goens numerical method 
should be an order of magnitude less than the change 


* E. Griineisen and E. Goens, Z. Physik 26, 255 (1924). 
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induced in Y by omitting one of the points in their 
basic triangle. Omission of the worst point increases Y 
by only 1.9 percent, so it is felt that the Y=11.409 
above is in error at worst by 0.5%. Thus, use of Eq. (3) 
and Fig. 1(b) is of comparable accuracy to the Griin- 
eisen and Goens method—and presents much less 
computational difficulty. 

For «<0, division of E’ by the function Q(1+Hr) 
gives the curves plotted in Fig. 1(a). The value of H 
is obtained by choosing it to give the best fit with 
values computed graphically for Fe, Au, and Pb.’ The 
values of C for Fe, Au, and Pb are, respectively, 1.136, 
0.3040, and 0.4248. The resultant curves go through 
r=(0 with the required lack of curvature and approach 
infinity at r= — 1.0 as they must. Also, as before stated, 
their shapes should be nearly correct since E and E’ 
should vary with x in a like manner. The fact that one 
parameter, H, is sufficient to give good fit at the three 
different values of r for Fe, Au, and Pb seems to sub- 
stantiate the accuracy of the shape of these curves 
(especially since these three metals cover the useful 
region of the curves where the error is large and im- 
portant). Judging by the estimated error in the graphi- 
cally determined values and the fit obtained, it appears 
that an estimate of 0.3% error in the curves of Fig. 1(a) 
is reasonable for the range of r from zero to —0.8. 
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Fic. 2. Comparison of terms of the Taylor series for Y with 
Yr, Eq. (3), and the “true” Y. Born’s equation is shown to be of 
low accuracy. 
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It should be noted that there is good agreement with 
the Griineisen and Goens* method in this range, too, 
as mentioned in reference 1. The methods agree to 
about 0.4% in Y for Au and Ag, using the same data. 
(The trapezoidal averaging method of Griineisen and 
Goens can be improved by dividing by the sum of the 
actual area factors used, rather than using the factor 
x/n. This raises Y values usually about 0.6%. The 
need for this improvement is easily demonstrated by 
applying their method to the isotropic case.) 

In summary, it is estimated that the curves of Fig. 1 
are accurate to about 0.3%. Interpolation for inter- 
mediate C values may double this error. The percent 
error in the computed ©>p introduced by the substitu- 
tion of the corrected Vz for Y in Eq. (1) is one-third 
the percent difference between them. Therefore, the use 
of Eq. (3) and Fig. 1 should result in the mean Op 
accurate to about 0.1% on a given curve or, when 
interpolating curves, to about 0.2%. This is about an 
order of magnitude less than the errors introduced in 
©p by the present experimental uncertainty in the c,;. 

Use of Eq. (3) and Fig. 1 reduces the arrival at an 
accurate 0p toa short operation taking, at most, a few 
minutes. This makes possible computations of @p for 
many values of elastic data without being prohibitive 
in time and effort, and enables the experimenter to 
compute easily the effect on ©» of variation of such 
parameters as temperature, cold work, radiation dam- 
age, or alloy proportion. 


COMPARISON OF FORMULAS 


Figure 2 compares terms of V7 to Yr. The dashed 
curve is the “true” Y as discussed above. It is apparent 
that Vp fits the “true” curve best. For positive r, Yr 
to the term in 2 is nearly as good as Y z; for negative r, 
it fails much beyond r=—0.5. It appears that Yr 
would have to be carried out several further terms in 
order to compete with VY, near r= —0.7 where many 
of the metals occur. (As a consequence, Vr is chiefly of 
value in computing Q.) Also, the equation given by 
Born** is quite inaccurate except close to isotropy, 
say r</0.1|. (From Hearmon’s Table,’ only tungsten 
falls in this category.) Figure 2 may be used as a guide 
to use of Yr for substances of small x. It is plotted for 
C=1 but the variation of C does not change these 
curves substantially. 

Two papers by Blackman seem to complement the 
method here described. The first pe srmits calculation of 
©p for cases where (¢12+-¢u)<cu, i.e., for very positive 
r.’ The second applies where ¢1—¢12 is small, i.e., 
r= —1.* The formulas he proposes are relatively simple 
but may be in error by several percent. 

Bhatia and Tauber’ give an equation for Y which is 
also accurate to several percent. This is derived using 
the first three Kubic Harmonics for the integrand. 


~ 7M. Blackman, Proc. Roy. Soc. (London) A149, 126 (1934). 
*M. Blackman, Phil. Mag. 42, 1441 (1951). 
* A. B. Bhatia and G. E. Tauber, Phil. Mag. 45, 1211 (1954). 
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Their equation contains the same m, as Eq. (3), but the 
coefficients are constants. 

It is worth noting that the Hopf and Lechner treat- 
ment necessarily gives a value of @p which is too high 
(low Y) for all substances of negative x. The metals 
are in this category. The Hopf and Lechner repre- 
sentative function intersects f(s) only between s=0 
and s=1 and as a consequence is lower than the true 
f(z) throughout the root ranges. The wide use of the 
Hopf and Lechner method may be one reason for the 
fact that @p from elastic data is frequently high com- 
pared to the @p from specific heat data." As an 
example, even for nearly isotropic Al (r= —0.1561)" 
the Hopf and Lechner method gives a Y which is 1.7 
percent low; for more negative r it worsens rapidly. 
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APPENDIX A 
Equation (1) may be written 
1 dQ 
Y=—)D | f(z) —dx, (1A) 
4 i ve; dz; 


where (dQ/dz,)dz, is the solid angle associated with the 
ith root lying between z; and 2,;+-dz,;. The defining 
equations for y, are 


s1+y%, 
2% Vox, (2A) 
23= yer. 
Then Eq. (1A) becomes 
hi dQ 
~ =f fled(x : ar. (3A) 
wr ivy dz; 


where the k; are appropriate constants (all ranges of 2; 
are proportional to x). Also 


S (aeons 


Taylor’s series for f(z) at s=0 for 2, and 2; and at 
z=1 for z; yields (|k2| >|&s| and y2=ys= y) 


dQ ys (1) 
UL (QnA 
7 


dz, j! 


da dQ f?(0) 
+f le bi? — xhyf— 4h (5A) 


*M., “Blackman, na. Progr. Phys. 8, 19 aates 

uF, Seitz, Modern heory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 111. 

” P. M. Sutton, Phys. Rev. 91, 816 (1953), data at 0°K. 


dQ 
—d2z,=49 
{- 


(4A) 
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On the other hand, use of a representative polynomial 


6A) 


(7A) 


“8 dQ dQy » 
+ f x—+x >, xyiajdy 
dz, dz;/ ix 


A jth term in Eq. (5A) or (7A 


order 7 in powers of x since it is proportional to 


must be at least of 


zero ul the term were ol order iess than 7 in 


Therefore e requirement of I q. (4 


identical to Y for all powers of where m as can be 
seen by comparing Eq. (5A) with Eq. (7A). Equation 
4) constitutes 2(m+1) conditions on the (n+1) co 
efficients a; so that (n+1 >(m+1 Thus expansio 
of Vg in powers of x yields the first (m+-1) terms in the 
laylor’s series for Y in powers of 2 

The } R needed to give the Vr of Eq 5) has n=9 
and m=4. Hopf and Lechner® give > 2,’ up to 5 


lo obtain Vz for n>5, use is made of 


4 


KI > « +Kox > 2 3 SA 


SUTTON 


where 
K,= (1—K°®), 
K2= (1—3K*+2K 
Pee P+ Py+7'c’, 
x =a" Ray? 
Equation (8A) is obtained directly from the basic 
cubic in z. The eleven integrals needed for n=9 may 
then be obtained, and give the following averages over 
the unit sphere: T’, 1/5; x, 1/105; I", 1/21; 'y, 1/385; 
T*, 61/5005; x?, 1/5005; T*x, 1/1365; I, 277/85085; 
Px, 5/85085 ; Tx, 205/969969; x3, 5/969969. Hopf and 
Lechner’ give the first four of these. 
The final equation for Vz for n=9 is 


4 K, 9 K» 9 
© ; a S 
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Energy distribution of the photoelectrons from polycrystalline graphite were measured by retarding 
potential methods in spherical phototubes with small, central, interchangeable emitters. There were distinct 
deviations from metallic behavior. The results were consistent with a density of states that was relatively 
small at the Fermi level and that rose to a value several-fold higher 1 ev away. The photoelectric yield from 
graphite is about ten times below that of common metals 


I. INTRODUCTION 


N the course of other work, we have had occasion to 

use polycrystalline graphite as a photoemitter. A 
rather wide variety of samples was inspected. Often, no 
rigorous measures were taken to clean or degas the 
samples. Nevertheless, the photoelectric behavior of 
these graphites has been surprisingly uniform in char- 
acter. Hence, one suspects that the results may be more 
significantly influenced by the electronic energy struc- 
ture of the material than by accidental circumstances 
of measurement. With this possibility in mind, we 
present some typical results in this paper. 


II. EXPERIMENTAL DETAILS 


Other papers describe the methods of investigation." 
Some samples consisted of aquadag painted on quartz 
and baked at about 500°C in vacuum. Others were bulk 
graphite, machined to shape and degassed by induction 
heating at temperatures up to 2000°C. In two tubes, 
carbon was evaporated from graphite spirals onto metal 
or quartz substrates. 


III. RESULTS 


Energy distributions were obtained by differentiating 
current-voltage characteristics for small, central, graph- 
ite emitters in the usual type of phototube with a large 
spherical collector. The 0°K stopping potential, Vo, was 
determined from metallic 
emitters. Figure 1 shows a typical set of results. It is 
clear that graphite deviates measurably from a simple 
metal in its behavior, as shown explicitly by the curves 
for hyv=5.78 ev. There is a sparsity of higher energy 
photoelectrons. The results are characteristic of a low 
density of states in the vicinity of the Fermi level, a 
condition especially susceptible to detection by the 
present methods. At a point roughly 1 ev below the 
Fermi level, the density of occupied electron energy 
levels is noticeably higher (see Fig. 2). 

This type of behavior is what one would expect from 
well-known theoretical attacks on the graphite prob- 
lem.” All we can claim here is that we have observed this 
' Apker, Taft, and Dickey, Phys. Rev. 74, 1462 (1948); 84, 
508 (1951); E. Taft and L. Apker, Phys. Rev. 96, 1496 (1954); 
H. B. Huntington and L. Apker, Phys. Rev. 89, 352 (1953); H. 
B. Huntington, Phys. Rev. 89, 357 (1953 

2 P. R. Wallace, Phys. Rev. 71, 622 (1947), finds a minimum in 
the density of electron energy states at the Fermi level, where the 


data on interchangeable 


behavior on all the graphite samples we have measured. 
To this extent our results support the theoretical con- 
clusions. 

In principle, it is conceivable that by this method one 
could look for the predicted minimum in the density of 
states at or very near the Fermi level. We prefer not to 
do this with our present results because the process 
becomes untrustworthy more than 0.1 to 0.2 ev above 
the Fermi level, where the probability that levels are 
occupied becomes small. Spurious results may arise from 
stray radiation of higher photon energy or from slight 
non-uniformity in the work function of the large col- 
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io — 

v-We (VOLTS) 
Fic. 1. Typical normalized energy distributi ns for photo 
electrons from graphite emitters. The pertinent values of Ay are 
given next to the curve, which were obtained by differentiation of 
current-voltage characteristics; errors in the ordinates do not 
exceed 10 percent. The units on the ordinate scale are percentages 
of saturation current /;9 (measured at V= 10 volts) per volt. On 
the abscissa scale, kinetic energies of external photoelectrons in 
crease toward the right; the zero point corresponds to photo 
electrons originating at the Fermi level in the emitter. For com 
parison, a curve is given for a typical simple metal with the same 
work function g=4.56 ev as the graphite and with s»y=5.78 ev 
Note the relative sparsity of higher energy photoelectrons from 
the graphite as compared with the metal. 

valence and conduction bands are just contiguous. In our work, 
an additional effect may contribute to the rise in efficiency of 
photoelectric excitation for states below the Fermi level: the 
transition probability rises linearly with energy (i.e., with V— Vo 
in Fig. 1) as one departs from the edge of the valence band. For 
more recent progress, see J. L. Carter and J. A. Krumhensl, J 
Chem. Phys. 21, 2238 (1953); J. E. Hove, Phys. Rev. 97, 1717 
(1955); W. M. Lomer, Proc. Roy. Soc. (London) A227, 330 
(1955); D. F. Johnston, Proc. Roy. Soc. (London) A227, 349 
(1955); D. F. Johnston, Proc. Roy. Soc. (London) A227, 359 
(1955). Results consistent with these have been seen in soft 
x-ray work by H. W. B. Skinner [Phil. Trans. A239, 95 COT 
and by F. C. Chalklin [Proc. Roy. Soc. (London) 194, 42 (1948) ]. 
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electrode surfaces such as the spherical collectors in 
these phototubes). 

The photoelectric yield from these emitters is shown 
in Fig. 3. It was of order 10~* electron per incident 
photon at Av=5.78 ev, about 10 times lower than the 
value for common metals of the same work function. 
(Again, this characteristic is valuable in electrodes, 


we 
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of the yield at room temperature per incident 
volts beyond the work function, 4.56 ev, 
is about ten tim 
since reverse currents are suppressed.) Work functions 
for the seven samples measured in detail were 4.48, 4.51, 
4.56, 4.70, 4.73, 4.80, and 4.88 ev. These are in reason- 
ible agreement with the work functions of the aquadag 
ollectors in our phototubes, more than 90% of which 
vetween 4.65 and 4.85 ev.’ 
29. Aquadag- bentonite 
ntly, have higher work 


1, first paper, footnote 
hich we have also used freque 
between 5.2 and 5.5 ev 
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Consideration of the Auger effect as a polyelectron phenomenon leads to the expectation of an accumu 


lation of a greater charge on an atom, as the result of an Auger cascade, 


than that obtainable by the con 


ventional two-electron theory. On this basis, calculations are made of the probability for the accumulation 


of large charges by chlorine atoms originally possessing a K vacancy 


The theoretical results correlate well 


with the recent experimental measurements of the charge distribution of the chlorine atoms produced by 


the electron-capture decay of argon-37. 


HE Auger process is usually described as a process 

involving two bound atomic electrons, one of 
which undergoes a transition to a vacant orbital of 
lower energy while the other one is ejected to the 
continuum. The charge on the atom is thus increased 
by one unit. 

In the nonrelativistic theory of the Auger effect, the 
probability of a transition between two atomic states 
of the same energy y; and yy is proportional to M;} 
where 


wid . (1) 


| ec 
M=| [ve 
| if 


In the evaluation of M, ¥, and y, are usually taken 
to be properly antisymmetrized two-electron atomic 
orbital wave functions for the two electrons involved in 
the process; the other electrons in the polyelectronic 
atom are ignored. In the atomic orbital approximation, 
this procedure is justified if the assumption is made that 
the orbitals of the other electrons are the same in both 
vy, and y, and thus have orthogonality properties such 
that e/r,; can connect only states which differ in the 
orbitals of two electrons. 

Since one generally finds that the orbitals of the 
other electrons also must change due to a change in 
screening constants, the above description of the process 
as a two-electron problem is not quite complete. Those 
bound electrons which have velocities small compared 
to that of the ejected ‘“‘Auger” electron suffer a “sudden 
perturbation” due to the sudden change in effective 
nuclear charge and may undergo a transition to an 
excited state. This situation is similar to the case of the 
sudden perturbation in beta decay, which has been 
studied by a number of investigators.? Thus for these 
electrons, the wave function y, in Eq. (1) should be 
written with effective values of the nuclear charge 
computed with allowance for the missing Auger electron. 
There exists then a probability that an atom may gain 


* Research carried out under the auspices of the U. S. Atomic 


Energy Commission. 
1E. H. S. Burhop, The Auger Effect (Cambridge University 


Press, London, 1952). 

‘EL L. Feinberg, J (U.S.S.R.) 4, 424 (1941); H. M. 
Schwartz, J. Chem. > 1 45 (1953); H. Primakoff and F. T. 
Porter, Phys. Rev. 89, 930 (1953). 


more than one charge as a result of an Auger process, 
if one of the other electrons is excited either to a 
continuum state or to a bound state capable of partici- 
pating later in an Auger process which would otherwise 
not have been possible. 

Computations of the above effect have been made 
for Auger transitions in chlorine, which are of special 
interest on account of recent experimental measure- 
ments of the average charge’ and also of the actual 
charge distribution‘ of chlorine atoms resulting from 
the electron capture decay of argon-37. The effective 
Z values for the various atomic orbitals were found 
using the Slater recipes.’ From the values of AZ and 
with the aid of tabulations made by Schwartz,’ one 
sees immediately that only certain Auger transitions 
will give rise to a significant amount of multiple 
excitation.. These cases include 3s and 3p excitation 
accompanying the Auger transition K-+LL;* 3s and 
3p excitation accompanying Ly;—L1,11M; 2s, 29, 3s, 
and 3p excitation accompanying LMM. Of these, 
however, 3s and 3p excitation accompanying 
Lr>Lu.1mM and 2s and 2p excitation accompanying 
L-—MM are both energetically impossible. The other 
two above Auger processes which may be accompanied 
by 3s and 3 excitation fulfill not only the energy 
requirements but also the requirements which make the 
sudden perturbation treatment applicable. By means 
of the Auger phenomenon alone chlorine of charge 
plus 5 can be produced following the K-capture decay 
of argon by the following set of five processes: K->1, Ly, 
LroLu, mM, Lr oD. mM, Lum MM, Lu. mi +MM. 
The same charge may be produced also by a smaller 
number of Auger processes accompanied by sudden 
perturbation excitation. The principal amount of 3s 
and 3p excitation accompanies the K—+1,L, process; 
minor amount accompanies Ly1,017MM. 
(1) one obtains for M, with no 
the K-LL 


a very 
Substituting in Eq. 
sudden perturbation excitation, for 


*M. L. ile and J. Miskel, Phys. Rev. it. 182 (1954); 
S. Wexler and T. H. Davies, Phys. "Rev. 93, 182 (1954). 
*0. Kofoed-Hansen, Phys. Rev. 96, 1045 (1954); A. H. Snell 
and F. Pleasanton, Phys. Rev. 98, 1174(A) (1955). 
. C. Slater, Phys. Rev. 36, 57 (1930). 
* The hole nomenclature is employed here to designate Auger 
transitions. 
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transition, being in their original configuration. If one subtracts 
' from this number the probability that the 3s electron 

uv fi *(1)a(1)F*(2)3(2)1s,*(3)3(3)2p, *(4)a(4) makes a transition to the empty 2s orbital, one obtains 
the probability that the 3s and 3p electrons are actually 


excited during the Auger process. Integrals of the type 


t . . . . 
2p, *(5)B(5 x E—¥ (-1)P.2s,(1)a( 1 2) appearing in Eq. (3) have usually been evaluated with 
>4F ei 3 hydrogenic atomic orbitals.* One finds, using Slater P 4 


» values and hydrogenic functions, that the probability of 
% 25;(2)8(2)1s,(3)8(3)2p, (4)a(4)2p, (5)3(5 ir. exciting 3s and 3p electrons in the foregoing Auger cas- ‘ 
cade leading to the plus five charged chlorine is 0.16; 98 
percent of this total arises from the KL,Ly transition. 
Hydrogenic atomic orbitals are constructed in such a 


F stands for the wave function of the ejected electron, shad : ; ao 
: way that a 3s function corresponding to a given Z is 


r, represents the permutatio ot ele ro ind vp S ’ a . 4 a 
, - orthogonal to a 2s function with the same value of Z. 
even or odd according to whether the permutation Is 4 ‘ ‘ < . 
Ty ise 1: LFS , In the atom, the Z of the 2s function is of course 
even or oad The quantity whl IS squared in Eq Z 


different from that of the 3s function. The probability 
of excitation has therefore also been evaluated using 


consists, when expanded, of a sum of terms, each of 


which is a product of a two-electron integral involving tes pager sepia on i alized. Th 
2/r,; multiplied b —oe ian ihadtiee coienions later orbitals which are actually orthogonalize . The 
santa teteaeaia Cauation (7) reduces to result obtained in this way for the excitation of 3s and 
: ' 3 electrons is 0.12. While this number is close to that 
Vu 1'°K. 3) obtained with the hydrogenic functions, it should be 

with noted that the bracketed quantity in the expression 


for K is negligible in the case of the orthogonal functions 
{ fi *(1)a(1)F*(2)8(2 but is quite sizeable in the case of the hydrogenic 


functions 


¢ , Using hydrogenic functions, one finds that the 
; ) ) \2 ) Ae ms - _ ° a oe . 
Sy r(1)2 hs ‘T2 probability of actually ionizing 3s and 3p electrons is 
only 0.03. However, some of the integrals computed 


here and calculations made by Levinger’ indicate that 


the ionization probability may be much higher than 
K 1 *} = A 794 4- 26 F323 le - - = ° > 
' ee ee that computed with hydrogenic wave functions and, 


correspondingly, that the probability of excitation to 


bound states may be much lower. Moreover, the excited 

x fo “Spar 6 f 2 "3p ir f sp “2pidr electrons may also take part in Coster-Kronig transi- 
tions of the type M1—>Mj1, 1X, where X « orresponds to 

the orbital to which the 3s or 3p electrons had been 

+ fis *3 ir fs *1s.dr 1X (quantity of the excited. How probable this Coster-Kronig transition 
. may be compared with other processes which compete to 

fill the M, hole or deexcite the X electron, one cannot 
easily say. One does know, however, that for outer 
shell orbitals radiative transitions are much _ less 


If one omits all terms not containing the two electron probable than Auger processes. Thus, under proper ' 
ntegral A, which is the e r,; integral corresponding to conditions, every excited 3s and 3p electron may be 

the Auger transition as it is usually taken. The terms  jonized, the result being the accumulation of a positive 

involving other & r,, integrals are considered negligible, charge on the chlorine atom larger than five units, the 
although this factor has not been thoroughly explored maximum which may be produced by means of the P 
Phe probability, M, of obtaining a final state wit! usual Auger mechanisms following the creation of a 

sudden perturbation excitation is similar to Eq. (3 K vacancy. Recent measurements by Snell and 

with K suitably modified to indicate the orbitals which Measanton* of the chlorine atom charge distribution 


i 

correspond to excitation in the final state. A, when show that there is 10 percent probability for Cr 1.8 
summed over all possible final states for the electrons _ percent for Cl**, and 0.4 percent for Cl*’. Snell and 
not taking part in the A—+LL Auger transition, should Pleasanton’s results indicate that some sudden pertur- 
be about equal to unity. This summed probability bation “ionization” accompanies the Auger processes.* 
iffers slightly from unity chiefly because transitions to ~> se 

d , ay -. ies ; J. S. Levinger, Phys. Rev. 90, 11 (1953). 
Isya and F9 are not allowed. * In a private communication, A. H. Snell has pointed out that 
Both fls;*1s.dr and {2p *Ipdr are very close to these high charges may be produced also by the occurrence of 
al , 3 Auger transitions My +*Mn uti or. It cannot be stated defi- 
nitely that such transitions are energetically possible following 


unity, so that the deviation of K in Eq. (3) from unity 
1 3p electrons not the decay of A”; however, from the compilation of ionization 


gives the probability of the 3s and 

































If one analyzes their results, assuming that the prob- 
ability of sudden perturbation “ionization” is the same 
(except for a statistical factor) for all K-+LL Auger 
processes (the main Auger processes for exciting 3s and 
3p electrons), one finds that they are consistent with a 
probability of about 0.20 for exciting the (3s)*(3p)° 
shell in the Auger cascade.’ This probability is of the 
energies by Hill, Church, and Mihelich [Rev. Sci. Instr. 23, 523 
1952) ], the indication is that these transitions may be exoergic. 

* This calculation was made on the basis that the probability 
of ionizing two electrons as a result of the sudden perturbation 
effect is just the square of the probability of ionizing one electron. 
This may be an oversimplification when the ionization proceeds 
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same order of magnitude as the one calculated above 
from theory. The theoretical value could change 
considerably, however, if more exact wave functions 
were available. 
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Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


N the Hartree self-consistent field equations for an 
n-electron atom of atomic number Z,} 


Us ” | 4, |? 
Ku, = — V2u;—2Z—4+-2 rf ——dr, |uj=eau;, (1) 
‘; Vik 


(where atomic units have been used: e= 2, #?/2m=1), 
it is weil known that the equation can be interpreted 
as a Schrédinger equation in which the third term on 
the left side is the interaction energy of each electron 
with an averaged-out, spherically symmetric charge 
distribution of all the other electrons. Thus ¢; is approxi- 
mately the dissociation energy of the ith electron. In 
the sum >> ¢;, the interaction energies are taken into 
account twice; hence 


A 1, |? | 145{? 
E=(H)=> «—- DL ff dridr;, (2) 
r i>k Vik 


where H is the Hamiltonian of the system, and the 
expectation value is taken with the Hartree function 
for the ground state, 

Wi = UyUe* + Up, (3) 
found from (1). 

For helium, the Hartree-Fock function, which takes 
the symmetry of the wave function into account, is 
identical with the Hartree function, and ,= to, 
€:= €:=e, so that? Eq. (2) yields 


2 


u |?! us 
Exue= 2 f f dr dr. (4) 
rie 


1 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940), p. 677 ff., esp. Eq. (4), p. 677. 

? Since the Hartree energy parameter |e] has been assumed to 
be approximately equal to the first ionization potential, wu, then 
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The correlation energy of helium is calculated by using an approximate central potential, in a manner 
analogous to Slater’s calculation of the exchange energy 


Wilson and Lindsay*® calculated the Hartree y(1s) 
function and its eigenvalue ¢ for helium, and found 
«= — 1.836 Rydbergs (ry), Eue=—5.723 ry. 
This value is to be compared with the experimental 
value, 
Exp 

[Note that according to reference 2, 
«—4Ry./Ru= — 5.836 ry. | 

A self-consistent field calculation does not take into 
account, however, the instantaneous interactions among 
the electrons. These interactions give rise to a correlation 
in their positions (and hence a shift in the energy). 
For He in the ground state, the electrons have opposite 
spin so that there is no interaction between them due 
to the Fermi statistics, and the energy of correlation 
will arise solely from the Coulomb interaction. As 
good a definition of correlation energy as any, defines 
it as the difference between the energy as calculated 
from the Hartree-Fock procedure and the exact energy.‘ 

Wigner® has given a free-electron gas approximation 
to this correlation energy for alkali atoms in solids, in 
the form of an additional] central “‘correlation”’ potential 
that the electrons of + spin are subject to, in the 


in the ground state, 


— 5.807 ry. 


we indeed find 





2 Rz Rite 
Experimental ™ ee ee -4 Bus owe 
wv Ry Ru Ra 
where the energy is, as before, in Rydbergs (ry). 
*V. C. Wilson and R. B. Lindsay, Phys. Rev. 47, 681 (1935) 
‘See, however, Green, Mulder, and Miller, Phys. Rev. 91, 35 
(1953); Green, Lewis, Mulder, Wyeth, and Woll, Phys. Rev. 93, 
273 (1954). 
* E. Wigner, Phys. Rev. 46, 1002 (1934); Trans. Faraday Soc. 
34, 678 (1938). 
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Hartree-Fock equations: 
( T6e 
V(r) ) 
5.1+r,(r 
where 
u(r pzlr b| (4er/3)r, 6) 
is the loca density of electrons of the opposite spin. If 
we assume that this holds for the isolated atom, we 
can compute a correlation correction quite simply. 
Such a proc edure for the treatment of the correlation 
energy is entirely analogous to Slater’s free-electron 


gas estimation of the exchange energy.*® 






Taking v(r) as the modified wave function, the 
modified equation we must Soive 
} iT 
Vv +2 Vir r)=eurls ] 
r r r 
De ’ 
/ bor) ru & 
and 
2Z ply 2Z Pir 
f : 9 
r r - r r 
Eq. (1) be es for Z=2 
Pr IZ rlr) rte \P(r 10 
d sin r ¢ dified equatio 7) be es, W 
R= (49) 
2Z p(y 1.152 
R'(r e+ le r 7a) 
r 5.1+r, 
Str Y Speak ) ll we re to solve 7a by a self- 
consistent field method, we should use Zp rather than 
Zp», Ze being defined in a manner analogous to Zp in 
) gy Rir) in lieu of P(r For the approximations 


negligible 


is quick, 


we are making, nowever, the error will be 
For the solution of (7a), Noun 


erov’s method 


good 


obtain a 


and sufficiently accurate.’ We may 
estimate of the corre however, by using first-order 
pert irbation theory 
We substitute in I q 7), with AV instead of V, 
u+u A" e=et+ re’ +r"*''4 
Expanding and equating the coefficients of equal powers 
ot A, we obta 
Ku= eu, 1) 
MyM," 
Ku’ + if ru— Vir)u= ut en’, (11) 
YY ir—r, 


and integrate 
Hermitian, 


etc. Multiply both sides of (11) by 


over the whole volume. Then since X 


uy%;'dr) 
Lore fo 
fF, 


Rev. 81, 385 (1951 
Rev. 88, 1217 (1952 


we obtain 
(12 


ey. ¢ 


7 Slater, Phys 
'G 
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From (4), the perturbed energy will be 


E’=2(e+ 2) 


(t4:-+-041')?(t4o-+ 4")? 
-| {{—— dridrs— [ Votds 
Tio 
wie rid: uyu;'dr, 
nase ff pi 
|r—r;| 


+(V)+higher order terms. 


Note that one of the e’ correction terms for the eigen- 
eled by the term Hence, from (4) 


E+, (13) 


The 


value is can 


and (12), 


Uju;'d7; 
E’=E-(\ rad f- 
rr 


which was to be expected because of reference 2. 
however, 


[etwas =|, 
2 f ww'dr= ~ f (wryar, 


so that the term 
w(ri)u(rs)' dr 
Ir—r 


is of the second order and can therefore be dropped. 
Equation (13) becomes 


E'~E—(V 


normalization, 


implies that 


(14) 


(15) 


V)= -fv (r) 10 ndr= f V (r) PF? (r)dr, 
0 


and P(1s) 


I indsay,? we find 


from the function given by Wilson and 


V)~0.0895 ry 


and for the integral in (4), 2.0522 ry. Therefore, the 
total value is 
E’=—5.814 ry. 
This is to be compared to an experimental energy of 
Eap= — 5.8067 ry 


(and the energy calculated with Hylleraas’ 6-parameter 
wave function*: Eyy;= — 5.8057 ry). 

Thus the correlation energy (—0.0895 ry), as calcu- 
lated here, gives 108% of the actual error inherent in 
the Hartree approximation. 

I wish to thank Professor Joseph Callaway, who 
suggested the problem, and him and Professor Eugene 
Wigner, for their guidance. 


~ © Green, Mulder, and Milner, Phys. Rev. 
Gombds, Acta Physica Hung. 4, 187 (1954). 


91, 35 (1953); P 
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The isotope shift in Li1 has been studied in the hollow cathode spectrum from separated isotopes with 


the aid of a Fabry-Perot interferometer. Specific shifts have been determined for the 2s, 29, 3s, 3p, 3d, 4s, 


4d, 5s, and Sd levels. The inadequacy of the Hughes-Eckart approximation is pointed out. 





I. RESUME OF THEORY 


HE isotope shift in the atomic spectra of light 
elements is considered to result exclusively, 
within the limits of measurements, from the finite 
mass of the nucleus. Hughes and Eckart! were the first 
to treat mass effects in atoms with more than one 
electron. Relativistic and nuclear structure effects 
being neglected, the expression for the kinetic energy 
of an atom with a nucleus of finite mass differs from 
that of an atom with the same charges and an infinite 
mass nucleus by the additional terms (2M)"(Yp? 
+>'pi-p;), where M is the nuclear mass and p, the 
momentum of the ith electron, and }>’ means sum only 
over pairs i#j. The coordinates are measured relative 
to the nucleus. 

The first sum results in the normal mass effect, which 
contracts the energy level spectrum of the atom with 
the finite mass nucleus by the ratio of the reduced mass 
to the electronic mass. The second sum is the specific 
mass effect, the expectation value of which must be 
calculated. Hughes and Eckart, using linear combina- 
tions of products of hydrogen-like wave functions as 
their approximation and neglecting interconfiguration 
mixing, calculated the specific mass effect for two- and 
three-electron spectra. In their approximation the 
specific shift occurs only for those configurations that 
have electrons differing by unity in /-value, e.g., among 
the lightest atoms, for p-terms only. 


Il. EXPERIMENTAL APPARATUS 


The light sources used throughout were liquid air- 
cooled hollow cathode discharge tubes of the Mack- 
Arroe design.? Separated isotopes’ with abundance 
99.91 and 95.4 percent of Li’ and Li®, respectively, were 
used. Resolution was obtained by crossing a Fabry- 
Perot interferometer with a special Hilger constant- 
deviation spectrograph or a Bausch and Lomb medium 
quartz spectrograph. 


* This work was done under the supervision of Professor J. E. 
Mack and was supported in part by the Office of Naval Research, 
the U. S. Office af Cshuam Research, and the C. E. Mendenhall 
Fellowship. 

t Now at the Physics Department, University of Arkansas, 
Fayetteville, Arkansas. 

1D. S. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930). 

20. H. Arroe and J. E. Mack, J. Opt. Soc. Am. 40, 386 (1950). 

* Obtained on loan from the Y~-12 plant, Oak Ridge National 
Laboratory, on AEC allocation. 
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Ill. TREATMENT OF DATA 





In this paper, the whole shift of each level is assumed 
to consist of only two parts: the normal mass effect, 
which can be calculated with negligible uncertainty, 
and the specific mass effect. Thus, for each line, the 
observed total shift minus the calculated normal mass 
shift is considered to be the “observed specific mass 
shift’, which must be the difference between the specific 
mass shifts of the two levels. 

The following sign convention is used: For a line, 
the normal shift is positive; for a level, positive shift 
implies the relative depression of the heavier isotope, 
the matching point being the series limit, Li m 15* ‘Sp. 

The magnitude of the specific shift of a level con- 
sidered as a member of a series, is assumed to be a 
monotonically decreasing function of the principal 
quantum number, if the levels are arbitrarily matched 
at the series limit. (The behavior of the shifts in the 
line series 2p-ns and 2p-nd will be seen below to tend 
to justify this assumption.) The consequent asymptotic 
vanishing of the shift is used as a criterion to fix the 
otherwise undetermined zero point for the shift of the 
common level. 

No account has been taken of the hyperfine structure 
splitting of the lines, which, being in every case less 
than the Doppler width, has not been observed and is 
believed not to have affected the measurements ap- 
preciably. 

The presence of the weaker isotope (4.6 percent of 
Li’ in Li’, and 0.09 percent of Li® in Li’) has been 
neglected; this we believe to be fairly safe, since none 
of our lines was overexposed. 

Wave numbers are measured in kaysers, K (1K=1 
cm™'), and shifts in millikaysers, mK. 

The errors in this work, indicated by the + sign, 
are estimated limit (high-confidence) errors. 


IV. RESULTS 


The experimental results of the work, some of which 
have been reported upon,‘ are shown in Table I. In 
the transition 2s—-2p at o= 14 904 K (A= 6708 A) it was 
found, in disagreement with Jackson and Kuhn,° that 
within the limits of error of +3 mK, there is no isotopic 





*R. H. Hughes, Phys. Rev. 91, 457(A) (1953); 95, 621(A) 
(1954). 

*D. A. Jackson and H. Kuhn, Proc. Roy. Soc. (London) A173, 
278 (1939). 
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Taste I. Observed doublet separation and isotope shift of lithium lines (in mK). 


25-2p 14 904 337 +3 +3505 3 +194.0 
2s-3% 30 925 gz + 482.5415 +402.5 
p-3 12 302 336.542 + BOgt 2 +160.1 
)p 3d 16 379 302. .+3" + 925r 3 +213.2 
2p-4 20 108 336 +3 +140,.+ 3 +-261.7 
2p-4d 21719 322.444 163.,+ 4 + 282.7 
2p-5 23 396 336 +4 186.,+ 4 +304.5 
2p-5d 24 191 327.548 +195. 4 +314.8 
: “4 pou r & 4 
) } x } i 38, * 1931 
R. McNa I 20,1 19 
difference in the 2p doublet separation, 1.€., the isotope 
hift has no dependence upon the total angular momen- 
tum, J. (In agreement with our finding, there appears 
o be no] ice in the theory for the fine structure to be 
) strongly mass-dependent 
The sper ific shift data for the levels are yg ithered in 


lable I 


converge to 


the line ser 


‘les 2p-ns and 2p-nd 


is therefore assigned 


Ihe values in 
119+4 mK, which 


With this assignment to 
} 


to the 2p-levels start with, 


the specific shift values for the remaining levels are 


determined. 


The observed specific s- and p-shifts are approxi- 


mately +1.4X10°' KXn, and —6.4X10"' K 
<n respe tively, where Mg; Rydberg con- 
stant)! (term value)~!. The exponents are equal, well 
within the limits of error. It is not evident a priori that 


such a simple relationship should occur. 

] ne double t 
ol the 
principal series, agree with the atomic-beam values of 
both Jackson and Kuhn® (337.2+0.5 mK) and Meissner, 
Mundie, mK), 


larger det 


separations in all our measured me mbers 


sharp series, including the first member of the 


within 


and Stelson® (336.6+0.5 our 


and differently specified—see un 
certainty 


The 2p-nd transitions confirm the values of Meissner, 


> , " : 
Mundie, and Stelson for the 3d, 4d, and 5d doublet 
Taste Il. Observed and cak lated specific 
shift in Li 1 levels (in n K 
) 
. ot y } 
2 +3827 O 119% 4 80 90 
$ +iiz0 0 42+22 244 +247 O 
‘ + 327 0 or 0 
5 or 0 Oe 0 
* See reference 1 
oi ated with modern ma slues of the at nasees, a sing 
Morse- Young-Haurwit tions (Phys. Rev. 48, 948 (1935 with J 
7. extrapolated to 2.69, 1.00 for 37 
Bases for the assignment of the 2 
* Meissner, Mundie, and Stelson, Phys. Rev 74, 932 (1948); 


erratum, 75, 891 (1948 


shift 


MMS 


Residual Previously observed 
shifts H JKe 


+156.5+ 3 


+356+2); f 
+ 80., 
- 129.; 
—121., 
—121 
118 
—118., 
-119.6 


ra 
He He te He Oe OH 


ee OWN 


separations. Although the *D structure was not re- 
solved, the splittings can be calculated from the 
quantum-statistical weights as 3824 mK, 16+5 mK, 
and 10+5 mK, respectively. Here Meissner’s 2p 
doublet separation value of 336.6+0.5 mK has been 
used. The 3p *P structure was unresolved, a circum- 
stance which accounts for the large uncertainty in the 
3p-shift. 
V. DISCUSSION 

It would be difficult to find an explanation for the 
s-shifts outside of the specific mass effects. The field 
effects give a shift in the opposite direction, which is 
commonly expected to be very small in any case, for 
such light nuclei. (The nuclear volume effect would give 
the correct sign only if the Li® nucleus were the larger.) 
We are led to question the validity of the Hughes- 
Eckart approximation for the wave function. It is 
interesting to note the effect on the calculated specific 
shift for He 1 of improved wave functions. Fred, 
Tompkins, Brody, and Hamermesh’ point out that, 
although their use gives finite values for s-shifts, they 
are at this stage hardly adequate to explain the experi- 
mental values. 

Burke* has found a large departure from the Hughes- 
Eckart calculation in the resonance line 2s-2p of the 
lithium-like spectrum B m1. The discrepancy is in the 
normal effect direction and can be at least partially 
explained by a positive shift in the 2s level. 

The calculated specific shifts in the 2p and 3p levels 
in Lit are too small by factors of about 3/4 and 4/7, 
respectively, which would not bear out the expectation 
of the relative improvement of the Hughes-Eckart 
approximation with increasing n; but the large un- 
certainty in the 3p-shift prevents a final conclusion 
now concerning this n-dependence. 

The evidence is overwhelming against the adequacy 
of the Hughes-Eckart approximation. If the present 

Fred, Tompkins, Brody, and Hamermesh, Phys. Rev. 82, 406 
(1951) 

* E. Burke, following paper [Phys. Rev. 100, 1839 (1955) ] 
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theory of the isotope shift in the light elements is com- 
plete, the agreement between calculation and experi- 
mental observation should improve as more adequate 
wave functions are used in the specific mass calculations. 
As pointed out by Mack ef al.,’ such studies of the 
specific mass effect should prove to be useful in check- 
ing the accuracy of the wave functions adopted for the 
light elements. 


° Bernarda, Burke, Burnett, Hughes, and Mack, Rydberg 
Conference, Lunds University Arsskrift 50:21, 1954 (unpublished), 
p. 88. 


SHIFT IN SPECTRUM 


OF ATOMIC Li 1839 

Gailer” reports that three lines in the lithium spec- 
trum, at 3303 A, 3650 A, and 3720 A, remain to be 
classified. We believe all three lines to be spurious. 
A probable explanation for at least two of these lines 
lies in the list of the persistent lines of the elements. 
The second member of the principal series of sodium 
lies at 3303 A and the ultimate line of Fe 1 (iron was 
present in Gailer’s system), at 3720 A. The other line, 
at 3650 A, could possibly be from Hg 1. 


” K. Gailer, Ann. Physik. 126, 583 (1949). 
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Isotope shifts have been observed in the first three spectra of boron, with separated isotopes. On the 
assumption that the total observed shift consists only of the (exactly calculable) normal mass effect and a 
specific mass effect, the results are as follows (a positive sign indicating a shift of B" toward the violet 


relative to B®): 


Bi 1s*2st2p *Py y—15*2s%3s 25; 
Bu 1s*2s2p 'P;—1s*2p* Ds 


B ut 15*2s 2Sy—1s*2p *Pyy 


where the calculated specific shift, Ao.cas is based 


Eckart type. 


I. INTRODUCTION 


UGHES and Eckart! inaugarated the theoretical 

study of the isotope shift in light poiyelectronic 
atoms in 1930. Hughes? at the same time made an 
experimental determination for lithium, but the work 
was done without the benefit of separated isotopes and 
the experimental results were not sufficient for a close 
check with theory. The conclusion was that the agree- 
ment was reasonable. Hughes’ has recently investigated 
the isotope shift in neutral lithium with separated 
isotopes and found that observations give specific 
shifts larger than the calculated values. 

The current investigation of boron was initiated to 
consider another three-electron system, B 11. The only 
lines available are those of the resonance doublet at 
48 392/58 K (kaysers, 1 K= 1 cm™'= 10° mK), 2066/7 A, 


* Supported by the Office of Naval Research and the Office of 
Ordnance Research. 

t Now at King College, Bristol, Tennessee. 

1D. S. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930); the 
last equation on page 697 should be labeled “(13)”. 

2D. S. Hughes, Phys. Rev. 38, 857 (1931). 

?R. H. Hughes, preceding paper [Phys. Rev. 99, 1837 (1955) ]. 


Ao, ote (approx) 
Total shift Aas, calc 
{137412 mK | 
{| —139% 6mK 
+867 +26 mK 
{+11704120 mK) 
\+1210+ 90 mK / 


on hydrogen-like wave functions of the Hughes- 


1.0 or 0.9, 
1.3, 


14, 


1s*2s *Sy—1s°2p?P, 4. The studies have been extended 
to repeat Mrozowski’s* measurements, which he made 
with unseparated isotopes, on the Bm line 28 966 K 
(3451 A), 1s°2s2p'P:—1s°2p? ‘D2, and the B1 doublet 
at 40 040/24 K (2497/8 A), 1s°2s°2p *P, y— 15°2s*3s #5. 
The B m1 1s°2p’ 'D.— 1s?2s3p 'P, line was not excited in 
our sources. Calculations have been made for the B1 
lines by Opechowski and Devries* and by Vinti.* A cal- 
culation for the Bu line has been made by Vinti.* 
Hughes’ paper’ contains a brief outline of the theory. 


Il. EXPERIMENTAL 


For excitation of the B 11 spectrum a special high- 
excitation, sharp-line source was required. The reso- 
nance doublet has been previously observed only in the 
hot spark, but high voltages in a highly condensed 
discharge could not be used since that would have pro- 
duced broadened lines. A compromise was effected with 
a condensed-hollow-cathode source. The tube itself was 





*S. Mrozowski, Z. Physik 112, 223 (1939). 
5 W. Opechowski and D. A. Devries, Physica 6, 913 (1939). 
* J. P. Vinti, Phys. Rev. 58, 879 (1940). 
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Tas1e L. Isotope shifts in the spectra of boron (values in mK except where noted). 












































Aer,caie 
Line A Aas obs® 
‘ Lower Upper — 

ACA) o(K) tote om (K Classification Seors-* Sen Aes obs level level Line Aes cole 
2065.783 48 392.33 ~0.3 Bit is*2s %S4—1st2p *P4° +12let % +240 +970 9 0 —671 +671 1.45 +0.14 
2067.238 48 358.28 0.2 Bi aS4- *pP,° +1170ot120 +240 +930 +120 0 —671 +671 1.39 +0.18 

[ —33e4 0 —33¢4 1.02 +0.044 
ye ? a= _ ’ a 
2496.8 40 040 Bt 1s*2s*2p *P 4° — 1525835 2S, 137 +12 +199 336+ 12 | 3676 0 —~%67* 0.92 40.03 
° eee — 3394 0 330 1.0240.024 
2497.7 40 024 Bt 1P 4? — aS, 199+6 +198 -337+ 6 a. o  —sPY esaeen 
3451.298 28 966.39 +1.0 B ut 1892829 'P':° —1s*29* 'Ds +867 +26 +144 +723+ 26 — 30S —872¢ +567 1.28 +0.05 
* The uncertainty shown does not include that of the calculation. 
* Positive (negative) shift means, direction the same as (opposite to) that of the normal mass shift, i.e., BY shifted to the violet (red) from B 


* The + values are estimated limit , high-confidence) errors 


4 See reference § 
© See reference 6 


is 


similar to one described by Tolansky’ as a hot hollow 
cathode. A somewhat similar discharge has been used 
by Paschen*® in 1923 and by Gartlein and Gibbs® in 
1931, and more recently by Edlén and Glad,” and 
others. A condensed pulsating voltage was applied to 
the tube. Capacitances varying from } to 1 uf were 
used. The condenser was charged to the desired voltage 
with a power supply and allowed to discharge through 
the tube with a mechanical interrupter consisting of a 
four-pronged wheel, rotating at about 75 rpm, making 
contacts with spring-brass strips. The discharge ap- 
peared steady and was concentrated mainly inside the 
cathode. Small sparks appeared within the cathode 
during operation. Optimum operation for the excitation 
of the B m1 resonance lines used a 4-yf condenser at 
1200 volts. Exposure times of ten minutes were sufficient 
with a 21-foct grating at f:42. 

The vacuum system for the Bm lines was small, 
simple and static. The single vessel contained two 
cathodes so prepared that the two separated isotopes of 
boron could be used alternately. When a forepump and 
an efficient charcoal trap had produced a black vacuum, 
helium was allowed to enter through a three-valve 
system until the brightest hollow cathode discharge 
was observed. The condensed spark could then be 
started. 

Although the B 1 28 966 K line and the B 1 40 040 
24 K lines could be excited in the above-described tube 
operating without the condensed spark, these lines with 
their small isotope shifts could not be studied in the hot 
hollow cathode because of Doppler broadening, so an 
Arroe-Mack tube" was employed. Two such tubes 
were mounted in parallel so that the separated isotopes 
could be photographed simply by switching, without 
otherwise changing the operating conditions. The 
vacuum, which again was static, was obtained as it 
was with the condensed hollow-cathode discharge 
system. 

A Fabry-Perot interferometer in series with a quartz 

*S. Tolansky, High Resolution Spectroscopy (Pitman Publishing 
Corporation, New York, 1947), p. 50 

* F. Paschen, Ann. Physik 71, 142 (1923). 

*C. W. Gartlein and R. G. Gibbs, Phys. Rev. 38, 1907 (1931). 


” B. Edlén (private communication to J. E. Mack). 
“©. H. Arroe and J. E. Mack, J. Opt. Soc. Am. 40, 386 (1950) 





E-1 Littrow spectrograph was employed for the study 
of the shift in the B 1 40 040/24 K doublet. All other 
studies were made with the 21-foot Rowland mount 
grating spectrograph. 

The photographing of radiation above 47000 K 
required special emulsions. Two were used in this study. 
The Eastman SWR plate proved satisfactory ; however, 
the Eastman Ila-Ouv proved to be more convenient to 
handle and slightly more sensitive in that region. 
Eastman 103-0 plates were satisfactory for all the lines 
to the red of 47 000 K. 


Ill. RESULTS 


The results of this investigation may be most readily 
seen from Table I. Here or, refers to the Moore- 
Sitterly” atomic energy level tables. The lines listed in 
the (¢obs— ra») column have been carefully remeasured, 
the B m1 lines at concentrations 96 percent B® and 97 
percent B" respectively, in the fifth grating order 
against third-order iron lines with precautions in align- 
ment to minimize the errors inherent in this method, 
and the B 0 lines in the third order against third-order 
iron lines. The normal mass shifts, Ac,, have been re- 
calculated with modern values for the constants." 
According to our sign convention, which is that of most 
investigations of the isotope shift in the spectra of light 
atoms, the normal shift in a line is positive, and for a 
level, positive shift means the relative depression of the 
heavier isotope, the matching point being a common 
series limit. The column labeled Ao, ot. is simply the 
difference between the previous two columns, and 
carries the implied assumption that the total shift 
arises only from the normal and the specific mass shifts 
of the levels. In the Ag,.es1. columns, the value without 
a reference number is from our own calculations, made 
with the aid of Hughes and Eckart’s' Eq. (13), with the 
values Z,;=4.68, Z;=3.19 after Morse, Young, and 
Haurwitz."* 

The isotope shift itself in the B 1m lines was measured 


* Charlotte E. Moore, Atomic energy levels, National Bureau 
of Standards Circular 467, 1949, Vol. 1. 

43 E. R. Cohen, Phys. Rev. 88, 353 (1952). 

“ J. E. Drummond, Phys. Rev. 97, 1004 (1955). 

“ Morse, Young, and Haurwitz, Phys. Rev. 48, 948 (1935). 
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relative to neighboring aluminum lines on 15 plates; 
although the lines were much sharper than could be 
obtained from a hot spark, still they had an average 
half-intensity width of about 1300 mK, and were not 
easy to measure. The ratio of about 1.4 between ob- 
served and calculated values shows a need for restudy 
of the theory. 

The B 1 2s2p 'P,—2p* 'D, line shift was completely 
resolved with natural boron, which has a B"/B™” 
abundance ratio of about 4.3 or 4.4; however, better 
exposures for measurement were made by mixing the 
isotopes so that the concentrations were approximately 
equal. The value of +867+26 mK agrees with 
Mrozowski’s* earlier value of +877+4. The error in 
our determination is a limit (high confidence) error 
obtained from 15 readings on each of two similarly 
exposed plates. In part of Mrozowski’s paper the + 
stands for twice the greatest departure of any measure- 
ment from the mean, but it is unlikely that the readings 
on this line could be so consistent. Here the ratio of 
almost 1.3 between the observed and the calculated 
specific shift again indicates rather poor agreement. 

Fabry-Perot fringe systems were compared for the 
B 1 40 040/24 K doublet, taken with separated isotopes 
at the concentrations used for the B m1 investigation. 
The values for the isotope shift of these lines are 
—137+12 and —139+6 mK, respectively. These 
values are believed to be better than Mrozowski’s* 
earlier values of —175+12 and —168+10 mK taken 
from microphotometer traces of asymmetries in Fabry- 
Perot fringes from natural-abundance samples, with 
Doppler half-intensity breadths about equal to the line 
separation. Excellent agreement exists between the 
observed shift and the specific shift of —330 mK calcu- 
lated for these lines by Opechowski and Devries® with 
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Hartree radial functions. Vinti’s* recalculation, using 
Morse, Young, and Haurwitz"* wave functions yielded 
— 366 mK, appreciably higher than the value reported 
here and in close agreement with Mrozowski’s values, 
which with the use of our value for the normal shift, 
come to —373+12 mK. 


IV. CONCLUSIONS 


In B m the great practical advantage of having an 
extraordinarily large specific isotope shift is largely 
offset by the considerable line width occasioned by the 
necessity of exciting the third spectrum. It is unusual to 
find a specific mass shift so large compared with the 
normal! mass shift as occurs in our B m and B 1 lines. 
The considerable disagreement in a ratio of about 1.4 
between the observed and the calculated values in the 
B m1 resonance lines indicates that the wave functions 
without interconfiguration interaction, used thus far in 
the calculations, are inadequate. Hughes”™ values for 
the same transition (1s*2s—1s*2p) in Li1 show almost 
as high a ratio (1.32+0.04) between the observed and 
the calculated values; moreover, he was able to show 
that there must be a positive isotope shift in the ground 
level. It appears reasonable to assume a corresponding 
shift in the B mz ground level. This can be understood 
if an admixture with 152” is assumed in the ground 
level. The more complicated configurations in B mand 
B 1 show successively smaller disagreement. 
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Two-quantum transitions have been observed in the microwave Zeeman spectrum of atomic oxygen in its 
ground *P; state by the method of magnetic resonance absorption spectroscopy. The three lines observed 
originally by Rawson and Beringer are identified as arising from two-quantum transitions between Zeeman 
levels with the selection rule AM = +2. Each of the three lines is observed at the mean frequency of the two 
corresponding AM = +1 transitions to within the experimental accuracy of a few parts per million. The line 
width of the two-quantum transitions is approximately one-half that of the normal transitions, and the line 
intensity varies more rapidly with rf power, both in agreement with the theory. The principal features of these 
transitions are explained by second-order time-dependent perturbation theory. The two-quantum transitions 
reported here are essentially similar to the double-quantum transition reported by Hughes and Grabner in the 
electric quadrupole spectrum of Rb™F and to the multiple-quantum transitions seen by Kusch in the 


Zeeman spectra of K and O,. 





1. INTRODUCTION 


MULTIPLE quantum transition between two 

atomic or molecular energy levels is a transition in 
which the energy is supplied by two or more quanta. 
The transition is forbidden in first order perturbation 
theory and occurs through one or more intermediate 
states. In recent years, several examples of multiple- 
quantum transitions have been reported in atomic and 
molecular beam experiments. A double-quantum (or 
half-frequency) transition was first observed in the 
electric quadrupole spectrum of Rb™F by Hughes and 
Grabner using the molecular beam electric resonance 
method.' The transition was interpreted by second 
order perturbation theory, according to which two 
equienergetic quanta, each of one half the Bohr fre- 
quency for the transition, supply the energy for the 
transition.” Also it was pointed out that the line width 
for a double-quantum transition should be one-half that 
of a single-quantum transition in agreement with the 
experimental observation. Subsequently, it was shown 
experimentally and theoretically that the transition 
occurs also if two different frequencies are applied, 
provided that the sum of the two frequencies equals the 
Bohr frequency for the transition.’ Recently Kusch 
observed double- and triple-quantum transitions in the 
Zeeman spectrum of K and O;‘; Braunstein and 
Trischka observed double-quantum transitions in the 
Stark spectrum of LiF molecules*; Hamilton e al. 
observed multiple-quantum transitions in the hyperfine 
spectrum of Au™*.* The theory of transitions involving 
the emission of absorption of two quanta (processes 


* This research has been supported in part by the Office of 
Naval Research 

t To be submitted by J. S. Geiger in partial fulfillment of the 
Ph.D. thesis requirement at Yale University 

t Loomis-Sheffield Fellow, 1954-55 

1V. W. Hughes and L. Grabner, Phys. Rev. 79, 314 (1950 

*V. W. Hughes and L. Grabner, Phys. Rev. 79, 828 (1950 

+L. Grabner and V. W. Hughes, Phys. Rev. 82, 561 (1951 

*P. Kusch, Phys. Rev. 93, 1022 (1954). 

* R. Braunstein and J. W. Trischka, Phys. Rev. 98, 1092 (1955); 
private communication from J. W. Trischka on Li*F¥. 

* Private communication from D. R. Hamilton. 
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closely related to the Raman effect) was first discussed 
by M. Goeppert Mayer on the basis of the Dirac 
radiation theory.’ Recently Salwen has discussed the 
line shapes of multiple-quantum transitions, including 
the effect of the velocity distribution in an atomic 
beam experiment.*® 

It is the purpose of this paper to point out an example 
of a double-quantum transition in the Zeeman spectrum 
of atomic oxygen observed in a microwave magnetic 
resonance absorption spectroscopy experiment. The 
double-quantum transitions being reported here were 
observed originally by Rawson and Beringer but re- 
mained unidentified.* Further, a slight variation of the 
second order perturbation theory originally proposed to 
explain double-quantum transitions in electric quad- 
rupole spectra? is applied to double-quantum transitions 
in Zeeman spectra of the type observed by Kusch and 
reported here. 

A preliminary report of this work has already 
appeared.” 


2. EXPERIMENTAL DATA 


The ground state of atomic oxygen is a (2p)* con- 
figuration with three fine-structure levels as shown in 
Fig. 1. In the presence of a magnetic field the *P; level is 
split into five magnetic sublevels designated by the 
magnetic quantum number M with values from —2 to 
+2. Because of incipient Paschen-Back effect, i-e., the 
mixing in of *P, state by the magnetic field, adjacent 
magnetic sublevels of the *P, state are not equally 
spaced, and hence the magnetic resonance spectrum 
consists of four lines. 

The method of observation was the microwave mag- 
netic resonance absorption method developed by 
Beringer and his students," and the apparatus was that 


7M. Goeppert Mayer, Ann. Physik 9, 273 (1931). See also 
G. Breit, Revs. Modern Phys. 4, 504 (1932). 

* H. Salwen, Phys. Rev. 99, 1274 (1955) 

* E. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 

© V.W. Hughes and J. S. Geiger, Bull. Am. Phys. Soc. 30, No. 3, 
66 (1955). 

" R. Beringer and J. G. Castle, Phys. Rev. 78, 581 (1950). 


1842 





MICROWAVE ZEEMAN SPECTRUM 


used by Beringer and Heald.” A spectrum of the type 
originally studied by Rawson and Beringer® is shown in 
Fig. 2. Essentially the derivative of the absorption is 
plotted as a function of the magnetic field for a fixed 
microwave frequency. The magnetic field was measured 
with the so-called regulator proton resonance probe,” 
which was placed adjacent to the microwave cavity. 
The inclined line indicates the zero drift of the galva- 
nometer output and line centers are at the cross-over 
points on this line. The four spectral lines a, 6, c, and d 
are the expected Zeeman transitions corresponding to 
the transitions indicated in Fig. 1. These lines have been 
shown to occur to within the experimental accuracy® of a 
few ppm (parts per million) at the fields predicted by 
elaborate Zeeman calculations of Abragam, Van Vleck, 
and Kambe" which take into account relativistic and 
quantum electrodynamic effects. The extra lines e, f, 
and g remained unidentified by Rawson and Beringer. 
The suggestion was made in their work that the extra 
lines might be due to argon impurity in the tank oxygen, 
since the metastable *P, state of argon also has a g-value 
of about 1.5. However, lines of the type shown in Fig. 2 
have been taken with oxygen which was 99.6% pure 
(Matheson Company extra dry oxygen), and any ap- 
preciable line intensity from an impurity could not be 
expected. 

Inspection indicates first that to within the experi- 
mental accuracy of a few ppm the magnetic field at 
which line e occurs is } of the sum of the fields at which 
lines a and 6 occur. Similarly, line f occurs at the mean 
field of lines 6 and c, and line g occurs at the mean field 
of lines ¢ and d. Since the principal part of the Zeeman 
energy depends linearly on the magnetic field H, it can 
be concluded to sufficient accuracy that for a fixed 
magnetic field the frequency of line e would be } of the 
sum of the frequencies of lines a and 6, and similar 
statements apply for lines f and g. The second observa- 
tion is that the widths of the unidentified lines e, f, and g 
are considerably less than—indeed approximately $ that 
of—the normal lines a, 5, c, and d. 

Figure 3 presents information on the relative line 
intensities of the extra and normal lines as a function of 
microwave power measured at the bolometer. It is 
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Fic. 1. Energy levels of atomic oxygen in a magnetic field. 
@ R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954). 


4@ A. Abragam and J. H. Van Vieck, Phys. Rev. 92, 1448 (1953); 
K. Kambe and J. H. Van Vleck, Phys. Rev. 96, 66 (1954). 
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Fic. 2. Paramagnetic resonance absorption spectrum of ground 
state *P, oxygen. Essentially the derivative of the absorption is 
plotted vs the magnetic field for a fixed microwave frequency of 
9188.528 Mc/sec. The mean fields of single-quantum transitions 
and the fields of the extra lines are as follows: 


4(a+-b) = 18 620.92 kc/sec; e=18 620.93 kc/sec, 
4(b+-c) = 18 623.57 kc/sec; /=18 623.58 kc/sec, 
}(c+d) =18 626.08 kc/sec; g=18 626.08 kc/sec. 


The magnetic field was measured with the regulator proton 
resonance probe, which is placed adjacent to the microwave 
cavity. An additive correction would have to be applied to obtain 
the magnetic field in the cavity. This correction would not affect 
significantly the foregoing result that the extra lines occur at the 
mean field of corresponding single-quantum transitions. This curve 
was taken with ordinary tank oxygen. 


noticed that the intensity of the extra lines decreases 
considerably more rapidly with decrease of microwave 
power than does the intensity of the normal lines for the 
range of powers used. 

Finally, a search indicated no additional unexpected 
lines in the oxygen spectrum. The two lines associated 
with the *P, Zeeman splittings were seen, of course, as 
has been reported in the work of Rawson and Beringer.® 


3. THEORY OF TWO-QUANTUM TRANSITIONS 


Consider an atomic state with three equally spaced 
Zeeman energy levels as, for example, the *S, state of 
helium. The Zeeman energies are given by W = wogsHM, 
in which the symbols have their usual significance and 
M=-+1, 0, or —1. It should be emphasized that the 
energy spacings between adjacent Zeeman energy levels 
are equal. It is well known that if such an atom is 
initially in the state M=—1 and a radio-frequency 
magnetic field with a component perpendicular to the 
static field and a frequency equal to wogsH/h is applied, 
then after a time ¢ the atom will have a certain proba- 
bility of being in the states M=0 or M=+1." The 


“ V. W. Hughes ef al., Phys. Rev. 91, 828 (1953). 
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Fic. 3. Ratio of line intensities of extra to normal lines as a 
function of microwave power. The power is measured at the 
bolometer, and these data were taken with the Matheson Company 
extra dry oxygen. 


transition to the M=0 state is the usual one predicted 
by first order time-dependent perturbation theory be- 
cause the selection rule allows AM = +1. The transition 
to the M = +1 state occurs by virtue of the intermediate 
state M=(), and, since the energy levels are equally 
space, the usual interpretation would be that a reso- 
nance transition occurs from the M=—1 to M=0 state 
with the absorption of one quantum, and then a second 
resonance transition occurs from the M=0 to the 
M = +1 state with the absorption of a second quantum. 
The transition probability is given by the well known 
Majorana formula.” 

The Zeeman spectrum of atomic oxygen presents a 
different situation because adjacent energy levels are 
not equally spaced, as was pointed out in the previous 
section. Thus, for example, if we consider an atom in the 
M = —2 magnetic substate of the *P, level and apply a 
radio-frequency magnetic field whose frequency is the 
Bohr frequency for the transition from M=—2 to 
M=-—1 the atom will, of course, have a substantial 
probability of making the transition to the M=—1 
state, but the frequency will be far off resonance for a 
transition from the M=—1 to the M=0 state, so there 
will be negligible probability for the atom to reach the 
M =0 state. 

It will now be pointed out that by a consideration of 
second-order time-dependent perturbation theory a 
substantial probability for the transition from the 
M = —2 to the M=O state of *P, oxygen is expected ata 
frequency one half the Bohr frequency for the M=—2 
to M=0 transition. The Hamiltonian is: 


R=HKot+K’, 


’ =pogsJ-H,.=X' (Oe ots H.;= Hye — 


in which HX» is the time-independent part of the 
Hamiltonian which leads to Zeeman levels as shown in 
Fig. 1. X’ is the interaction with the rf magnetic field, 
and in this expression yo is the Bohr magneton, zg, is the 


“is E. Majorana, Nuovo cimento 9, 43 (1932); F. Bloch and I. I. 
Rabi, Revs. Modern Phys. 17, 237 (1945). 


atomic g-value, J is the total atomic angular momentum 
operator, and H,, is the applied radio-frequency mag- 
netic field."* 

First-order time-dependent perturbation theory gives 
the probability amplitude that an atom initially in the 
state m shall be in the state m after it has been subjected 
to the radio-frequency field for a time ¢ [see Eq. (1) ]. 


dm? (t)= (—i/h)(m| 5’ (0) | m) 

{exp[ —iwt+i(£,,.—E,)t/h}]—1} 

[—iwti(E,—E,)/h] 
~— (it/h}(m'H'(0)|n), (1) 

The usual resonance denominator appears for w near 
the Bohr frequency. Provided ¢ is sufficiently small so 
that the initial state amplitude can still be considered 
approximately 1, the expression is approximately that 
given on the right. Similarly, second-order time-depend- 
ent perturbation theory gives the probability amplitude: 

1 (m/30’(0)|2)(2|5¢’(0) | n) 
a, ({) = —— — nla 
h? [—iwt+i(E,—E,)/h] 
[expl—i2ut+i(En— En)! h|—1 





| (—t2e+-i(B.—E.)/8) 
exp[ —iw!+i(E,.—E))t/h]—1 


[—iwt+i(E,—E))/h] 
it (m|5C’ (0) | 2) (1| 50’ (0) | n) 


a ([—w+(E.—E,) 


where / designates an intermediate state. 

Consider the case realized for the *P, magnetic sub- 
states of oxygen because of the unequal spacing of 
adjacent Zeeman levels, in which the applied frequency 
w can be far off resonance from the Bohr frequencies for 
either the M=—2 to M=—1 or the M=—1 to M=0 
transitions but approximately equal to one-half the 
Bohr frequency for the transition M=—2 to M=0. If 
the atom is initially in the M=—2 state, there is 
negligible transition probability to the M=—1 state 
which is the only allowed transition in first-order 
perturbation theory. In second-order perturbation 
theory the transition from the M= —2 to M=0 state is 
allowed, because of the occurrence of the intermediate 
state / corresponding to M = —1. Furthermore, it will be 
observed in the expression for the probability amplitude 
in second-order perturbation theory that one of the 
terms in the bracket involves a resonance denominator 
for 2w=(E,,—E,)/h. This term will be dominant, and 
provided ¢ is sufficiently small so that the amplitude of 
the initial state m can still be regarded as approximately 
1, the expression is that given on the second line of 
Eq. (2). The occurrence of 2 instead of w in the 

%* As usual it is only necessary to consider a single rotating 
component of the radiofrequency field. F. Bloch and A. Siegert, 
Phys. Rev. 57, 522 (1940). 
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resonance denominator implies that two equienergetic 
quanta are involved in the transition. It also implies 
that the line width for these two-quantum transitions 
will be 4 that of the normal transitions. It was pointed 
out above that this was one of the characteristics of the 
unidentified lines. 

The principal surprise about these two-quantum 
transitions is their substantial intensity relative to the 
normal transitions. This fact can be understood by 
reference to Eqs. (1) and (2). It will be noticed that the 
probability amplitude for a two quantum transition at 
its resonance frequency differs from the probability 
amplitude for a single-quantum transition at its differ- 
ent resonance frequency by a factor which is the ratio of 
a matrix element of the interaction with the rf field to 
the energy difference between the half-frequency for the 
transition from M=—2 to M=O and the Bohr fre- 
quency for the transition from M=—1 to M=0. In the 
experimental situation the rf magnetic field was of the 
order of 0.1 gauss and the energy difference between the 
half-frequency and the M=—1 to M=0 frequency 
corresponds to about 0.28 gauss. Thus the ratio is of the 
order of 1 and hence the intensity of a two-quantum 
transition is comparable to that of a single-quantum 
transition. It will be noticed, however, that the in- 
tensity of a two-quantum transition should decrease 
more rapidly with decrease of rf field than the intensity 
of a single-quantum transition. This prediction is in 
agreement with the experimental results shown in Fig. 3. 
It should be emphasized that these remarks on line 
intensities are only intended in a qualitative sense." 
The actual experimental conditions are such that the 
transition probabilities are high so that perturbation 
theory is not a very good approximation. A better 
knowledge of the experimental! factors influencing line 
intensity such as relaxation phenomena and saturation 
effects, and a careful comparison with Salwen’s theory*® 
would be required for a more quantitative understand- 
ing of the line intensities. 

Lines e, f, and g are, of course, being identified with 
the double-quantum transitions fom M=0-M= +2, 
M=—1-—M=-+1, and M=—2-—M=0, respectively. 
The question arises about the double-quantum transi- 
tion predicted in connection with the *P; Zeeman 
spectrum. This line would be expected to be much 
weaker than the double-quantum transitions associated 
with the *P, levels, because of the greater difference be- 
tween the half-frequency for the transition M=—1 to 
M-+1 and the Bohr frequency from M=0 to M=-+1. 
Furthermore, this half-frequency line is predicted to 
occur at the field value for which a normal line in the 
*P, spectrum occurs. Hence it is understandable that 
this double-quantum line was not observed. 


7 E. B. Rawson reports in his thesis [Yale, 1952 (unpublished) 
that the relative intensity of the unidentified lines to the no 
lines depends on pressure. Indeed a decrease in pressure caused 
this relative intensity to change from a value of about 4 to a value 
of about 3. Possibly relaxation phenomena affect the double- 
quantum lines and the single-quantum lines differently, but no 
careful study has been made of this question 
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The extension of the perturbation theory given for 
double-quantum transitions to the case of triple- 
quantum transitions is apparent.'* Since the separations 
between adjacent lines a, 6, c, and d are equal, it will be 
appreciated that triple-quantum transitions will coincide 
in field with single-quantum or double-quantum transi- 
tions [e.g., (a+5+c)/3=6, etc. ]. This situation differs 
from Kusch’s case in which adjacent single-quantum 
transitions are not equally spaced.‘ 

The essential similarity of the double-quantum transi- 
tions discussed in this paper and of the double-quantum 
transition in the electrical quadrupole spectrum of RbF 
is clear. In the RbF case also second order time- 
dependent perturbation theory explains the basic fea- 
tures of the transition—the necessity of an intermediate 
state, resonance at one-half the Bohr frequency, and the 
line width one-half that of a normal transition. In the 
RbF example, the normal electric quadrupole transition 
can occur only when a static electric field is present, and 
the two-quantum transition can occur in the absence of 
the static electric field. The factor by which the proba- 
bility amplitude for a two-quantum transition differs 
from that of a single-quantum transition is the ratio of 
the matrix element of the interaction with the radio- 
frequency electric field to the matrix element of the 
interaction with the static electric field. The ratio is of 
the order of 1 when the radio-frequency electric field is 
nearly equal to the static electric field. 

The microwave magnetic resonance absorption 
method has certain advantages compared with con- 
ventional atomic beam experiments for a further study 
of the line intensities of multiple-quantum transitions as 
given in Salwen’s theory: first, a more definite know!l- 
edge of the microwave field in a cavity than in an 
“rf-hairpin” of the type used in atomic beams, and, 
secondly, perhaps a better knowledge of the velocity 
distribution of the atoms, since no loss of low velocity 
atoms is involved as in the atomic beam case. 

Finally, it might be pointed out that in conventional 
microwave spectroscopy involving transitions between 
different rotational states of a molecule, the conditions 
for the occurrence of double-quantum lines are not met 
because the separations of adjacent rotational] levels 
differ by large factors. It seems possible that in the field 
of nuclear paramagnetic resonance where the level 
spacings are equal, one might find appropriate pertur- 
bations in some cases so that the conditions for a double- 
or multiple-quantum transition of the type discussed in 
this paper might be realized. 

It is a pleasure to thank Professor R. Beringer for 
several helpful discussions about the apparatus. 

* The principal term characteristic of a triple-quantum transi- 


tion is found by third-order time-dependent perturbation theory 
to be: 


a, (f)= +( 


(io +i(E,— E,) AY — ide + (BE) A] 

exp[ —idwt+i(E., -E,)t/A}—1, 
~~ [—et+i(E. —E)/8] 
where / and & designate intermediate states. 
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Oscillator Strengths for Transitions between 29°3 and 2°3s in Oxygen I, 
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Oscillator strengths are calculated for transitions between the various terms of 29*3p and 29°3s of oxygen I. 
Term energies for the two configurations are calculated with the inclusion of the L(£+1) correction of 
l'rees and with configuration interaction. The configurations included with 29°3s are 2p*4s and 2s2p* while 
2p%4 is included with 29°39. It is shown that the L(L+1) correction should be assigned to the parent ion 
Configuration interaction is included in the calculation of o? as well as in the energies. The radial wave 
functions used in the calculation of ¢? are Hartree wave functions without exchange. 


INTRODUCTION For electric dipole radiation, the line strength of the 
T has been pointed out by Condon and Shortley: component of a line is the square of the matrix element 
that one should expect configuration interaction to of the electric dipole moment connecting the two states 


play a significant role in the determination of the energy involved in the transition. 


levels for oxygen I since the terms of the series based ee 
on different parent terms of the ground state of oxygen 5(ySLIM y'S'L'S'M’) 
11 lie close together. For this reason, if one is to calculate : 


oscillato strengths ansiti s *twee = e ,_©@ . . ’ 
llator streng for transition bet nm excit d =| | W(ySLIM)PW(7'S'L'J'M)dr|. (3) 
states of O1, the wave functions for the various states | 
should be linear combinations of the wave functions 

for the separate configurations. The proper linear Line strengths may also be written in the form? 
combination will be that obtained by the unitary 


transformation which will diagonalize the energy 


S=S,(L)S:(M)o?, (4) 


matrix. In this work, oscillator strengths for transitions . : : : , 
where S,(L) is a factor which depends on the particular 


line of a multiplet and S:(M) depends on the particular 
2p'3p is the most important configuration, have been multiplet of the transition array under consideration. 
eee The quantity o is the integral [ase/(4?—1)!] 
——" XS Ruil(p)pRn. --1(p)dp, where R(p)/p is the radial wave 
OSCILLATOR STRENGTHS function of the jumping electron in atomic units. 
Phe oscillator strength, f, for a transition between 5S,(L) may be obtained from tables given either by 
the levels ySLJ and y'S’L’J’, defined in TAS %, may White and Eliason* or by Russell,‘ while tables for 
S:(M) are given by Goldberg.*® 
It has been pointed out by Chandrasekhar’ and 
others* that, where R(p) is a solution of the Schrédinger 
W(ySLI y'SL'I)S (SLI y'S'L'S’) equation, the dipole moment, dipole velocity, and 
, (1) dipole acceleration forms for the oscillator strength 
are equivalent. When, however, the wave functions 
where v(ySLJ,y'S'L'J’) is the wave number difference are chosen on the basis of a variational calculation for 
between the two levels, R is the Rydberg constant the energy, these wave functions are most exact at 


i 


between the odd-parity levels predominantly of the 


2p’3s configuration and the even levels, for which 


} 


be written in the form 


f(ySLJI.y'S'L'S’ 


3R(2J+1)ao*e? 


expressed in wave numbers, do is the radius of the first moderate radial distances. This leads to a preference 
Bohr orbit, 2/+1 is a weighting factor for the initial for the dipole velocity form. Since the radial wave 


] 4 ’ , , . ate al . " . . . . . 
level, and S(ySLJ,7'S'L’J’) is a parameter called the functions used in these calculations were obtained by 


line strength for the transition between the two levels. the Hartree method,” the integrals which were ac tually 
rhe line strength for a line is the sum of the strengths calculated were the dipole velocity integrals. 
of the components of the line: lean 
, ; . ee ne ae ?D. R. Bates and A. Damgaard, Trans. Roy. Soc. (London 
StvSL I y'S ae > > yw S(ySL IM» SLs me bh A242. 101 (1949 
M’=M. M+1. (2 *H. E. White and A. Y. Eliason, Phys. Rev. 44, 753 (1933 
*H. N. Russell, Astrophys. J 83, 129 (1936 
* This paper rt of 3 is | ted to the University * L. Goldberg, Astrophys. J. 82, 1 (1935 
of Pennsylvania in partial fulfillment of th 1irements for a * L. Goldberg, Astrophys. J. 84, 11 (1936 
Ph.D. degree 7S. Chandrasekhar, Astrophys. J. 102, 223 (1945 
t Now at Trinity College , *L. C. Green and N. E. Weber, Astrophys. J. 111, 582 (1950). 
E. U. Condon and G. H. Shortley, TA f Atomic Spectra *M. N. Lewis, National Bureau of Standards Report No. 2457, 
University Press ambridge, This shall 1953 (unpublished 
2° ” ID. R. Hartree, Proc. Cambridge Phil. Soc. 24, 89 (1928). 
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hereafter be referred to as TAS 





TRANSITIONS BETWEEN 


f Ra, 1(p)pRa, -1(p)dp 
0 


2 ¢* ! dR, 1(p) ; 
-—f Ra slp)| -Rail)+ fe (5) 


Aewo p dp 


When the initial and final states can be assigned 
uniquely to single configurations, o? will be common to 
all transitions between the configurations. When, 
however, this unique assignment is impossible, o* will 
depend on the pair of terms which are involved in the 
transition. The wave functions for the various states 
will be linear combinations of the individual configura- 
tion wave functions. 


W(ySLIM) = ay¥i(y:SLIM) +a2¥2(y2SLIM)+:---. 
(6) 


The formula for the line strength will then be of the 
form 


s(ySLIM,7'S'L'J'M’) 


f > dv aahily SLIM) 


» 


X Pye (y'SL'I'M")dr| . (7) 


The dependence of each of the integrals on L, J, M, L’, 
J’, and M’ will be the same as it would have been if the 
states were uniquely assigned to configurations. $,(L) 
and S.2(M) will, therefore, be the same for each integral 
but the o? will be different and will be of the form 


P= (> >» aay] i)? (8) 

In order to determine the proper linear combination 
of configuration the matrices for 
electrostatic interaction were calculated, including the 
off-diagonal elements connecting the different 
figurations. In the case of the p’p matrix, there are, in 
addition, off-diagonal elements connecting terms in the 


wave functions, 


con- 


same configuration, having the same term designation, 
but built on different terms in the parent ion. These 
matrices were diagonalized, and the radial integral 
parameters were adjusted to give the best fit between 
theoretical and experimental! term values. When this 
had been done, the unitary transformation matrix which 
would perform the diagonalization was determined. This 
unitary matrix determines the proper linear combination 
of configuration wave functions. 

In the next two sections, the procedures used to 
diagonalize the two energy matrices will be discussed 
in some detail. 


ODD-PARITY CONFIGURATIONS 


The configurations that are most likely to interact 
with the 29*3s configuration are those with terms 


"CC. E. Moore, National Bureau of Standards Circular No 
467, 1949 (This is in book form under the titlé Alomic Energy 
Levels 
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TasLe I. Matrix elements of odd-parity configurations. 


Off-diagonal 
elements 


Ro—3Ri 
RotR 
Ro 2R; 
Ro 
to 2Ry 
Ro 


Term 
(S)ns *S 
(4S)ns *S 
C@D)ns *D 
C@D)ns 1D 
@P)ns *P 
CP)ns 'P 
2s2p5*P Eo(sp*) VIR,’ ; VIR," 
2s2p* 'P Eo(sp*) VIR,’ ; VIR," 
Eo(ns) = 3F o(2p,2p)+-3F o(2p,ns)+ integrals over closed shells, 
Eo(sp*) = 10F o(2p,22)+5F 2(2p,2s)— 20F 2(2p,26)— G, (2,25) 

+integrals over closed shells, 


Diagonal elements 
Eo(ns)— 15F :— 3G, (ns) 
Eo(ns)— 15F »+Gi (ns) 
Eo(ns)— 6F — 2G; (ns) 
Eo(ns)—6F y 
Eo(ns) 
Eo(ns) 





nae 2G, (ns 


— 2G; (sp*) 


Ro= 3Ro(2p3s,2p4s 
Fy=F3(2p,2p), 


+integrals over closed shells, 

R,= Ri (2p3s,4s2p), 
°i = R,(2s3s,2p2p), 
R," = R,(2s4s,2p2p) 


Gi (ns) = Gi (2pms), 
G (sp* =G (2p,2s : 


which lie nearest to the terms of 2p°3s. The configura- 
tions included here are 2p*4s and 252°. The diagonal 
matrix elements for a p’s configuration are given in 
TAS 57 in terms of three parameters, Eo, F2, and G,. 
They were checked and it was found that they were 
all correct, except that for *§ the coefficient of G; should 
be +1 instead of —1. This correction agrees with the 
relations as given by Johnson” and by Edlén,.” The 
2s2p*° configuration has but two terms and two 
parameters, Ey and G;. The off-diagonal elements of 
the matrix contain four additional parameters. The 
matrix elements are given in Table I. There are, 
therefore, in all twelve different parameters which can 
be adjusted in order to fit the experimental term values. 
F; involves only 2p electrons, which are assumed to 
remain unchanged, and this parameter was considered 
to be the same for both configurations 29’3s and 
2p*4s. Of the fourteen possible term values eleven are 
known experimentally." The other three were deter- 
mined by extrapolation of the Or isoelectronic sequence. 

The parameters were evaluated in a step-by-step 
process. First, a least-squares calculation was made 
using the diagonal sums of the submatrices. This 
calculation gave values for Eo(sp*), G,(sp*) and F; and 
the sums E£o(3s)+Eo(4s) and G,(3s)+G,(4s). Next, a 
least-squares calculation was performed using the four 
two by two submatrices to determine Eo(3s), Eo(4s), 
G,(3s), Gi(4s), Ro, and R,. Lastly, a least-squares 
calculation was made with the two three by three 
submatrices to determine R,’ and R,”. The results 
of these calculations are given in Table II, column 3. 
The fit for the *P and 'P terms is not at all satisfactory. 
Several other procedures were tried, but none gave 
satisfactory results although it was possible to reduce 
~# M. H. Johnson, Phys. Rev. 39, 197 (1931) 


“B. Edlén, Kgl. Svenska Vetenskapsakad 
No. 10 (1943) 


Handi. (3) 20, 
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Taste II 


Term values of 2p*3s, 2p*4s, and 2s2)', 
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73 702 
95 444 
76 798 
96 324 
101 168 
122 282 
102 718 
122 720 
113 715 


135 R52 


76 544 
96 513 
101 130 
122 335 
102 511 
122 878 
110 677 
140 327 
124 952 
119 470 
140 515 
181 ess 


(12/N b= 


126 380 
115 859 
135 904 
190 077 
([P/N i= 


+240 
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2061 
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the term values obtained 


particular 


at they may be compared 


tained by a modification of this 
procedure which liscussed in the next paragraph. 
In order to improve the fit, the L(L+1) correction 

i fn 62 


of Trees“ was included in the diagonal elements of the 


2p°3s and 2*4s configurations with a taken to be 


the 1e both configurations. This correction was 


the diagonal terms of 2s2p* since any 
could be absorbed in the value of 


[he same procedure was followed as 


above, and tl alue of a was determined 
The 
1c of Table I. The 


1 and experimental values 


by 
results of 
agreement between 


ill that can be expected in view of the extrapolation 


The 


val re enclosed in brackets in column 


req some of the experimental values. 


ured for 
| 
i 


extrapolater 


a of Table I might possibly be improved 


lusion of the three-by-three matrices 


rmination of the parameters which effect the 


separation of the terms of the submatrices, but because 


of the other sources of error present this does not 


stified. 


seem to be ju 


EVEN-PARITY CONFIGURATIONS 


The only configuration which was included in the 


interaction with the 2p*3p configuration was the one 


‘ROI Phys. Rev. $4, 1089 (1951 


Trees, 
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with terms lying directly above it, 2p°4p. There are, 
for these configurations, off-diagonal elements connect- 
ing terms having the same term designation in the 
same configuration but based on different terms of the 
parent ion, in addition to the off-diagonal elements 
connecting terms in different configurations. 

The wave functions for the p*p configurations were 
determined in the same manner as were the p’s wave 
functions, by the application of the vector coupling 
formulas given in TAS 6%. With these wave functions, 
the matrix elements for electrostatic interaction were 
calculated, and the results, given in Table III, were 
compared with the matrix elements determined by 
Yamanouchi.” They are in accord except for the sign 
of the coefficient of Gz in the matrix element connecting 
?D)*P with (@P)*P and the signs of four of the off- 
with different 
parentage. Yamanouchi obtained these off-diagonal 
elements by the method of spectroscopic stability, and 
the relative phases of his wave functions cannot be 


diagonal elements connecting terms 


determined. In this paper, the relative phases of the 
wave functions for the terms of the parent ion were 
made to agree with Racah.'® 

A preliminary calculation was made 


on the 2p*3p 
configuration, ignoring the off-diagonal! matrix elements, 
in order to obtain approximate magnitudes of the 


rasce Il 


Matrix elements of even-parity configurations 


ont t configurat have the same form 
y replacing either 3p, or 4p for »p in the parameters 
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*T. Yamanouchi, 
(1938 
G. Racah, Phys. Rev. 63, 367 (1943). 





TRANSITIONS BETWEEN 2p*dp AND 2p'3s IN O 1 


parameters Gp and G; The L(Z+1) correction of 
Trees was included with the Z value from the terms 
in pp. The value of F; was taken to be the same as for 
the 2p’ns configurations. When a least squares calcu- 
lation was made to determine the values of Eo, Go, Go, 
and a, it was discovered that the terms grouped them- 
selves in such a way that the terms having the same 
parentage had approximately the same error. Other 
instances where the errors in the calculated term values 
are a function of the L value of the parent term have 
been reported by Racah.’’ If the errors in the terms 
built on the (4S) parent are minimized by adjusting 
Eo, the errors in the other terms were approximately 
equal to the L(L+1) correction to the 2p*ns configura- 
tions for terms with the same parents. This suggested 
that the L(L+1) correction, in all the configurations 
of the form al*dl’, was that of the parent ion. 

To check this suggestion, the values of F; and a 
were calculated for the ground state of O um. This 
could be done exactly since there are three terms and 
three parameters. This calculation gave F,= 2627 K 
and a=531K. These values are in reasonable agree- 
ment with F,=2585 K and a=565 K found by least 
squares on the odd-parity configurations, 

In addition Greyber'* has shown that, if an interaction 
of the form }>4.1,-l, is considered, for configurations 
of the form al*bl’ (which is the form considered here) 
the predominant part of the interaction energy will be 
proportional to L(L+1) for the L of the parent term. 
In the configurations under consideration, therefore, 
the L(L+1) correction is assigned to the parent ion. 
(This is equivalent to building the term values on the 
experimental values of the parent ion.) 


TasLe IV. Term values (in K) of even-parity configurations. 











Term 


(4S)°P 
(*SPP 
@D¥D 
CDF 
C@DYP 
C@D)P 
CD) F 
C@D)D 
CPS 
@P}D 
C@PyYP 
CPP 


2p'3p 2p4p 
Observed Calculated Diff Observed Calculated Diff 





86 393 
89 148 
113 158 
113 698 
117 158 
113 307 
114 206 
117 294 
126 298 
127 048 
127 811 
127 940 


99 094 
99 680 
125 780 


99 389 
102 810 
125 932 
126 522 
134.072 
125 707 
127 042 
136 993 
139 294 
139 672 
145 782 
139 983 
149 991 
160 202 


+295 
+3130 
+152 


86 629 
88 631 
113 295 
113 719 


— 236 
+517 
— 137 
—21 


113 995 
116 630 


+211 
+ 664 
127 286 — 238 
127 667 
C@PYD 128595 128161 
CPS 130943 130 886 


Values of the parameters used, in K: 


E,(3p) = 131 233 
E,(4p) = 139 883 
Go(3p)= 4233 Ro = 5950, 
Go(4p)= 1671 Ro = 2900, 
G:(3p)= 143 R; = 80, 
Gil4p) = 45 R; = 108, 
F; = 2585 a = 565. 


+273 
— 434 


—57 


F; (3p)= 258, 
F/(4p)= 81, 








7G. Racah, Phys. Rev. 62, 438 (1942). 
H. Greyber, Ph.D. thesis, University of Pennsylvania, 1953 
(unpublished). 


Taste V. Calculated values of o. 








b 

ot 
Bates and 
Damgaard 


Wave number 


o 
Transition of line Conf, int. 





9.85 
10.75 
10.20 
10.38 

5.98 
11.49 

7.44 
11.61 

7.31 

6.76 

9.37 

9.57 

8.24 

6.28 


7.86 
9.53 
8.80 
8.62 


12 861 
11 836 
12 576 
12 152 
[15 990} 
11 333 
13 968 


(4S)3p *P— ew ) 
(4S)3p *P— (4S)3s 4S 
(@D)3p *F — @D)3s *D 
(@D)3p *D— @D)3s *D 
(?D)3p *P— @D)3s*D 
(2D)3p 'F — ?D)3s 'D 
(@D)3p '‘D— @D)3s'D 
(D)3p 'P—(?D)3s'D [10 589} 
(@P)3p *D— @P)3s *P 13 370 
(C@P)3p *P— @P)3s *P & sa] 
C@P)3p*S— C@P)3s *P 12 583 
(?P)3p 'D— (@P)3s 'P 12 677 
(@P)3p'P— C@P)3s'P 11 749 
C@P)3p'S— C@P)3s 'P 15 025 


8.30 
7.89 


7.63 








In order to determine the radial integral parameters 
with configuration interaction included, some other 
procedure than the one applied in the case of the odd- 
parity configurations was necessary. This is so since 
there are only thirteen experimentally known term 
values, and there are in all twelve parameters to be 
determined, while the diagonal sum of but a single 
submatrix is known. To employ a least-squares calcu- 
lation to determine all the parameters would be un- 
satisfactory. In a least-squares calculation no distinction 
is made between large and small parameters and in 
order to get the best possible agreement with experi- 
ment the calculation may give unreasonable magnitudes 
to some of the smaller parameters. 

In order to calculate some of the parameters approxi- 
mately, without resort to least squares, all those which 
consist of only one radial integral were calculated 
using the same radial wave functions employed in the 
calculation of the o* for the oscillator strengths. This 
left Eo(3p), Eo(4p), and Ro to be determined. They 
were determined by a least-squares calculation on all 
the two-by-two submatrices. This calculation resulted 
in values of Eo(3p) and Eo(4p) which made the diagonal 
element for (4)'S slightly smaller than that for 
(3p)'S. Some arbitrary adjustments were made in the 
larger parameters, therefore, in order to put these 
matrix elements in their proper order. This adjustment 
actually resulted in a better fit for all of the calculated 
term values. The term values obtained from the final 
calculations are given in Table IV. 

Except for the values for the *P terms, the calculated 
energies are in reasonable agreement with the experi- 
mental values. The reason that the (*S)*P terms do 
not agree with experiment seems to be that, with 
comparatively large off-diagonal elements (~6000 K 
to ~2000 K), configuration interaction with 29’5p and 
2p’6p would be important. The term (*S)5p '*P lies at 
103 869K and (4$)6p*P lies at 105911K, about 
4000 K and 6000K respectively above the experi- 
mental value of the (*S)4p*P term. Interaction with 
these configurations would lower the calculated term 
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Tape VI. Absorption oscillator strengths 29°3s—2p°3p 


R 


atic 
2p%3 


‘Pp, 
*P, 
iP, 
ap, 
IP, 
ap 
‘P, 
‘Pp, 
0.053 *P, 
(0). 237 P; 
0.051 x 
O ORS Po 


0.255 


0.157 
0 U0s9 
0.118 
0.005 
0.065 


values and would ave he greater effec 


‘S)4p *P term which has the larger error 
It should be pointed out that for 

interaction between configurat 

the coefficients of the paramete 


2ph3p 
level 
*D, 
*D; 
*D, 
1D, 
*D, 
‘Pp, 
+p, 
IP, 
IP, 
sp, 
‘p 


t 


yn 
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0.219 
0.039 
0.003 
0.196 
0.065 
0.261 


0.262 
0.087 
0.145 
0.087 
0.116 
0.349 
0.107 
0.107 
0.107 


/ 


0.53 


Ale 


form al 


eciements are the Same as those i corresponding 


parameters in the diagonal elements. Beca 
large diagonal elements will be associated 
off-diagonal elements. The resulting 
insensitive t 
diagonal el 

anges 


compensation 


i 


ise « 


wi 


trices. As an example, whe 


coefhicient zo iS positive that of Ryo w 


positive ilt, making R»’ smaller 
‘ 


taneously making G he lower configur: 


and G» for the higher configuration smaller may resu 


ttle change in the term values. To see the effe 


of this, one can compare the values of 
obtained by ignoring off-diagonal elements 


where Go and Gy, are first approximated 


integrations and configuration interaction is in 


1 ¢} 


ill 


and 


ition 


G 


with 


by 


simu 


larger 


] 


and Gy» 


Lhose 


radia 


Several investigators have determined these paramet 


without taking into account off-diagonal ele 
Edlén™ obtained Gp=839K and G.=67 K; 


ouchi® did not give values for O1 but tl 


iy I 


men 


Yaman 


nay be 


approximated to be Gye~1l000K and Gy~S0K by 


interpolation in the graphs in his paper. The pre- 
liminary calculations for this work gave Gp>= 990 K and 
G.=46K. In the final calculations including con- 
figuration interaction the values Gp=4233K and 
G2= 143 K were used. 


RESULTS 


When the term values have been determined it 
is a straightforward calculation to determine the trans- 
formation matrices which will diagonalize the in- 
dividual submatrices and thus determine the a,’s and 
a,’s of Eq. (6). When this had been done, the various 
values of o* were calculated from Eq. (8). It was 
necessary to evaluate only the four integrals between 
the two sets of configurations 2p*ns and 2p'np" since 
the integrals between 2p'np and 2s2p* will vanish. 
The values for o? thus calculated are given in column a 
of Table V. In column 6 of Table V are given values of 
o* calculated by the method of Bates and Damgaard? 
which uses hydrogenic wave functions and effective 
quantum numbers determined from experimental 
energies. The values for the wave numbers given in 
Table V are the differences between the centers of 
gravity of the experimental term values where these 
are known. If the line has not been identified, the values 
given (enclosed in brackets) are the differences between 
the calculated term values. Table VI gives the absorp- 
tion oscillator strengths calculated by Eqs. (3) and (1). 

Except for the transitions arising from *P levels, the 
values of o? are as accurate as one might expect using 
the one-electron approximation and Hartree radial 
} 


wave functions without exchange. The Hartree wave 


functions were determined by a self-consistent field 
calculation for the 2p*3s configuration. The wave 
functions for 3p, 4s, and 4p electrons were calculated 
assuming the wave functions of the core electrons to 
be the same as for 2973s 
The results of the calculations could be improved 
if more energy levels were known for 2p*4p and if 
her even-parity configurations were included in the 
lations. This latter is not possible at present since 
ne term value is known for each of the next two 
configurations 
In conclusion, the author wishes to express his 
appreciation to Professor C. W. Ufford for suggesting 
this problem and for the valuable and patient assistance 
which he has given the author throughout the calcu- 
lations. He also wishes to express his thanks to Professor 
L. C. Green for the help received during several informa- 
tive discussions 
The calculated values of the diy velocity integrals are 
812 for 3s—3p, —0.504 for 3 p, 5.547 for 4s—3p, and 
12.395 for 4s—4p. As a check on th inctions, the dipole 
ment integral was calculated for t was —5.818. 
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A comparison is made between simple impact theories of line broadening by electrons (Weisskopf, Lind 
holm, Inglis and Teller, and Unséld) and recent more detailed quantum calculations by Kivel, Bloom, 


and Margenau 


HE difficulties of a rigorous treatment of molecular 

disturbances upon the radiative process have 
forced into use a variety of simple schemes for dealing 
with problems of pressure broadening. Impact theories, 
statistical theory and combinations thereof, enjoy 
applications that hard to justify. 
Particularly troublesome are the effects of electron 
collisions upon the shape of spectral lines because here, 
in addition to the normal difficulties, one faces the 
problem as to the extent to which a perturbing electron 
can be localized during its action upon a radiating 
atom, as well as the question of the appropriate potential 


are sometimes 


to be employed. 
electron 
ideas of 


the 
he physical 


Simplified theories dealing with 
t 


problem!:? ingeneously use 


impacts and the notions of Lorentz and Weisskopf to 
arrive at answers for line widths. The answers are not 
easily tested experimentally and rely for their credi- 
bility upon consistency other findings. In a 
preceding paper by Kivel, Bloom, and Margenau,’ 


with 


a detailed quantum mechanical theory of the electron 
effect has been developed for a case (the Lyman Alpha 
little intrinsic interest, 
permits the qualitative theories to be tested. This was 
indeed the chief motive for the work. The present paper 
makes a comparison of the more complete theory with 


line) which, while holding 


various impact theories and with an analysis by Inglis 
and Teller.’ 
I. 


will be 
K.B.M. 


in the absence of de- 


In Secs. I to IV of this article attention 


e effect called “universal” in 


th 


confined to t 
It accounts for the line wid 
computed by supposing that the 


generacy and was 


atom has only two levels, the upper and the lower of 


the radiative transition. The possibility of transitions 


to higher states was disregarded because their contri- 
butions to the line width was found to be small in 
comparison with the linear Stark effect (arising from the 
presence of degeneracy). For this reason, as we shall 


* This work Atomic Energy 
Commission 

1A. Unséld, Vierteljahrsschr. Astron. Ges. 78, 213 (1943 

? D. R. Inglis and E. Teller, Astrophys. J. 90, 439 (1939) 

* Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955) 


(hereafter referred to as K.B.M 


was sponsored by the U. S 


see, the universal effect as defined in K.B.M. does not 
include completely what is sometimes called the quad- 
ratic Stark effect. This should be emphasized because a 
statement in the abstract of K.B.M. is misleading. 

In that paper the line width arising from the cause in 
question was found to be 


Yu= Ve (1) 


but »,, the collision frequency, instead of being related 
to the ordinary collision cross section o’=p* by the 
through the de 
and a numerical 


now defined 


r(h/mv)* 


equation ».=ntvo’, is 
Broglie cross section ¢ 


“efficiency factor” 2Sy as follows: 


vy-= nro Spy. (2) 


The function Sy was plotted in reference 3; roughly, 
it is approximated by 


Sy=4.3(1—e°*"*), (3) 


if « is the energy of the perturbing electron in units of 
é/2a, where ¢ is the electronic charge and a is the first 
Bohr radius. A plot of yy, based on (2) and (3), is 
found in Fig. 1. 


Il. 


Our first comparison will be with a simple form of 
impact theory. For details, we refer to a review by 
Unséld.' This theory assumes that an electron, located 
at a distance r from the radiating atom, produces a line 
shift of circular frequency 


Aw= (e/h) V(r), (4) 


where V(r) is the potential due to the atomic charge 
distribution at point r. This line shift is computed for 
an electron passage with closest distance of approach p 
at constant electron velocity, », and all those passages 
are declared effective in broadening the line for which 
the phase change, 7»= fAwd? is greater than some 
number mo, of order 1. Thus is defined an optical 
collision diameter, po, which is made to function in 
the line width formula as does Lorentz’ kinetic theory 
diameter in that author’s well-known theory. The 
collision frequency is then given as 


Y.= nerpe’, (5) 
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Fic. 1. +./n plotted as a function of velocity. The classical 
impact theory curve was computed by the method of Sec. II 
while the quantum impact theory was computed by the method 


of Sec. ITI. 


where n is the electron density, and the radiation 
intensity is 


I(w const (w+ v2) . (6) 


where w is the angular frequency measured from the 
line center. 

This simplest form of the impact theory, proposed by 
Weisskopf, has often been employed in the older 
literature, and we shall give an example of it in Sec. IV. 
At this point, we adopt an improvement by Lindholm‘ 
which provides a method for computing the value of 
the limiting phase, mo, to be used in determining po. 
According to Lindholm, y, in Eq. (6) is approximated by 


ry ~ 


ye= n>. of 1—cos(m—m'], (7) 


where, in a quantum calculation of the collision process’ 
m is the phase shift suffered by an electron in the /th 
angular momentum state as it interacts with the 
excited atom, while ,’ is the same quantity for the 
atom in the ground state. 

Furthermore, o;= (2/+1)¢, and oa is the de Broglie 
cross section x(h/mv)*. The classical approximation 
to (7) is 


- 


_.™= wf 4xpdp sin*n/ 2. (8) 
0 


In this expression » is the phase change computed 
from Eq. (4). 

In K.B.M., the potential energy between electron 
and atom entered in its classical form, containing the 


‘E. Lindholm, Archiv Mat. Astron. Fysik. B28, No. 3 (1941 
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coordinates of the atomic as well as of the perturbing 
electron. For the calculation of 7 a suitable average no 
longer involving the coordinates of the atomic electron 
must be chosen. This is the potential of the atomic 
distribution, averaged over angles, that acts on the 
external electron. Thus 


V (r)=V2,(r)— Vi. (7), 


where 
“i 37 # 
V2,(r)=-] -+-+-+—]er (9) 
air 4 4 24 
and 
fl 
V1,(r)=-| -+1 Ie’, (10) 
alr 


and ¢ is in units a, the first Bohr radius. The replace- 
ment of V by the difference between the two states, 
though not always made, is necessary for comparison 
with K.B.M. and has an obvious justification. We 
then take 


2 
n=-f(0) 


t 


~ 


--f [V a (p?+2%)8)— Vi((p?+-2%)!) Jdx. (11) 


™ 6 


The integrations in Eqs. (11) and (8) are carried out 
numerically and the results are shown in Fig. 1 where 
y-/n is plotted as a function of v. The average impact 
parameter po effective for broadening can be obtained 
from Eq. (5). In order to permit an estimate of the 
importance of quantum effects for this problem the 
quantity po/X where X= (h/ mz) has also been plotted in 
Fig. 2. 

The agreement between the quantum mechanical 
calculation and the classical one is good over the range 
where (po/X)>1, the maximum deviation in this region 
being about 25% 
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Fic. 2. p/X for classical impact theory plotted as 
a function of velocity 
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A further comparison can be made by evaluating 
Eq. (7), using the phase shifts computed for V2,(r) 
and V;,(r) in Eqs. (9) and (10) respectively. The 
phase-shifts for V2,(r) have been computed by Swan® 
while those for /=0 for V;,(r) are given by Massey and 
Moiseiwitsch.* Since the phase shifts for />0 are not 
negligible for V,,(r), the additional ones were computed 
by Langer’s’ method and are given in Table I for 
reference. These values of the phase shifts along with 
those of Swan for 2p have been used to evaluate », in 
Eq. (7) and the results are also shown in Fig. 1. All the 
points except that for »=1.110* cm/sec fall on the 
K.B.M. curve. This seems somewhat remarkable in 
view of the fact that the elastic scattering cross section 
obtained by Swan upon using the phase shifts computed 
according to Langer’s method and the results of the 
Born approximation differ by a factor of two in this 
velocity range. Considering the fact that K.B.M. in 
effect used the Born approximation it would seem that 
the broadening must be less sensitive to the method of 
calculation than is the elastic scattering cross section. 


IV. 


In dealing with solar Mg-lines—which are known to 
undergo only quadratic Stark effect—Unsdéld* employs 
the impact theory in the following way. Assuming a 
static Stark effect potential and neglecting inhomo- 
geneity of the field he takes Aw to be C/r*. 

Computation then leads to the result for 
half-width: 


the 


y= gi 8C28 71/39 (12) 


in terms of variables previously defined and n, the 
number of electrons per cm’, The constant C for the 
L,-line is simply related to the second-order depressions 
of the two-quantum levels and the ground level of 
hydrogen in an electric field. These are given by 
AE=-—aF if F is the field strength. For the three two- 
quantum states which combine with the ground state 
a has the values 84, 78, 78 in atomic units, or a mean 
of 80. For the ground state, a=9/4. This gives Aw 
=77.75(a*F*/h), a being the first Bohr radius. When 
F is considered to be e/r* we find 


C=4.110-"* cm!‘ sec", 


Taste I. Scattering phase shifts, 9;(1s), from V:, potential. 











& e(cm sec™) ge(1s) ai(is) (is) wa(is) m(is) 
0.500 1.10K10* 1.044 0.0099 eee 
0.831 1.8210 0.952 0.0701 0.00208 
1.803 4.02K10" 0.726 0.218 0.0616 0.0146 see 
2.7187 5.97108 0.590 0.252 0.110 0.0533 0.024 











* P. Swan, Proc. Phys. Soc. (London) A67, 1086 (1954). 

*H. S. W. Massey and B. L. Moiseiwitsch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 

7R. Langer, Phys. Rev. 51, 669 (1937), see also reference 5. 

* A. Unsdld, Z. Astrophysik 12, 56 (1936); 23, 75 (1944). 
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the ratio y./m from Eq. (5), with this value of C, is 
plotted in Fig. 1. While Unséld’s curve is everywhere 
proportional! to »!, that of K.B.M. varies as » for small, 
as v' for high velocities. In this comparison we have 
taken m to be 1. A value of 0.64, which is indicated 
by Lindholm’s reasoning, would raise the impact curve 
and heighten the disagreement. 

In addition to the quantum limitation to the impact 
parameter, po> (#/mv), mentioned before, this treat- 
ment becomes invalid if po<6ao. For smaller impact 
parameters the perturber penetrates the charge distri- 
bution of the atom and classically the potential should 
go over smoothly to that of Eqs. (9) and (10). A third 
limit which is of little consequence at ordinary density 
is po<m', requiring that only one perturbing electron 
counts at one time. The first two limits are indicated in 
Fig. 1. (It should be remembered that po= (#/mv) for 
the lower limit in the Unséld curve is computed from 
a different potential than po/X plotted in Fig. 2. Thus 
po=X is satisfied for a different velocity in the two 
cases.) 

As already noted, this curve cannot be compared 
directly with K.B.M. To see whether it represents an 
additional effect of greater magnitude than the universal 
one an extension of the latter work to include transitions 
to excited states is required. This calculation is in 
progress. 


Vv. 


A simple impact theory of line broadening appropriate 
when a linear Stark effect occurs is given by Inglis and 
Teller.2 For fast collisions, such that o> (1/V2)v0, 
where 2% is the velocity of the electron in the first Bohr 
orbit (in the case of Lyman Alpha line) they obtain 
the following expression for the broadening 


y= 16(nve)[ 1+-2 logpm/py |. (13) 


Here o is again the de Broglie cross section, p», is the 
largest unscreened impact radius, (rn)~', and p,; is 
the largest impact radius that causes a transition in the 
atom with certainty, 4a9v0/0. 

This result should be comparable with 7, of reference 
(3). The expression given for y, in that paper is 


Y p= 2nvo{k (Sp)2p0,280+ (6/35)[1—(1+2,)-7]}. (14) 
When x,>2, S, becomes 
(Sp) 2p0,280== 9[4+log (x,/#) }. (15) 


x, and Z are related to p, and p; by the following 
expression ; 
(x,/£)'=4(pm/p1), 
and x,>>1. Hence, y, becomes essentially 
Yp= 3nval_3.6+ 2 log(pm/p:) |. (16) 


The factor 16 in the Eq. (13) is essentially the square 
of the linear Stark coefficient in the proper units. If 
the correct value 9 is taken for this quantity instead of 
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16 as used in Eq. (13) the agreement between the 
qualitative result of Inglis and Teller and that of 
K.B.M. is improved. For most cases of practical 
interest log(p,,/p2)~10 so that the order of magnitude 
of the agreement is certainly interesting for densities 
of practical interest. 

For velocities less than 1t/V2, Inglis and Teller 
include the electrons with the ions and treat the entire 


AND H. 


MARGENAU 


effect according to the statistical theory. K.B.M. deal 
with sharp electron velocities; their formulas will 
therefore not reduce to those of the statistical theory, 
which can only result from a distribution of velocities 
that allows the electrons to be localized.® Hence, in this 
limit the theories cannot be compared. 

L. Spitzer Jr. Phys. Rev. 55, 699 (1939); H. Margenau and 
B. Kivel, Phys. Rev. 98, 1822 (1955). 
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The usual! theoretical calculations of equations of state and specific heats, particularly at high tempera- 


tures and pressures, are dependent on the Thomas-Fermi 
description of this model involves comr 
an inadequate r ber of solutions available in the 


determine the thermodynamic properties of all elements over an exceedingly 
and densities have been obtained with the aid of an IBM 701 Defense Calcul: 


in graphical form 
Ina 
certain approximate analy 





yn, some of the anz 





I. INTRODUCTION 


HEORETICAL calculations with the Thomas- 

Fermi atomic model are limited by the necessity 
of solving a difficult nonlinear differential equation. 
Only rough analytic approximations have been de- 
veloped in previous investigations and these are pri- 
with a very restricted 
range of applicability. Principal emphasis in recent 
years has been toward the numerical treatment of the 
model. However, the results available at the present 
time are almost exclusively concerned with the prop- 
erties of the model at zero temperature. For the tem- 
perature the Thomas-Fermi model the 
most detailed calculations have been in the limit of small 
temperatures and small volumes where the problem 
may be treated as a perturbation from the zero- 
temperature model. The formulation and solution of 
the temperature-perturbed model have been given by 
Bethe and Marshak.' Numerical results have been 
obtained for this theory by Feynman, Metropolis and 
Teller,? and Gilvarry and Peebles.? The temperature 
perturbation theory has the disadvantage, however, 
that it considerable numerical work and, 
moreover, that it is limited only to the region of large 
positive work functions. The negative and small posi- 
tive work functions encompass, on the other hand, an 


marily asymptotic solutions 


behavior of 


requires 


extensive region of interesting atomic states. 
'H. A. Bethe and R. E. Marshak, Astrophys. J. 91, 239 (1940 


? Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949 
+ J. J. Gilvarry and G. Peebles, Phys. Rev. 99, 550 (1955). 
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A number of solutions sufficiently extensive to 
wide range of temperatures 


lator. The results are presented 


lytic properties of the Thomas-Fermi equations have been investigated and 


tic solutions have been derived for limiting cases 


The exact treatment of the temperature effects, 
without the Bethe-Marshak approximation, does not 
appear to involve appreciably more numerical work 
than with the approximation, and, of course, it is not 
restricted to particular physical states. Unfortunately 
only a few isolated solutions have been obtained, 
namely by Feynman, Metropolis and Teller,’ using the 
exact Thomas-Fermi model. The calculations to be 
reported here extend these previous solutions so as to 
provide a detailed and comprehensive description of the 
thermodynamic behavior of the model. Exchange effects 
(see Appendix I) were not included. But in determining 
the electronic specific heat it is known that exchange 
effects are almost completely cancelled by the effects 
of correlation at low temperatures’; at high tempera- 
tures exchange effects become negligible. And therefore 
the temperature behavior of the atom may be more 
adequately described by ignoring exchange altogether 
if the correlation is not included. 


Il. DESCRIPTION OF THE THOMAS-FERMI 
MODEL WITH TEMPERATURE 


The statistical model of the atom treats the equi- 
librium properties of Z electrons constrained to lie 
within a sphere of radius ro, at the center of which is a 
fixed positive charge, +Ze. The extension of the model 
to include ions consists in allowing more or fewer elec- 
trons within the sphere than positive charges at the 
center. The present discussion and calculations will be 
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limited to the neutral atom; but ions may be treated 
by only minor changes in the following arguments. 

The electrostatic potential is related to the atomic 
charge distribution through Poisson’s equation® 


V°V (r) =4rep(r). (1) 


The Thomas-Fermi model provides a simple estimate 
of the charge density -ep(r) in terms of the potential 
function V(r). The arguments leading to this connec- 
tion have been given from a number of independent 
points of view for the case of zero temperature.*? 
The extension to nonzero temperatures was given by 
Feynman, Metropolis and Teller.2 The result of this 
extension is that 


Sr 7” 
p(r)= “fap 
he J, 
1 


* r . 2) 
exp{{—a+ p?/2m—eV (rn) kT} +1 


Equations (1) and (2) can be simplified in appearance 
by making a few notational changes and requiring 
that the potential and charge distributions be spheri- 
cally symmetric. Then it is found that 


” 


” (x) =axI,(o(x)/x), (3) 


where 


o(x)=[ateV(r) r/kTro, x=r/10, a=(r0/c)’, 


1/c=4re(2m)'(kT)'/h}, 


and the Fermi-Dirac function is defined for general n by 


; 1 
T,.(n) fe y" (4) 
exp(y—n) +1 


The zero of the potential function is chosen at r=ro. 
The differential equation, Eq. (3), must be supple- 
mented with the boundary conditions on the function 
(x). These conditions state, on the one hand, that the 
atomic system is neutral so that the potential gradient 
at the boundary of the atom is zero and, on the other 
hand, that the potential function has a singularity at 
the center of the atom corresponding to a charge +Ze 
at that point. These boundary conditions, when ex- 
pressed in the present notation, become 


¢'(1)=¢(1), (5) 

and 
$(0) =Ze/kT ro. (6) 
All the thermodynamic properties of the atomic 
system may be related to the solutions of these equa- 
tions, Eqs. (3), (5), and (6). The quantities of particular 


* Throughout this discussion ¢ refers to the magnitude of the 
electronic charge 

* E. Fermi, Atti. Accad. Nazl. Lincei Rend. Classe Fis. Matt. E 
Nat. 6, 602 (1927); Z. Physik 48, 73 (1928 

7 L. Brillouin, Actualités Sci. et Ind. 160, 1 (1934 
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interest are the pressure, kinetic and potential energies, 
and the entropy, since in terms of these quantities all 
other thermodynamic functions may be derived 
explicitly. 

The pressure is expressed as the rate of transfer of 
momentum between the electrons and the atomic 
boundary. Since at the boundary of the atom the electric 
field is zero, and consequently the potential is a con- 
stant, the electrons behave locally as a uniform gas 
wherein the only interchange of electron momenta is 
with the boundary. According to Eq. (2) the density of 
electrons at position r with momenta in the range dp is 


 &r ad 
p(r,p) 5 
hk exp{L—at- p?/2m—eV (r) RT} +1 
Since the electrons are moving isotropically, the rate 
of momentum transfer to the boundary per electron is 


(2p) (p/3m), (8) 
and, hence, the pressure is 


x. 2 


Sqr p 
P dp - 
ho exp (—a+ p?/2m)/kT }+1 


X (2p)(p/3m), (9) 


where V(r 0 has been used. With the help of Eq. 
(4) this expression for the pressure reduces to 
ZkRT2 a 
F T{o(1) }. 
V 9 o(0) 


(10) 


The kinetic energy per electron is p’/2m, which 
multiplied by the density of electrons from Eq. (7) and 
integrated over all momenta and the volume of the 
atom, leads to the total kinetic energy of the atom. Thus 


329? pp x 
Exin ™ f rir f dp 
hb : . 


p p 
x (11) 
exp{L—at p?/2m—eV (r) \/kT}+1 2m 


or, in the present notation, 


a : (x) 
ZkT— f een | 
d(O) 45 x 


The potential energy of the electrons results from 
their mutual interaction and their interaction with the 
nuclear field. This energy may be expressed as 


Exin (12) 


ro 


Epor= — 4 (4re f r'dro(r)V ,(r) 


—4ref rdrp(r)V,(r), (13) 
0 
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where V,(r) is the potential arising from the electrons 
and V,(r) the potential from the nuclear field. This 
may be written 


4 


ro Z 
Ena ™= — sare) f rirs(o| V(r)+ -| (14) 
0 rT 


Using Eq. (2) and re-expressing Eq. (14) in terms of the 
present notation, it is found that 


a ' (x) 
Egos — ZkT- f ist — 
26(0) 45 x 


Xa o(x)—o(1)x+¢(0)]. (15) 
An important relationship exists between the quan- 
tities E,or, Exin, and P, namely, 


2Exin+ Epor=3PV. (16) 


This expression may be derived directly from Eqs. 
(10), (12), and (15) or from the virial theorem, which 
states that 


2Exin= I. (17) 


The approach from the virial theorem is simpler and 
consists in the evaluation of the virial J= — (> it;- Fim. 
The angular braces indicate a space (or time) average; 
the subscript i refers to the ith electron, which is sub- 
jected to the force F; when at position r;. The force 
arises from the mutual electronic interaction, from the 
electron-nuclear interaction and from collisions with 
the atomic boundary. The virial J may be decomposed 
into terms arising from the three sources of the force 
F, as follows: 


[=1 4-1 atlas. (18) 


The last term describes the contribution from the 
atomic boundary and may be evaluated in terms of the 
applied pressure P. Thus, since the force applied by 
the boundary is directed toward the center of the sphere 
and occurs always at the atomic radius ro, 


le a Lite F, boundary) ) te 
To > Fi boundary) Ay. 


Now the time-average boundary force is just the 
pressure P times the area of the atomic surface and thus 
may be expressed as 


Io=4ereP=3PV, (19) 


where V is the volume of one atom. The second term 
in Eq. (18) results from the force exerted by the 
nucleus on the electrons. This force is directed toward 
the nucleus and has the magnitude Ze*/r?, where r; is 
the radial distance to the ith electron. Thus 


tno) 
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and the space average of this sum is just the negative 
of the electron-nuclear potential energy, so that 


I..= — En**. (20) 


Finally, the term J,, arises from mutual electronic 
forces. The force on the ith electron due to all other 
electrons may be written 
(r;—r,;) 
F,=e2 >} ———. 
i lr,—r;|? 


ry- (rs—18;) 
len {5 E———~) 
Se r—r;\* hy 


é (r;—1,)-(ti—14,) 
=--45¥ ) 
NT ‘ 


rj—r;|? 


Thus 


"a 1 
2e—-—-} > 
— iw 

? 


& * 1 


’ 


rj—f;| 


which is the negative of the mutual electron potential 
energy. And, hence, 


Tee= — Eyer. (21) 


Since the total electronic potential energy is 
Ect _ Enan®*+ Eon, 


Eqs. (17)-(21) establish the statement of Eq. (16). 

The derivation of the entropy of the Thomas-Fermi 
model in terms of the solutions of Eq. (3) has been 
carried out by Brachman® and, more simply, by Mc- 
Millan and Gilvarry.’ An alternative derivation, pre- 
sented below, starts from the partition function, which 
is related to the entropy through the equation 


S=E/T+k InQ, (22) 


where E is the total internal energy of the atom and Q 
is the atomic partition function. It has not been pos- 
sible so far to derive Q rigorously for the Thomas- 
Fermi model. A form for it which is, however, consistent 
with the assumptions of the model may be derived 
heuristically. Thus consider the atom divided into cells 
small enough so that the potential is essentially con- 
stant in each cell but large enough so that any electrons 
in a given cell occupy a region of phase space large 
compared to #*. The Thomas-Fermi assumptions assert 
that the electrons occupy each cell independently of 
the occupation of the other cells within the atom and, 
moreover, obey Fermi-Dirac statistics. If now n(r;,p,c) 
denotes the number of electrons of momentum p and 
spin ¢ in the cell at position r; (which number according 
to the Fermi-Dirac statistics is 0 or 1), then the total 
energy of the electrons in this cell is 


e(r)=> n(0,,p,c)_p?/2m—eV (r,) |, (23) 
P.¢ 


*M. Brachman, Phys. Rev. $4, 1263 (1951 
*W. G. McMillan and J. J. Gilvarry (unpublished) 
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where eV (r,) is the total potential energy of an electron 
in this cell. The total energy of the atom is not obtained 
simply by adding together the contributions ¢(r,) from 
each cell since the potential energy E,o** of mutual 
electronic interaction would be counted twice. Cor- 
recting for this duplication, the total energy of the 
atom becomes 


E=— Enu**+ DL se(t). (24) 


The canonical partition function may now be written 


Q= L expl—[—Epe*+d e(r) kT), (25) 


{n} =Z 


where the first summation is over all values of n(r;,p,c) 
subject to the constraint that there are a total of Z 
electrons. Several approximations, which appear con- 
sistent with the model, must now be made in order to 
derive the Thomas-Fermi atom. First, E,o** is treated 
as independent of the occupation numbers n(r;,p,c) 
and is taken equal to the mean potential energy of 
mutual interaction. This assumption is consistent with 
treating the potential function V(r;) as independent of 
n(ri,p,o) for all ¢ and 7. If now Za, where a is the work- 
function determined so that Z is the total number of 
electrons, is added and subtracted in the exponent of 
Q, then Eq. (25) may be written with the aid of Eq. 
(23) as 


Q= > exp| —| — Boat +Za 


{nj} =Z 


P* 
+> n(rspo)( - -ev(r)-a)|/s7, (26) 
i.p.e 2m 


since >>; 5, «”(r:,p,c)=Z. The explicit evaluation of Q 
is very complicated if the constraint {n}=Z is re- 
tained. However, if the number of electrons is large, 
this constraint is unimportant and may be removed. 
The unrestricted sum is easily evaluated due to the 
separability of the terms (r;,p,c) in the exponent and is 


— (— Exa**+Za) 
gnc Ea a 
kT 


x |t+en{-(Z-evea-a) /er]!' (27) 


Taking the logarithm of both sides of this equation and 
replacing the summations by integrations lead to 


(—Enyot*+Za) 32x? r 


InQ= —-—__—+— | rar f pp 
kT ht Jo ; 


xin| +ex0| -(~—ev)-a) /er]}. (28) 
m 
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In terms of the previous notation, this equation becomes 
} a 1 C 
InQ=———-— Z¢(1)+— _f vdx f g'dg 
kT $(0)o 0 


xin| 1+ ex( -) (29) 


where g= p*/2mkT. An integration by parts on g, using 


Eq. (4), gives finally 
a f' (x) 
f ast,(—). (30) 


| a 2 
InQ=——-— Z¢(1)+- — 
kT 

It is easily shown that a functional differentiation of 
InQ with respect to ¢(x)/x leads to the Thomas-Fermi 
form for the charge density and hence Eq. (30) is, in 
this important respect, compatible with the model. 
Combining Eqs. (12), (30), and (22) yields the ex- 
pression for the entropy 


S/Zk=[ (5/3) Exint+ 2E por®* + Epor®” /ZkT—$(1). (31) 


III. ANALYTIC PROPERTIES OF THE 
THOMAS-FERMI EQUATION 


Such properties of Eq. (3) as are relevant to the 
numerical treatment below will now be investigated. 
For this purpose it is necessary to re-express Eq. (3) 
as an integral equation, which provides the basis for 
the numerical procedure to be used. The transformation 
of Eq. (3) to integral form consists of a straightforward 
double integration followed by an integration by parts 
and leads to the result 


' ¢(y) 
o(x) (tata f ay(y—a)yti( ), (32) 
z 7 


which incorporates implicitly the boundary condition 
of Eq. (5). It is necessary, however, to impose an 
important restriction on the class of physically ad- 
missible solutions of Eq. (32), namely, that ¢(x) be 
bounded on the closed interval 0<x<1. This re- 
striction leads in turn to a considerable limitation on the 
range of admissible values for the parameters a and ¢(1). 

An explicit, analytic demarcation of the allowed 
region for which a and ¢(1) lead to bounded solutions 
¢(x) has not been obtained, but the boundary curve has 
been found numerically in the region of negative (1) 
and by an approximate analytic solution for positive 
¢(1). If the boundary of the admissible region is denoted 
by the function ¢(1)= f(a), the region is defined by 


¢(1)< f(a). (33) 


To determine the relation ¢(1)= f(a), it is observed 
first that if 


1 2x1> 420, 
then Eq. (32), combined with the positivity of /,(n), 
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asserts that 
0 <o(x1)—$(1)a1< (x2) —G(1) x2. 


Thus, ¢(x)—@(1)x is a positive, monotonic increasing 
function for decreasing x. If it is assumed that the 
solutions ¢(x) of Eq. (32) depend continuously upon 
the parameters a and ¢(1) in the region where ¢(x) is 
bounded on the interval 1>x>0, it follows that any 
singularity in the solution of the integral equation must 
appear first at x=0. The nature of the singularity at 
x=() is easily shown to be 


18\7 1 
toa) ~( ) 34 
a r 


The solution with this behavior at x=0 should then 
yield the boundary ¢(1)= (a) of the admissible region. 
Now defining ¥(x) by 


vo-()Ga 
a x 


and substituting this equation into Eq. (3 
seen to satisfy the integral equation 


a\? a\? 1 
¥(x) ( )e p+( )ox fa y—x) 
18 18 , 
W(y) 
xy ((18 a)* ) 36) 
4A 


This equation has been solved numerically for ¢(1) $0 


to obtain the function ¢(1)= f(a), which defines the 
allowed region. The required solution ¥(x) must be 
bounded on the interval 0<x<1 and, by virtue of 
Eqs. (34) and (35), must have the property 


¥(0)=1. 37) 


Figure 1 shows the resultant curve connecting a and 
¢(1), which provides the important boundary for de 
limiting admissible solutions of Eq. (32). The extension 
to positive values of ¢(1) was obtained by extrapolating 
the numerical results for ¢(1) <0 so as to agree asymp- 
totically with approximate results from Eq. (82 
From the latter equation an approximate expression is 
obtained for the function ¢(1)=/(a@) by allowing ¢(0 
and, hence, also a (Eq. (72)) to approach infinity. This 
leads to an explicit relationship between a and ¢(1), 
where it is necessary in Eq. (82) to make use of the 
result” 
290 
Vol a) ata ; 


a’ 


which holds approximately for large a. 


” This result was estimated numerically by examining the tx 
havior of the solutions of the Thomas-Fermi eq 
temperature 


The physical significance of the boundary curve 
¢(1)= f(a) may be seen from the definition of the 
quantities ¢(0), @(1) and a. Since ¢(0) is infinite along 
this curve, it may be seen from Eq. (6) that either kT 
or ro is zero. As will be shown below a solution ¢(x) is a 
monotonic increasing function of @(1) for fixed x and a, 
and therefore the admissible region for bounded solu- 
tions is defined by ¢(1)</f(a). But by starting at a 
given point on ¢(1)= f(a) the work function ¢(1) can 
be made to decrease only by increasing &T7 or decreasing 
ro. Hence, the boundary curve is defined by kT =0 and, 
from the definition of a, by ro=*. Physically, the 
state of the atom is not uniquely defined by the condi- 
tions zero temperature and infinite volume. The atomic 
state under these conditions depends upon the relative 
rates at which temperature approaches zero and volume 
approaches infinity. In the present case, this is pre- 
scribed by 

(kT)'V'~constant. 


Under this condition, the atom may be shown to 
approach its ground state as kT approaches zero. 

With the assumption that the bounded solutions of 
Eq. (32) depend sufficiently smoothly on the param- 
eters a and ¢(1) it is possible to demonstrate certain 
monotonicity properties of the solutions relative to 
these parameters. These properties are: (i) ¢(x) in- 
creases monotonely as a increases provided x and ¢(1) 
are held fixed, and (ii) @(x) increases monotonely as 
(1) increases provided x and a are held fixed. To 
prove (i) the derivative of @(x) with respect to a can 
be found from Eq. (32), 


A(x) ?(y) 
fo y dyn( ) 
da . y 


1 


i Qo y) 0g y) 
ie if dy(y—a 1i( ) _ (38) 
- y Oa 


Differentiating with respect to x, 


0 Ad(x) : o(¥) 
i . 1( ) 
a 1 da 2 Vy 
; o(¥)\ 0d(y) 
—af ayty —, (39) 
z v 0a 
 ddo(x) (x) (x)\ 0o(x) 
cl; )+ony ) . (40) 
0x? da x x da 


Since 
OO(x) Od(x 0 O6(x) 
+ r—1) 
da Oe ions OF OB ie 
ri Od( x) x—1)? 
+ > ae 


Ox* Oa | oni V4 


ee ene ne 
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Fic l Bour 
it is clear from Eqs. (38), (39), and (40) that 
AOD. 1 1 
~1,(@(1)) + (42) 
da ‘ 2? 
Hence, in a small neighborhood around x= 1, 
OD (2 
0 43) 
a 
From Eq. (38) it follows that 
AD 
>{) (44) 
Aa 


since otherwise 
,0<2x9 <1, for which 


everywhere on the interval 0<x<1, 
there would exist a point a 


Ab( x 


) Cea) y) 
o\y) Od y) 
af dys: 1( ) 45 
’ . da 


By assumption, however, both integrands in this equa- 
are which 
denies and implies that 


tion non-negative on the interval (x,1 


the existence ol the point 2 


dary curve for the region of admissible solutions of Eq. (32 


on 


? 


Eq. (44) is true for all x on (0,1). This establishes case 
(i). 

For case (ii), differentiation of Eq 
to (1) gives 


$2) with respect 


Op(x) oy) \e@ly) 
tof dy(4 on( ) 46) 
06(1) s y A@(1) 
Since 
Ad(x) 
1 +7) 
d¢o(1)), 


there exists a neighborhood about += 1 for which 


Ob (x)/db(1)>0. tal 
The proof that Eq. (48) holds everywhere on the in- 
terval 0<x<1 is essentially the same as that given 
for case (i) and will be omitted. 


IV. APPROXIMATE SOLUTIONS OF THE 
THOMAS-FERMI EQUATION 


In this section two approximate solutions for (a 
will be developed. They are appropriate to different 
regions of the a—¢@(1) plane. The first of these concerns 
the iterates of Eq. (32), given by 


, Pnly) 
Das1(X) o(tetaf dy(y dyti( ) (49) 
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The choice of the constant A is made to depend upon 
the region of interest for n. From Eq. (32), it is clear 
that 

(67) 


n=9(y)/y29(1) 


Hence, a reasonable choice" appears to be 


A=1,(6(1))—4¢4(1) ; (68) 
that is, 


14(n)~(14(@(1))— F019. (69) 


The accuracy of this approximation is in general better 
than 5 percent for ¢(1)>0 and increases rapidly with 
69) for J;(n), Eq. (32) 


increasing @(1). Using Ea. 


becomes 
2a f' ¢'(y) 
(70) 
yi 


aA/3)(1—3x+ 52°) and 


Eq. (68). In terms of the quantities 
(ax 


a=[ %agp'(0) ff, 


where y(a A is given by 


o(x)/o(0), 
and by changing scale 
Tt ax, 


Eq. (70) may be expressed as 


Except for the second term on the right-hand side, this 
equation is identical with the Thomas-Fermi equation 
for zero temperature, which suggests that a perturba- 
tion solution be looked for. Let 


f 
¥ 


is assumed that 


If it 


An approximate solution to this equation is obtained 
by iteration, assuming, to begin with, that e(v) in the 
integrand may be replaced by ¢(a)(2/a). Moreover, if 


<Wo(u), 


f) 3 ela) . 
0) f dovhpo' (2). 
(0) 2 a 


e\u“i< 


Liberman 


This form was suggested by D 
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Since the integrand in this equation contains the 
factor v!', the important contribution arises in the 


region of the large values of ». But when 2 is large, 
¥o(v)~Yo(a)v/a (81) 


as seen from Eq. (76). Combining Eqs. (80) and (81) 
(1) T,(@(1))— 9¢'(1) 
Wo(a)— 4a . (82) 


(0) (Oa hbo! (a) 


where a is given by Eq. (72). Equation (82) determines 
¢(0) implicitly when the basic parameters a and ¢(1) 
are specified and the solution of Eq. (76) is known. 
Finally then the approximation for ¢(x) is given by 


1,(o(1))—3"(1) 
aWo' (a) 


O(x) = OO Polar) 2a 


When ¢(1) is large, only the first term on the nght- 
hand side is important; in this case, solutions of the 
temperature-dependent problem are found by simply 
rescaling the zero temperature Thomas-Fermi solutions 

The accuracy of this approximation has been in- 
vestigated by computing ¢(1) from Eq. (82) for given 
temperatures and volumes and comparing the results 
with the results from numerical integrations of the 
Thomas-Fermi equation. The accuracy of Eq. (82) was 
found to be better than one percent for @(1)>4; it was 
about two percent for ¢(1)>2 and better than ten 
percent for ¢(1)>1. For temperatures and volumes 
corresponding to $(1)=0, Eq. (82) predicted that 
$(1)| <0.3 

The pressure is calculated in this approximation by 
a straightforward use of Eqs. (82) and (10). On the 
other hand, the energies and the entropy require 
integrations involving the solutions Yo(ax) of the zero 
temperature Thomas-Fermi equation, which integra 
tions have not been carried out in view of the non- 
approximate numerical calculations discussed below. 


V. NUMERICAL SOLUTION OF THE 
THOMAS-FERMI EQUATION 


Ihe numerical scheme for treating Eq. (32) consists 
in replacing the integral in the latter equation by a 
k-point numerical integration formula. This was taken 
to be the ordinary Simpson’s rule, which is a three- 
point formula and has the particular advantage that 
the numerical accuracy is in the fourth power of the 
interval size. 

Before describing further the details of the numerical 
formulation, it is make remarks 
about the nature of the functions ¢(x*) and /;(m). In 
the first place, the function ¢(x), which is directly 
related to the potential distribution within the atom, 
changes most rapidly in the neighborhood of the origin 
since, in general, the greatest charge density occurs 
there. It seemed desirable, therefore, to emphasize the 
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where the coefficients A, are defined in Eqs. (55)-(58). 
Terms up to A; only are needed to give accuracy con 

sistent with Simpson’s rule. 
4 a pay _.,3) 04 1—wy_,*)** The integration procedure itself is immediately clear 
x| - | from the difference equations. However, it was found 
(R+1)(R+2) (k+2)(k+3) convenient to permit changes of interval size in the 
Af (1—tya)** (1—ty_a3) course of the computation, which nec essitates interpo 
= lation for intermediate values of @(u), P(u), and O(u) 
k! k+1 k+? Cubic interpolation had to be used in order that the 
error be again consistent with the Simpson’s formula. 
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5, and 6."" These quantities are the differences in the 
energies of the atom in the prescribed state of tempera- 
ture and volume and the energies of the atom in its 
isolated state at zero temperature. AE,./Z7" 
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these energies, it is observed that 
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The evaluation of these numbers was carried out nu 
merically for the isolated atom at zero temperature 
The pressure does not involve differences of large 

“ The irregularity of Fig. (6) results from the existence of a 
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numbers and, consequently, has a uniform accuracy 
Similarly, the basic parameter @(0), which is shown in 
Fig. 7, is in general accurate to about one-tenth percent. 

There exist some regions of the parameters a and ¢(1) 
which were not explored, either because they were in 
physically uninteresting regions or because the states 
in these regions were negligibly different from the zero 
Also the potential distributions 
@(x), which were determined in the calculations, com- 
prise too large a body of numbers to present conveni- 
ently. However, with the aid of the parameter values, 
a and $(1), and $(0) of Fig. 7, and the integration 
formulas, a relatively accurate and simple calculation 
for @(x) may be carried out manually in any specific 
case 
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(Table XI of reference 2) with the present calculations. 
This comparison was made by repeating, with the 
above discussed numerical procedure, the integrations 


STATISTICAL MODEL FOR 


102° 


ATOMS 


47/2? @x10* 
6x10* 
4x10* 
3x10* 
2x10* 
15x10* 
ixto* 


10°24 03 
ZV (cm*) 


10°” 10 10” io? 
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b=a! and 6,=b¢(1). Since the accuracy of the present 
calculations is one part in 10’ to 10°, the discrep- 
ancies in the two sets of data appear to be due to 
typographical errors or small numerical inaccuracies 


in the integrations by Feynman, Metropolis, and 
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Fic. 8. Comparison of the exact calculations (solid curves) 
with the results of the temperature-perturbation calculation 
(dashed curve). P® denotes the pressure at zero temperature and 
at the volume ZV. 


Fic. 10. Comparison of the exact calculations (solid curves) 
with the results of the temperature-perturbation calculation 
(dashed curve) in terms of the scaled variables of the temperature- 
perturbation model. RA denotes a rydberg; P* is defined in Fig. (8). 
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Fic. 9. Comparison of the exact calculations (solid curves) Fic. 11. Comparison of the exact calculations (solid curves) 
with the results of the temperature-perturbation calculation with the results of the temperature-perturbation calculation 
(dashed curve). AEwtai® denotes the difference in total energy (dashed curve) in terms of the scaled variables of the temperature- 
between the state of zero temperature and infinite volume and of rturbation model. RA denotes a rydberg; AZ wi" is defined in 
zero temperature and volume ZV. Fig (9). 


Taste I.* Comparison of the calculations of (a) Feynman, Metropolis, and Teller with (b) present calculations. 

















AT P Shmiaihial Erotai potent ia' Ex inatie 

e (1) Za”) ZV (cm*) are? ZT ~~"ZaI “Fat 
1 (a) 29.1600 — 2.5000 2.896 (0) 2.172 (—22) 1.117 (10) — 6.0035 o} 1.35750 (1) 7.5715 o) 
b) 2.8946 4 2.1710(—22) 1.1163(10) —6.0037 (0) 1.3575 (1) 7.5716 0) 
2 (a) 443716 — 3.43653 6395 (0) 2.251 (—22) 3.198 (10) —1.672 (0) 5.4520 (0) 3.780 3} 
b) 6.3726 (0)  2.2546(—22)  3.1742(10) —1.6841 (0) 54713 (0) 3.7872 (0) 
3 (a) 132.710 — 4.48090 1.916 to 2.8740(—21) 5.564 (8) —9.319 0) 2.02006 (1) 1.0882 1) 
b) 1.9056 (0) 2.8840(— 21) 5.4816 (8) —9.3868 (0) 2.0327 (1) 1.0940 1) 
Y 4 (a) 182.790 — 5.10000 3.091 (0) 3.2477(—21) 9.872 (8) —4.859 oy 1.16576 (1) 6.799 (0) 
) 3.0884 (0) 3.2455(—21) 9.8789 (8) —4.8592 (0) 1.1663 1) 6.8033 0) 
5 (a) 245.862 — 5.90000 6.877 (0) 2.7789(—21) 3.282 (9) —8.75 a 4.2351 0) 3.300 0) 
) 6.8672 (0) 2.7804(—21) 3.2745 (9) — 8&.7978(—1) 4.2423 0) 3.3625 0) 
6 (a) 17.6820 — 1.77256 3.072 (0) 9812 (—23) 2.641 (10) —5.7104 (0) 1.30006 iH 7.2902 tO} 
) 3.0284 (0) 9.9094(— 23) 2.5496(10) —5.8156 (0) 1.3194 1) 7.3780 0) 
7 (a) 85.4700 — 6.63001 1.9033 (2) 4.722 (—23) 3.188 (12) 7.066 (—1) 6.76 (—2) 7.742 (=1) 
b) 1.9067 (2) 4.7115(—23) 6.4121(12) 1.4528 (0) 6.1584 (~—2) 1.5143 0) 
8 (a) 67.2597 — 3.79003 3.795 (0) 6.2122(—22) 6.105 (7) —3.9075 (0) 9.6867 (0) $.7792 0) 
b) 3.7712 (0) 6.2363(— 22) 6.0151 (9) —3.9462 (0) 9.7552 (0) 5.8090 0) 
9 (a) 313.3325 — 6.63002 1.284 (1) 2.504 (—21) 7.536 (9) 5.006 (—1) 1.7505 (0) 2.2511 0) 
) 1.2826 (1) 2.5038(—21) 7.5248 (9) 4.9627(—1) 1.7583 (0) 2.2546 (0) 
10 (a) 419.4304 — 6.40000 4435 (0) 8.6070(—21) 6.634 a — 2.3425 S 7.0961 (0) 4.7536 0) 
(b) 4.1722 (0) 9.0028(—21) 5.7152 (8) —2.7103 (0) 7.7300 §=(0) 5.0197 0) 
11 (a) 89.5143 — 3.54002 423 (—1) 4.9275(—21) 3.271 (7) —48293 (1) 9.7300 (1) 4.90072 (1) 
(b) 4.1815(—1) 4.9831(—21) 3.1584 (7) —49194 (1) 9.9093 (1) 4.9899 1) 








* The numbers in parentheses indicate the powers of ten associated with the entries. 
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APPENDIX I 


The effect of exchange in the temperature-dependent 
Thomas-Fermi medel has been included and some solu- 
tions obtained by Askin'* and by Cowan.’ The formu- 
lation consists in modifying the density function of 
Eq. (7) by adding a term to the exponential in that 
equation which measures the exchange energy per 
electron at position r with momentum p, namely 


v r.p 


where J(r,p) is the exchange energy. The quantity 


I(r,p) may be expressed within the approximation of 


LATTER 


the Thomas-Fermi model by 
1(r,p)= f av'V(0- p )e(r,p’)/p” (A.2) 


where the integration extends over all momenta and 
V(p—p’) is the exchange potential energy between 
two plane-wave states of momenta p and p’. The 
evaluation of V(p—p’) is quite straightforward and 
leads to 


V (p— p’) = —4re*h?/| p— p’ |. (A.3) 


Substitution of Eq. (A.3) into Eq. (A.2) and carrying 
out that part of the integration over the directions of p’ 
gives the result 


él 1 p* 1 {pt+p’ 
I(r,p)=- f dp'p(r,p’)— In . (A.4) 
4x p pb’ \p—P"| 


Equations (A.1) and (A.4) define an integral equation 
for the evaluation of the exchange energy /(r,p). The 
solution of this integral equation then determines com- 
pletely the density function of Eq. (A.1), which in turn 
specifies the thermodynamic properties of the system 
by a simple modification of the arguments leading to 
Eqs. (10), (12), (15), and (31). 
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Conservation of Charge in Einstein’s Generalization of Gravitation Theory* 
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The consequences of \ invariance in Einstein’s new modified field theory are investigated. It is shown that, 
as a consequence of this proposed invariance, it is possible to replace the antisymmetric part of the metric 
tensor with a four-potential. By further postulating invariance of the theory under a gauge transformation 
of the theory, it is possible to arrive at a quantity which can be interpreted as a current density four-vector. 


INTRODUCTION 


ROM our previous experiences, we have come to 

expect that theories which are invariant with 
respect to one or more continuous groups of transfor- 
mations have associated with them a like number of 
conservation laws. For instance, rotational invariance 
leads to the conservation law of angular momentum 
while gauge invariance of electromagnetic theory leads 
to the conservation of charge. It is important to note 
that the charge conservation law differs from the 
angular momentum conservation law in that the charge 
law is valid at each space-time point independent of 
whether the field equations are satisfied at this point 
while the angular momentum law depends upon the 
satisfaction of the field equations. This difference is 
intimately related to the nature of the related invariance 
group. The rotation group is a six-parameter Lie group 
while the gauge group is an infinite parameter Lie 
group; it is necessary to specify a function of the four- 
coordinates in order to specify a member of the group. 
The same situation pertains in general relativity. There 
it is necessary to specify four functions of the coor- 
dinates, the relations between the old and the new 
coordinates, in order to specify an element of the group. 
The corresponding conservation laws are those of energy 
and momentum. 

In a revised version of his generalization of gravi- 
tation theory,’ Einstein has proposed that his theory 
be invariant under a new type of invariance, the 
\ invariance. Under a \ transformation the Christoffel 
symbol I”,, transforms according to 


= ®t A, (1) 


where 8, is the Kronecker delta tensor and X, is a set 
of four arbitrary space-time functions. Under this 
transformation, the Lagrangian 


Y=q"R,,, (2) 
where 
Ree= (Me Pl J— (Me cP ne) (3) 


* This work was supported by the Office of Naval Research and 
the National Science Foundation 
‘See E. L. Hill, Revs. Modern Phys. 23, 253 (1951) for a dis- 
cussion of the relation between invariance and conservation laws. 
For a treatment of the types of invariance and their conservation 
— in this paper, see J. N. Goldberg, Phys. Rev. 89, 263 
1953). 
2A. Einstein, The Meaning of Relativity (Princeton University 
Press, Princeton, 1953), fourth edition, Appendix II. 





changes by an amount 
bY = g'*(A,, aA, ) 


(4) 
= 2Q¥/A,,«. 


Here g\ represents the antisymmetric part of g**. The 
change in the integrated Lagrangian is thus 


5 fe 2 for. dx 
ip ws 2f ov Ad'x, 


provided of course that A, vanish on the surface bounding 
the region of integration. Now in order that the theory 
be invariant under arbitrary \ transformations, the 
change in the integrated Lagrangian must vanish 
identically. Since the A, are completely arbitrary we 
can conclude from Eq. (5) that 


¥ =). (6) 


These are the “Bianchi” identities associated with 
\ invariance. While it is true that they are already in 
the form of conservation laws, we cannot interpret 
them without further work. 


FOUR-POTENTIALS 


The Eqs. (6) are identities; they are valid regardless 
of any particular dependence of the field variables on 
their arguments. However, it is clear from the form of 
Eqs. (6) that we would encounter an inconsistency in 
the requirement of \ invariance if we interpreted the 
q¥ as the fundamental field variables. The Eqs. (6) 
can only be satisfied by a very restricted set of field 
variables. On the other hand, if the g¥ were themselves 
to depend upon other field variables, then it should be 
possible to arrange this dependence in such a manner 
that Eqs. (6) are really identities in these new field 
variables. 

In order to find these new field variables and the 
dependence of g¥ on them, we define the dual gy to 
q by the equations 


a eo (7) 


where ny. is the Levi-Civita tensor density. Written 
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in terms of @,,, (6) becomes 
(Ge eH Gsert Or. .)=0, (8) 
from which it follows that Bar can be written as 
Ber = (Fn.+— ¥r.5)s (9) 
and thus we can write 


94=49'"Ge= hn’ (¢5.>— os) 
(10) 
=D y. 
It is therefore reasonable to take as our fundamental 
field variables the “potentials” g. In terms of them 
Eqs. (6) are indeed identities. 
With these new variables the Lagrangian of the 
theory becomes 
= (94+ er Rie, (11) 
and thus, considering the ee A, and I™., as inde- 
pendent fieid variables, our variational principal 
becomes 


fews \+R.dGt+9R,. bQ)dx=0. (12) 


Our field equations are then 
Bs, Gif.+9:2.d654+9'T.+9'°T44=90, (13a) 
R,.=9, (13b) 
n™R,. .=0. (13c) 


(The notation is that of Einstein.) These equations are 
equivalent to those obtained by Einstein provided we 
choose A, so that T,=0 with the exception that now ¢, 
has replaced qg¥ as a fundamental variable 


CURRENT DENSITY 


As we mentioned in the Introduction, we can expect 
that a law of charge conservation will be associated with 
some invariance property of the theory akin to gauge 
invariance. The simplest way to introduce this invari- 
ance is to postulate that the theory is invariant under 
the potential transformation 


rr > Ot A he (14) 


where A is an arbitrary function of the space-time 


coordinates. 
In order that the Lagrangian (11) be invariant under 
this transformation, it is sufficient to require that 


9 ™*R,. »=0 (15) 


as can be seen from Eq. (12). Because of the sym- 
metry properties of n‘*” it is evident that the left-hand- 
side of (15) is indeed identically zero. It does not seem 
unreasonable therefore, to take as our current-density 
four-vector 

P=n7”R..,, (16) 


AND P. MERAT 


with the associated conservation law 
..=0. (17) 


The total charge enclosed in a‘region Q is given by 


Q= f mR. fiz, (18) 
Qa 


which, by Gauss’ theorem can be written as 
O= f "Ryo, (18) 


where do, is a surface element with normal along the r 
coordinate axis. It is evident from Eq. (17) that, for a 
charge concentrated within a finite volume, the integral 
is independent of the surface 2 provided only that it 
completely enclosed the charge. We should require this 
property if the integral is to represent the charge 
enclosed within a given region of space. 


DISCUSSION 


In order to obtain any information at all from a 
theory like the one we have been considering, it is 
necessary to construct quantities like the energy- 
momentum tensor and the current-density vector in 
order that a connection can be made with experiment. 
The field equations by themselves tell us nothing since 
in general we do not know how to interpret the field 
variables which appear therein. In order that quantities 
which represent the physical observables of the theory 
are not introduced in a completely ad hoc manner, we 
look for some guiding principle to aid us in our choice. 
At present that principle seems to lie in the close con- 
nection between invariances of the theory and the 
corresponding conservation laws. We have used this 
principle in postulating that the right-hand side of Eq. 
(16) really does represent the current density of the 
theory. 

Our assertion differs from that made by Einstein. He 
postulates that 


=n. Ay (20) 
and indeed it is true that 
Y= 1 hig. =O, (21) 


so that the quantity appearing on the right-hand side 
of (20) is conserved. However, it is not at all evident 
that there are not many other quantities which possess 
this property and indeed we have found one such addi- 
tional quantity. We believe that one must have a 
choice based on a general principle applicable to all 
cases, such as the aforementioned relation between 
invariance and conservation laws. 

Our choice (16) however is not completely free from 
objection. Einstein has pointed out’ that our current- 


* A. Einstein (private communication). 
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density vanishes everywhere that the field equations 
are satisfied and hence is unsatisfactory since the only 
acceptable solutions to the field equations are those 
which satisfy them everywhere. Thus, for this solution, 
our current density would be everywhere zero. We 
believe, however, that it is necessary to consider solu- 
tions of the field equations which do not satisfy them 
everywhere. In certain small regions of space it might 
well be that the field equations are not even valid. One 
can take the position that the field equations describe 
correctly the interaction of elementary particles but 
are insufficient to describe the particles themselves and 
hence, at small distances from these particles, must be 
replaced by some other kind of mathematical construc- 
tion.* If such were the case we would no longer need to 
restrict our solutions and the current density of Eq. 





‘ This view is diametrically opposite to that held by Einstein. 
He contends that his field equations are everywhere valid, i.e., 
that they do correctly describe the elementary particles, 


(16) could be nonzero for certain regions of space. In 
fact, if one takes seriously the relation between in- 
variance and conservation laws, one is almost forced 
into this latter position. Regardless of the form of the 
Lagrangian, the current density which follows from 
gauge invariance will vanish whenever the field equa- 
tions are satisfied. 

The only way out seems to be to construct a theory 
in which it is impossible to introduce potentials. While 
there would still be an invariance associated with the 
conservation of charge, it may be of such a nature that 
the current-density need not vanish when the field 
equations are satisfied. For instance, the energy- 
momentum tensor associated with arbitrary coordinate 
invariance does not vanish when the field equations are 
satisfied. It is evident that a theory for which it is 
impossible to introduce potentials will differ from the 
present theory and hence lies outside the scope of our 
investigation. 
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In this paper, we investigate the existence of gravitational radiation within the framework of the ETH - 
approximation method. Following a prescription introduced by Infeld, the radiation terms of the ETH 
expansion are begun with functions of the time alone. We find that these terms do not have physical sig- 
nificance if they are introduced in the scalar or longitudinal components of the gravitational potentials. 
However, if the radiation terms are introduced in the fifth order of the transverse-transverse components, 
one finds a contribution to the curvature tensor in the seventh order, a contribution to the equations of 
motion in the ninth order, and radiation in the tenth order. The existence of radiation is determined by 
calculating the energy passing through a spherical surface which is an infinite distance from all source 
points. This definition of radiation agrees with that used in the theory of electromagnetism. 


I. INTRODUCTION 


N recent years there has been some controversy 

concerning gravitational radiation. Infeld and 
Scheidegger have maintained that the possibility of 
radiation does not exist within the framework of the 
EIH (Einstein, Infeld, and Hoffman) approximation 
method.'* This conclusion has been accepted for the 
scalar and longitudinal components. Indeed, in his 
book Bergmann has shown® that in the linearized 
gravitational equations these terms do not contribute 
to radiation ; however, the transverse-transverse compo- 
nents do make a contribution. It was on this basis 
that the proof set forth by Infeld and Scheidegger was 


1 L. Infeld and A. E. Scheidegger, Can. J. — 3, 195 (1951). 

* A. E. Scheidegger, Phys. Rev. 82, 883 (1951 

*L. Infeld, Can. J. Math. 5, 17 (1953). 

4A. E. Scheidegger, Revs. Modern Phys. 25, 451 (1953). 

*P. G. Bergmann, Introduction to the Theory of Relativity 
(Prentice-Hall Publications, Inc., New York, 1947), pp. 187-189. 


first criticized. This paper will attempt to clarify the 
situation by proposing an unambiguous definition of 
radiation. 


Il. EIH APPROXIMATION METHOD 


In a previous paper’ the surface integrals leading to 
the equations of motion were found without recourse to 
an approximation method. The possibility of doing so 
depended on the existence of superpotentials for the 
components of the energy-momentum psuedo-tensor :* 


T,’= U, fo... (1) 


T,’ is the energy-momentum psuedo-tensor and U,!"*! 


*P. G. Semen (private communication). 

7J. N. Goldberg, Phys. Rev. 89, 263 (1953). 

* The energy-momentum pseudo-tensor does not have simple 
geometrical transformation properties (see reference 5, page 196). 
Hence, the word pseudo-tensor should not be confused by the 
current use of the prefix pseudo- to describe a density of weight one. 
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is the antisymmetric superpotential. As a result, it was 
shown that whenever the field equations of a covariant 
field theory are satisfied on a two-dimensional closed 
surface, that is, 


[4=0 (2) 


on the two-dimensional surface, the following integrals 
taken over that surface vanish: 


a gue i+t,)ndS=0 (3) 


In the above equations, L4 are the field equations and 
t,” is equal to the energy-momentum psuedo-tensor 
when the field equations are satisfied : 

-5,’L+ 


» 


Va 0” L. 4) 


The above surface integrals, Eq. (3), were shown to be 


equivalent to those used by EIH in their solution of 


the problem of motion in the general theory of rela- 


tivity. They are independent of the surface chosen in 
the sense that the restrictions plac ed on the coordinates 
of any singularities enclosed by the surface are the 
of the choice of For our 


EIH 


this 


same regardless surface. 


will be convenient to discuss the 


purposes it 


method ising the notation ol 


approximation ising 
paragraph 


generating the 


method of EIH* assumes that the particles 


gravitational field are represented by 
he velocities of these 
cK). 


singularities in the field and that 
particles are small compared with that of light (¢ 
It follows that the field 


with respect to time will be 


derivative of the variables 
gravitational potentials 
of a higher order in v/c than the derivatives with respect 
to the space « oordinates. One introduces a parameter r 
As*(A\=0/c). Derivatives taken 


> assumed to be 


with re- 


sucn that 7 
spect to r are of the same order as those 


wit! respect to the space « oordinates. r differentiation 
will be represented by a zero following a comma; 1.€., 
AVA 


Greek indices will run from 0 to 3 


VAs For the sake of consistency, in the following 
This notation has 
the advantage of constantly reminding us of the nature 
of the approximation method. As 


1 to 3. Finally, the fiei 


Latin indices 


isual, 
run from 1 variables, y,, are 


expanded into a power series in \: 


As a result, the field equations and the surface integrals 
will also be power series in \ and the coefficients of the 


various powers ol \ may be eq iated to zero separately ; 


L4=0, 6} 


0). (7) 


* Einstein, Infeld, ar 
* A. Einstein and L. Infeld, An: 
* A. Einstein and L. Infeld, Can. J 


fiman. Ann. Math 39. 66 (1938 
i Math 41, 455 (1940 
Math I, 209 (1949 
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Let us assume that the field equations have been 
solved and the surface integrals satisfied through the 
nth order. Therefore we know oyu, *, n¥a- The 
superpotential ,U’,®! contains terms which are linear 
in »¥4 as well as the lower order field variables in 
combinations of higher degree. In the surface integrals, 
however, this term is differentiated with respect to r 
and therefore is of order n+1. The components of the 
weak energy-momentum psuedo-tensor /,’ are homo- 
geneous quadratic in the first derivatives of the field 
variables and therefore knowledge of the field variables 
to the mth order gives us /,” at .east to the (m+1)th 
order. Therefore, if the solution of the field equations 
up to the mth order is to be consistent, the surface 
integrals in the (n+ 1)th order must vanish. In general 
one cannot expect these surface integrals to be satisfied 
when the surface encloses a singularity. However, 
Einstein and Infeld have shown" that in the theory of 
gravitation »4:).4 may be satisfied by the addition of 
poles in the mth order and ,,:>., by the addition of 
dipoles in the (n—1)th order. When the solution has 
been carried as far as desired, the sum of all the dipoles 
added is set equal to zero. That this process yields the 
equations of motion for the singularities follows from 
the fact that the surface integrals are merely conser- 
vation laws for linear momentum. For arbitrary particle 
motions, linear momentum can be conserved by the 
addition of appropriate time dependent dipoles. The 
ultimate prohibition of such dipoles forces the particles 
to move in such a manner as to conserve linear mo- 
mentum. 

There is still a certain amount of arbitrariness in the 
solution and hence in the equations of motion which 
has not been discussed. In the mth order the field 
equations will consist of linear terms involving the field 
variables of the nth order and linear as well as nonlinear 
terms involving the field variables of lower orders. 
Thus in each order, except for the lowest, one has to 
solve inhomogeneous linear partial differential equa- 
tions. Therefore, to the solution of the inhomogeneous 
equations one can add an arbitrary solution of the 
homogeneous equations. One must decide in advance 
what singularities are to be permitted if unique equa- 
tions of motion are to be obtained. Having chosen a 
particular solution in the lowest order, EIH prohibit 
the addition of any other arbitrary solutions of the 
homogeneous equations. 

Apart from the above, there is an additional arbi- 
trariness which results from the question of radiation: 
Should one choose a retarded, advanced, or a linear 
combination of retarded and advanced solutions? ETH 
avoid the question of radiation by choosing the standing 
wave solution (retarded plus advanced). 

In the theory of gravitation it is convenient to 
introduce linear combinations of the deviation from 
flat space as the field variables in the approximation 
method : 


Yor=h,,— bn ,0n**h,e, (8) 
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where 
Nyv= Bu Nae (9) 


is the deviation from flat space. n,, (—1, —1, —1, +1) 
is the Minkowski metric. The y,, are then expanded 
into a power series in \ beginning with )*: 


Yo= > 2" 2nYoor ps d2et1 2n+1Y00, 


n=l n=! 


Yor= > DN ali ant1Vort+ > dints 2n+-27 Or, (10) 


n=] n=! 


Yu= x atte 2n+27 at Ys Aints 2n+3Y ree 


n=] had | 


As indicated above, the expansions of the y,, separate 
into two independent sets. The field equations have 
the property that each set must be introduced sepa- 
rately. By comparing the above expansion with the 
corresponding expansion of the electromagnetic theory, 
Infeld" concluded that the first set represents an 
advanced plus retarded field (standing waves) while 
the second set represents a retarded minus advanced 
field. Therefore, he called the second group of terms 
the “radiation terms.” The solution of ETH considers 
only the standing waves. 

In the theory of electromagnetism, the radiation 
terms start off with a function of time alone. Arguing 
by analogy, Infeld assumed that this situation should 
also be true in the theory of gravitation. Together 
with Scheidegger, he has shown that any function of 
time introduced into the radiation terms can be elimi- 
nated by means of a coordinate transformation.’ 
Therefore, they concluded that gravitational radiation 
does not exist in the ETH framework. 

The fallacy of their argument can be shown at this 
point. Let us consider the curvature tensor (see Ap- 
pendix 2). The linear terms of this tensor contain only 
second derivatives of the field variables while higher 
degree terms contain a part which is homogeneous- 
linear in the second derivatives and a part which is 
homogeneous-quadratic in the first derivatives of the 
field variables. It is clear then that the introduction 
of an arbitrary function of time into the mth order of 
the radiation terms may make a contribution to the 
curvature tensor not in the mth order, but in the 
(n+ 2)th order. Thus, to say that the arbitrary function 
of time which has been introduced may be transformed 
away in the mth order is trivial, for it does not contribute 
to anything physical in that order. It follows, then, 
that one must investigate the higher order terms in 
order to determine whether anything physical results 
from the introduction of a function of time into the 
radiation terms. 

This discussion may be clarified by examining the 
corresponding situation in the theory of electromag- 


4 L. Infeld, Phys. Rev. 53, 836 (1938). 
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netism where we know what the physically meaningful 
variables are. In this case the field equations for the 
radiation terms of the vector potential are 


2n+1F0, c9 = 2n—1F0, 00) 20+ 2M r, 29 = Bn Fr, 00, (11) 


with the gauge condition 


(12) 


2n+-190, 0 2n¢-2Pr, =O. 
If we choose to begin the radiation terms with 


onGr= f,(r), (13) 


this term may be removed by the gauge transformation 
generated by 


onv=— 2x" fa. (14) 


However, 2.¢, does not contribute to any physical 
quantity in the (2”)th order, but rather in the (2n+1)th 
order. Choosing 


(15) 


enti ¢o= 0, 
we find for the electric field strength 


(16) 


ont 1p = 9n4.1 90, r— anv, 0= — fr, 0 


Clearly the gauge transformation of Eq. (14) which 
removes o,¢, introduces 


(17) 


so that Eq. (16) is maintained as it should be. Had the 
higher order effect of the gauge transformation been 
neglected, we would no longer have been considering 
the same physical problem we started with. 

In our investigation, the coordinate transformations 
will be used to simplify the necessary calculations. 


an¢1Go= — 2X") n, 0, 


Ill. DEFINITION OF RADIATION 


Thus far nothing has been said about how one is to 
know whether or not radiation exists. Certainly the 
existence of so-called “radiation” terms does not prove 
that radiation occurs. In the theory of electromagnetism 
one calculates the energy flux through a closed two- 
dimensional surface. If there is a finite flux through 
the surface when the surface is infinitely far from all 
source points, one says that radiation occurs. The 
existence of the strong conservations laws in the general 
theory of relativity allows the same definition to be 
applied in this case. The energy and momentum density 
of the gravitational field, including the source points, 
is given by (1/16rx)T,° where « is the gravitational 
constant. Thus, the total energy and momentum, P,, 
contained in a volume V with a surface S is given by 


1 
P,=— f Td. 
16mx y 


The negative time derivative of P, yields the flow of 


(18) 
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energy and momentum, W,, out of the volume V: 


1 
W,.=- [rear 
167x J 


1 
. gre ns. 
169x 


In the last step, we have made use of the strong conser- 


(19) 


vation laws 

oy , , 
and then applied Gauss’ theorem. If the field equations 
are satisfied on the surface S, the weak energy-mo- 
mentum tensor, Eq. (4) may be substituted into Eq. 


(19): 
1 
W ,.= gu nas. 
167« 


We shall say that gravitational radiation exists if the 
surface integral of Eq. (20) with u=0 yields a finite 
result when the surface is infinitely far from all source 
points. The total flow of momentum may be similarly 
defined with n= 1, 2, 3. 

By means of the surface integrals of Eq. (3), or 
directly from the definition of the superpotentials in 
Eq. (1), the radiation may be defined in terms of the 
superpotentials. However, as pointed out previously, 
the superpotentials contain linear terms whereas the t,” 
do not. Therefore, once the field equations have been 
solved up to a given order, Eq. (20) permits calculation 
of the radiation to a higher order than does the corre- 


(20) 


sponding surface integral involving the superpotentials. 

One can easily show, though we shall not do so here, 
that with the above definition of radiation the solution 
obtained by EIH does not contain radiation and hence 
corresponds to a standing wave. 


IV. TRANSFORMATION EQUATIONS 


We shall be concerned with coordinate transforma- 
tions which change the coordinate values by an amount 
proportional to a given power of \: 


(21) 


xP x’ +-Q™ P(x’), 


In order to preserve the slow time variation of the field 
variables, the transformation should 
possess this character. From the transformation prop- 
erties of the gravitational potentials, the g,’, one can 
establish that the y,, transform as follows: 


functions also 


n 


’ 
mY 00 mY00— m?, ny 


(a) 


(b) mY r= mort at o> 


4 ot 


(c) aT od = nV re me a mt 
(d) 
(e) 


(f) 


; ) 
m+ lY 00> m4 rYoot wt 0, 


Pad 


, 
mel) Or = ml VOr— ma? 0, 


m+ 17 e™ me 1¥ret Sere at’. 
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In the above equations all functions are considered to 
be functions of the new coordinates and all derivatives 
are taken with respect to the new coordinates. 

There are other higher order effects of the transfor- 
mation which we shall not consider. These higher order 
terms will combine with the untransformed solution to 
produce solutions either of the homogeneous or inhomo- 
geneous equations in the higher orders. Since the 
solution of the inhomogeneous equations will be gener- 
ated as we proceed with the approximation method, 
we lose only solutions of the homogeneous equations 
by disregarding higher order terms in the transfor- 
mation equations. In view of the previously discussed 
ambiguity of the solution all such solutions of the 
homogeneous equations may be discarded. It is clear 
from the above discussion that the prohibition of 
solutions of the homogeneous equations is not a co- 
variant requirement. Beyond the lowest nonvanishing 
order we shall always prohibit the appearance of arbi- 
trary solutions of the homogeneous equations in that 
coordinate system in which we are working. Whether 
or not there exist other coordinate systems, in which 
this condition is also satisfied, will not concern us. 

We are now prepared to solve the field equations for 
the radiation terms. The fundamental problem to be 
considered is that of two point masses interacting. 
ETH have already solved the stationary wave part of 
this problem. We shall look for a nonsingular solution 
of the field equations (radiation terms) which cannot 
be removed by a coordinate transformation. Having 
found such a solution, we must then investigate, in the 
manner of Sec. III, whether or not radiation of energy 
occurs. The introduction of radiation terms will not 
alter the ETH solution. Fortunately, for our purposes 
we shall only require yyoo. As has been mentioned 
previously, we do not question Infeld and Scheidegger’s 
result if the radiation terms are begun in the scalar or 
longitudinal components. However, for the sake of 
completeness we shall consider these cases as well as 
that of the transverse-transverse components. 

In order not to obscure the principal argument with 
long cumbersome equations, we shall put the gravita- 
tional field equations into an appendix and bring 
forward only those terms required for our purposes. 
Equations in the appendices will be referred to as 
Eq. (A7), etc. 


V. SCALAR AND LONGITUDINAL COMPONENTS 


Although the radiation terms may be introduced in 
any order, we shall do so as early as possible, i.e., into 
Yoo, «Yor, and gy,,. The argument is not confined to 
this choice, for the same types of terms are combined 
in the field equations and the surface integrals regard- 
less of the order. The field equations in any order may 
be found from Appendix 1. In all our considerations 
we shall begin by assuming the standard coordinate 
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conditions introduced by EIH: 
(23) 
(24) 


mY 00, 07 m+1'Y Or, r-=0, 
mY rs, 0= 0. 


However, we shall not restrict the coordinate transfor- 
mations to those which preserve these conditions. 

The field equations for the scalar and longitudinal 
components, in the third and fourth orders respectively, 
are 


(25) 
(26) 


700, 2 =0, 
47 Or, oe 0. 


In the above equations, the coordinate conditions have 
already been introduced. Following the prescription 
given by Infeld," we start the scalar term with the 
solution 

xyoo= f(r). (27) 


Before proceeding to the next stage of the approxi- 
mation, the surface integral .d¢o [Eq. (3) ] should be 
evaluated to insure the consistency of the solution syoo. 
Since the value of the surface integral is independent of 
the specific surface of integration, the only terms of the 
integrand which can lead to a nonvanishing integral 
are those which have an r~? behavior. Clearly, such 
terms cannot appear in «>-o and as a result the con- 
sistency of the solution in the third order is assured. 
This argument will be valid throughout our discussion 


as we proceed from the solution in one order to that in 
the next. Therefore, in all such cases we need not be 
concerned with the surface integrals. 

The solution for ¢yo, which is consistent with the 
coordinate conditions is given by [Eqs. (26) and (23) ] 


Yor= 42" f 0. (28) 


Now another question arises in relation to the surface 
integrals: Is it necessary to examine yyoo and yo, for 
consistency before carrying out a coordinate transfor- 
mation to remove yyoo? More generally the question is 
whether it is necessary to examine the consistency of a 
solution before carrying out a coordinate transformation 
which affects that solution. If the solution is not 
consistent, then appropriate poles and dipoles must be 
added to it. After carrying out the transformation, 
we must examine the transformed solutions for con- 
sistency. The net result will be to alter the poles and 
dipoles which had been added. Therefore, we can delay 
investigating the surface integrals in a given order until 
a coordinate transformation has been carried out which 
affects the solution in a lower order only. As a result 
of this and the previous argument we shall not need 
to consider the surface integrals until the solutions 
have been carried as far as desired. 

A coordinate transformation may now be carried out 
to remove zyoo. From Eq. (22), with 


(29) 


gw’ =42' f(r), 
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= — rf sedar, 


sv'0=0, 


and 


we find 
(30a) 


(30b) 


and 
t wf 
4Y r= ty" f 00. 


Clearly the coordinate conditions in the fourth order 
have been altered by the transformation. In the fifth 
order, the field equations are 


SY re, an— 6Y rn, on BY en, rn tore SY nm, mon 
= — (Vor, 0s— £V00, Or +25 rs CVn, On— Ses x¥00,00 (31a) 
SY 00, an = SY mn, mny (31b) 
and the coordinate conditions are 
(31c) 
(32a) 
(32b) 


5Y rae = 0. 
Hence, 
sY' ve. an 45,.f 00, 

sy’ 00, an= 0. 


The solutions of these equations may be found in a 
straightforward manner: 
(I 15)8,.77 f oo- (1 30) x" xt f 00, (33a) 


sy’ oo= 0. (33b) 


Another coordinate transformation may be carried 
out to eliminate the longitudinal component in the 
fourth order. Consider 

a= — (1/24)r*f 0. (34) 
From Eqs. (22), we find that 
8Y = [( 1/40)5,,7°— (1 /30) xx" lf 00, (35a) 
sv’ 00 = —(] 24)r* f 00. (35b) 
The field equations in the sixth order are 


€Y 00, nn CY On, ne = BY re, Or CY 06, O85 (36a) 


with the coordinate condition 


6Y 02, «~ 8Y00,0= 9. (36b) 


From Eqs. (35), we obtain 
6Y' 0s, nn = — (1/12)x* f 900, (37a) 


6Y' 0s ~=-(1 24)r* f 600. (37b) 


The solution of these equations is 
0 oe* — (1/ 120)«*r? f 000- (38) 


Now, one final transformation may be carried out 
which wipes out the entire solution. An examination 
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of the transformation equations shows that 


— (1/120) x*r? f 96 (39) 
is the desired transformation function. 

Now let us examine what happens if the radiations 
terms are begun in the longitudinal components with 
the solution 

‘vor= fi T). (40) 
In this case the proof is much simpler for we need not 


igher order solutions. Let 


fsona 


ol Eqs (22 


yther term is affected. Thus, the entire 


consider the | 
41) 


: ; 
An examinatior shows that «y'o, vanishes 


that no 


solution is wiped out by the coordinate transformation. 


and 


One may argue that if higher order effects of the 


coordinate transformations had not been neglected, 


the solution as a whole could not have been removed 
by the transformations considered. Furthermore, by 


our stated intent to keep solutions of the homogeneous 


equations in the lowest nonvanishing order, we should 
/ 


obliged to consider the higher order effects 


have been 
In the lowest orders the solutions introduced by these 
higher order effects could have been of two types: 
! 


nonsingular functions of time alone and singular func- 


tions with time dependent coefficients. The purely time 
dependent functions could be removed by coordinate 
The 
singular terms, on the other hand, would correspond to 
be of 


transformations and hence are of no consequence. 


time-dependent multipoles. Such terms cannot 
physical importance because we always have the possi- 
bility of altering the equations of motion by the addition 
of muitipoies - 


i 
“ 
VI. TRANSVERSE-TRANSVERSE COMPONENTS 


‘ld equations for y,, in the fifth order are 


(). (42) 


if the coordinate conditions given in Eqs. (23) and (24 


Iherefore, in this case the solutions may also 


off with an arbitrary function of time: 


bYre= J 43 


The transformations to be considered in this case 


are handled in the same manner as those in the previous 
Therefore, in order to avoid the 


hall 


monotony of 
the 
treatment 
Appendix 


section 


repetition, we s merely state the ilts of 


transformations and relegate the 


of the coordinate transformation 


Appendices 4 and 5 
Starting from an arbitrary, though symmetric, set of 
tt 


ene can always transform the set to 


Appendix 4); 


functions f,,*(+r 


another, f,,(r), with vanishing trace 


i.e., such that 


(44) 


(ri 
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This result is in agreement with the discussion of 
gravitational radiation given in Bergmann’s book.® 
Continuing the solution with the above condition, we 
find, after the appropriate transformations, that the 
lowest nonvanishing order is the seventh (Appendix 5). 
In the seventh and eighth orders the solutions are 


WV re= (12/77) 9" f4, o— (18/77) x" (x" fans tx" far), 00 


+(3 7)6, u“s* Fai 00, 


(45a) 
(45b) 
(45c) 


7Y0=09, 
sYor= 0. 


The standard coordinate conditions are satisfied by 
these solutions. 

The question still remains whether the above solution 
leads to anything physical. An examination of the 
curvature tensor is the simplest test of this point. 
From Eq. (A15) we find that the (s00,r) component of 
the curvature tensor in the seventh order is 


7R,00" = —  (ry00, cet TY an ra)- (46) 


Substituting Eqs. (35), we have 


7R,00” = — (9/22) fre, 00. (47) 
Thus, it is clear that introducing the radiation terms 
through the transverse-transverse components has a 
physical significance. 

Before computing the radiation in the tenth order, 
we shall examine the surface integrals in the ninth 
order, 9>_m, to establish the consistency of our solution 
and also because there is a contribution to the equations 
of motion in this order. From Eqs. (A9) and (A10), we 
find 


TY an T 


a ls 
7Y me, 00 G9 em LY00, + 


i | . ‘ 
+4700, 2 TY nn, sth17 00,2 7 nn,m ln dS. (48) 
Previously, we stated that the problem we were con- 
sidering involved two particles interacting. Up to this 
time we have not required this information. The 
solution of yoo involving two particles is‘ 


—4(m,/r:-+m2/f2), 


2Y¥oo= 
(49) 
= (x*—9*) (x*—9"), 


£* and n* specify the locations of the particles. Inserting 
Eqs. (45a) and (49) into (48) and taking a surface 
which encloses only the first particle, we find the 
following contribution to the equations of motion: 

(1/44) 9>- m= (18/11) 9i&* fans, 00. (50) 


The surface integrals have been computed with the aid 
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of Appendix 3. One cannot say more about this contri- 
bution to the equations of motion until information is 
available as to the form of f,.. 

If the momentum passing through a surface at 
infinity which encloses both particles is now computed, 
(Eq. (20) ], one obtains 


oW n= (9/22k) (mmiE*+- mn") fam, 00- (S1) 


This momentum transfer vanishes if the origin is taken 
at the center of mass of the system. Since the momen- 
tum transfer is of a higher order in 2/c than the energy 
transfer, there can be no passage of momentum through 
a surface at infinity in this order. This result implies 
that the radiation appears to come from the center of 
mass of the system. Indeed, if in the solution for 7yr., 
x is replaced by x—x’, where x’ is the center of mass, 
the momentum transfer vanishes regardless of the 
location of the origin. For the sake of simplicity we 
shall assume the origin to be at the center of mass. 
Because of the quadratic nature of the ¢,’, solutions 
of higher order than the eighth cannot contribute to 
the radiation in the tenth order. Also, we shall not add 
the dipole to vyo as this term cannot contribute to the 
radiation because it falls off too rapidly as a function 
of r. Therefore, the only terms we need be concerned 
with are 7y,. [Eq. (45a) ] and vyoo [Eq. (49) ]. We find 
from Eq. (A9) that these terms make the following 
contribution to fo": 
(52) 


role’ = — 3} (xV00,0 7¥ an, et 2700, 2 YY nn, 0): 


If the above expression is now integrated over an 
infinite spherical surface centered at the origin, we 
obtain, with the aid of Appendix 3, 


10W o= (9/55x)[ (mié"é* ot-m'n’. 0) fre, 00 


— i fra, 000(mik’—*+-mm'n') }. (53) 
Thus, the introduction of the radiation terms through 
the transverse-transverse components in the fifth order 
lead to gravitational radiation in the tenth order and 
thereby justifies the nomenclature. 

There is one other point which requires discussion. 
{n a recent paper,’ Infeld has shown that one can 
eliminate the contribution to the equations of motion 
in all orders higher than the sixth by an appropriate 
choice of coordinate conditions. The equations of motion 
through the sixth order are independent of the coordi- 
nate conditions.” However, in his proof he does not 
consider the radiation terms. By the same method, 
one can prove for the radiation terms that the contri- 
bution to the equations of motion through the ninth 
order does not depend on the coordinate conditions in 
the seventh order. Indeed, one can go further and prove 
that the radiation in the tenth order also does not 
depend on the coordinate conditions in the seventh 
order. Therefore, gravitational radiation has an in- 
variant significance. 


if 


. 


$ 


Vil. CONCLUSION 


We have examined the effects of introducing functions 
of time into the fifth order of the radiation terms and 
have found that they lead to a finite curvature tensor 
in the seventh order, a contribution to the equations of 
motion in the ninth order, and gravitational radiation 
in the tenth order. However, these results in no way 
constitute a proof of the existence of gravitational 
radiation for a detailed discussion of these effects 
cannot be given without knowing the specific form of 
the functions f,, which were introduced in the fifth 
order. Clearly the choice of the f,, will depend on what 
radiation effects are sought—those resulting from an 
externally applied field or from the interaction of two 
or more mass points. If we restrict our attention to the 
latter case, which is the case of principal interest, the 
fr, are no longer arbitrary. Once we decide to consider 
a retarded (or advanced) solution, the starting functions 
in the radiation terms are related to the standing wave 
solutions in a precise manner. For example, consider 
the retarded and advanced potentials 


f(t—r/c) f(t+r/c) 
¢ ~ 35 , + = ° 
r r 


If these functions are expanded into a power series in 
1/c, we obtain for the standing wave solution 


1 irda 
4(g_+,)= [s+ rs 
r ¢ 


f(O+-- | 
2 2!df 
Similarly, we obtain for the radiation terms 


rd 


C3ld® 


1 
io_—¢,)=— 


fio] 


) 
{()+ 
dt 


Thus, the starting term for the radiation terms is just 
the time derivative of the starting term for the standing 
wave solution. In general, however, the relationship is 
not as simple. Consider a function g(r,t,A) where 
\=0/c. By generalizing a calculation by Page for the 
Liénard-Wiechert potentials” we find 


ifdrsd 
( r(rs)) 
ad dx heed 


d 
—? 
dt 


gz (r,t.+r)=g(r,t,0) 4 


srs) [+ vee, 


where the subscripts — and + mean that the function 
is to be evaluated at the retarded and advanced times 
respectively. Clearly, in order to determine the relation- 
ship between the radiation terms and the standing 
waves, the explicit dependence of g on \ must be known. 
The EIH approximation method cannot reveal this 


“LL. Page, Phys. Rev. 24, 296 (1924). 
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dependence. Hence, it is not the appropriate formalism 
to use for an investigation of gravitational radiation 
and an approximation method which does not restrict 
the particle velocities must be found. The only purpose 
of the present paper is to show, contrary to previous 
results, that the ETH does not exclude the possibility 
of radiation. 

In an accompanying paper,” Dr. Scheidegger remarks 
that our treatment of the transformation equations 
alters the physical situation because we neglect higher 
order solutions of the homogeneous field equations. On 
the other hand, keeping these terms violates the EIH 
method of approximation.” Therefore, he concludes 
that the starting function for the radiation terms must 
be rejected as a possible solution for freely interacting 
particles. It would appear, however, that a more 
reasonable solution of the problem, if the physical 
situation is altered by the transformations, would be to 
reject the transformations themselves. Indeed, Infeld* 
rejects a coordinate transformation which eliminates 
the perihelion precession of a double star system pre- 
cisely because the transformation violates the EIH 
prescriptions. Since these prescriptions are rather 
stringent, it is hardly surprising that there exist some 
coordinate transformations which are not allowed. 
However, our purpose was to show that there exists a 
nonsingular solution for the radiation terms which 
cannot be removed by a coordinate transformation and 
which leads to the radiation of energy. Inasmuch as we 
know nothing about the form of the gravitational 
radiation terms, if any, the existence of a nonsingular 
solution which leads to radiative effects shows that 
radiation of energy by freely interacting masses cannot 
be ruled out. Only by finding another approximate 
solution for the gravitational field equations—one 
which does not depend on small particle velocities 
can we determine whether or not freely interacting 
bodies radiate energy. 

However, one can say that if gravitational radiation 
exists, it plays a very small role in the problem of 
motion. The ETH solution has been carried out to yield 
the equations of motion through the sixth order in 2/c. 
This solution is sufficient to give the perihelion preces- 
sion of a double star system." On the basis of the 
present calculation, radiation effects should first appear 
in the eleventh order (one order above that in which 
the radiation of energy occurs). In addition Eq. (53) 
implies that, to be observable, the radiating system 
should not only have a large moment of inertia, but 
also a large rate of change for its moment of inertia. 
If these conditions are satisfied, the ETH approximation 
method may be poor and other methods will have to 
be found. 

I should like to express my appreciation to Professor 
Bergmann for discussions on the significance of the 


4 A. Scheidegger, following paper [Phys. Rev. 99, 1883 (1955)}. 
“ H. P. Robertson, Ann. Math 39, 101 (1938) 
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EIH approximation method as well as for a critical 
reading of the manuscript. 


APPENDIX 1. FIELD EQUATIONS 


In all covariant field theories whose field equations 
are derivable from a variational principle, the strong 
energy-momentum psuedo-tensor has the form'® 


p= — Faye 4+1,’. (Al) 


The F,4,®" are certain constants, y, are the field 
variables, L4 the field equations, and /,” the weak 
energy-momentum psuedo-tensor defined by Eq. (4). 
Since the T,” may be derived from the superpotentials, 


T,’= U, bre, " (A2) 


it follows that linear combinations of the field equations 
may be expressed in terms of the superpotentials: 


—F4,®" ygL4=U,'"", ,—1,’. (A3) 
We shall find it convenient to use the field equations 
in this form. If, as in the general theory of relativity, 
the Lagrangian density is homogeneous quadratic in 
the first derivatives of the field variables, 


L=A4 Bey, pYB, oe» (A4) 


the weak energy-momentum psuedo-tensor takes the 
simple form: 
(AS) 


m = —b,"AAeBey YB, ot+2A4 Bey 4 aB, ¢ 


Specializing the above relations to the theory of 
gravitation, we find 


wi: F (apy? 'gy0/ — 8G = 2\/ — 8G," 


Ate e(yie— <Steterate+ ee) 


(A6) 


i a ek so 
— Lge" (g?7gr*-+- g84gr) + phe (ga7get+ gatper) ]}, (A7) 
and'* 
U,trelmma/— g(8,"(6°"g— gg") —5,°(67"4— 24°") 
+5,°(g""g— 8°") Borne (A8) 
In terms of the y,’, (A5) and (A8) become: 
by” = — 35," (Yes, sVed,o— 2V 08, V0. 6— FY, 07.0) 
+40” (08, vVe8, p— 2708, eV pa. 8— FY. 87.5) 


+ terms of higher degree, (A9) 


 P. G. Bergmann, Phys. Rev. 75, 680 (1949). 

“Pp. Freud, Ann. Math 40, 417 (1939). The definition of T,’ 
given here differs from that of Freud by a factor of 2. Therefore, 
in reference 7 Eq. (2.23) should be multiplied by 2. 











U, {0 = (5,° 95," 9) y9n, ot (0? 0” 9°" rere 
+5," 9°°—5,° 0”7)(—Vpr Yor eH VerVor 
BV on, oH oxV or AEATY. — Hor. 0) 
+ (99709) (B1Vad 1 VorVor 
—VrpVone thy, 2) 
+terms of higher degree. (A10) 
In order to simplify the appearance of the above 
equations we have used the following notation: 
0°°Y wpV ve = Yup rp = YuhY rh — Vue Yrey (All) 
Y=Yor- (A12) 


The expansions in Eqs. (A9) and (A10) are sufficient to 
give us the field equations and surface integrals to all 
orders of interest. The field equations are obtained by 
substituting Eqs. (A6), (A9), and (A10) into (A3); the 
surface integrals, by substituting (A9) and (A10) into 
Eq. (3); and the radiation, by substituting (A9) into 
Eq. (20). 


APPENDIX 2. CURVATURE TENSOR 


In terms of the Christoffel symbols, the curvature 


tensor is 
rath Libel ledlae lela 


Introducing the y,,, we have 





Reer?= 49" (Yep. V0. 0 — eV tF Hw, 9), « 
— (Yep r~ ae o— Smee at dee, 9), «J 
+terms of higher degree. (A14) 
In particular, we find for the (s00,r) component : 
R,0’ = —}(Vr0,00— 700, Or Yr0, 00 Anes, 00 
— Fy, ret Veo, n+: her (A15) 
APPENDIX 3. TABLE OF SURFACE INTEGRALS 


The following table is helpful in evaluating the 
surface integral : 


1 
Ee — @ ndS=0, 
4rr? 
1 1 
II. ee nn dS = . Soa, 
4er* 3 
1 
Il, — @n,nndS=0, 
4rr? 


1 1 
IV. — § nanenindS- —(bmudrotSadnstimdnr)- 
4nr* 15 
In the above, the m, are the components of the outward 
normal to the surface: 
n = x*/¢7 
for a spherical surface. 
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APPENDIX 4. PROOF THAT ONE MAY CHOOSE f,,=0 


We start with the following solutions in the fifth 
and sixth orders: 


S¥re™ fre* (7), (Al6a) 
sYoo= 0, (A16b) 
6Yor=0, (Al6c) 


where /,,* is a symmetric set of arbitrary functions of 
time. Consider the coordinate transformation generated 
by 


ar(r)=—t f fan*(ohdr, 
sv" (r)= —}x" ve?(r). 


From the transformation equations Eqs. (22), we find 


(Al7a) 


(A17b) 


V'n=4 re — Bra fan’ = fra(7), (Al18a) 
sy’ oo=0, (A18b) 
0 or = ha* fea*, 0. (A18c) 


Clearly, f..=0; however, f,,* still contributes to the 


solution through ¢y‘or. The remainder of the discussion 
will show that solutions of the higher order field 
equations can be determined so that they depend only 
on fre. 

In the seventh order the field equations are 


TY re, an TY rn, on TY en, rat bre TY mn, mn 
= — 6Y0r, 0s — 6Y 00, Ort 25re CY On, On 


+8Yrs,00—-Sre s¥ou00+N.L. (A19a) 
700, 2n=7Y ma, mat N.L, (A19b) 

with the coordinate conditions 
TY re, 0= 0. (A19c) 


The nonlinear terms, N.L., contain products of yoo 
and gsy,, only. Hence, they do not interest us because 
they depend on f,, and not on f,,*. Therefore, after 
the substitution of Eqs. (18) the above equations 
become 

1Y' v0, 20 = 74,00° + N.L., 


7Y' 00, as N.L. 


(A20a) 
(A20b) 


The solutions of these equations consistent with the 
coordinate conditions [Eq. (A19c) ] 


5 1 
1V o=—T" firs, o——g"(2" on F2" fon” L 
Pe ot er f Sen*),.00 


3 1 
+— 2°" fan®—-—b Pf fan®+N.L., (A2la 
110 f 110 I 


1 0=N.L. (A21b) 
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The following transformation in the sixth order 
removes ¢y’or: 


= 42"2r" fan 0. (A22) 
In the seventh order, we find [Eq. (22) ] 
11 10=7V ra Bb reX"X" fen, 00"; (A23a) 
11 00= 77 00— §x"*X" finn, 00°, (A23b) 
and the coordinate conditions are 
TV v0, 0= — 42" far,00°- (A23c) 
The field equations in the eighth order are 
SY Or, an— 8Y0n, rn= TV en, n0—7TV00,r TN.L., (A24) 
with the coordinate condition 
SY Or, r= 77 00, 0- (A25) 
From Eqs. (A23), we find for these equations 
6Y' or, nn = — 42" fon 000° +N.L., (A26) 
6V or, = —hx"x" fan, 00° +N.L., (A27) 
and the solutions 
1 1 
YY o=— —2° "2" fas 000" — — 29" fy eoo* 
56 56 
1 
+—2°F fan, ooo +N.L. (A28) 
280 


A final transformation eliminates the “‘linear’’ terms 
in 770 and gy’’o, and brings back the standard coordi- 
nate conditions in the seventh order: 


+—2z'r fanoo’. (A29) 
280 


As a result of the above transformation, the solutions 
in the seventh and eighth orders are 


Rl 3 
r fes.00° x (x* fen* +2" fon*), 00 
308 154 
1 5 
T xx los eo 6.97 een 00 
77 308 
3 
——6,,X"X" fanoo +N.L., (A30a) 
14 
tY“e=N.L., (A30b) 
sy" er= N.L. (A30c) 


A little arithmetic shows that Eq. (A30a) may be 
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written as 
27 1 

WV" vs a —#* fis, 00 —2*(2" feat fen), 00 
154 77 


1 
— 6.2" fun, 00, (A31) 
7 


where /,, is defined by Eq. (A18a). Clearly, the solution 
no longer depends on f,,*. 


APPENDIX 5. SOLUTION FOR THE TRANSVERSE- 
TRANSVERSE COMPONENTS 


In this case the initial solutions in the fifth and sixth 
orders are 


58Yre= fre(7), (A32a) 
svo=0, (A32b) 
6vor=0, (A32c) 
with (see Appendix 4) 
fus(7r) =0. (A33) 


The coordinate transformation generated by the fol- 
low-ng functions eliminates s7,,: 


sv’ = 42" f,,(7). 


From the transformation equations, Eq. (22), we find 


(A34) 


sY' re =0, (A35a) 
sy’ oo=0, (A35b) 
6Y or — 42" fon, 0- (A35c) 


Comparing Eq. (A35c) with (A18c) we observe that 
the solutions differ only by a factor of two. Therefore, 
the remaining transformations required for this dis- 
cussion will follow the pattern of the previous Appendix. 

In the seventh order the field equations are [Eqs. 
(A19) and (A35) ] 


1Y' ra, un = Ses, 00, (A36a) 
7Y' 00, an=0, (A36b) 

and the coordinate conditions are 
1Y' v4, 2=0. (A37) 


If no additional harmonic functions are added to our 
solution, we obtain in a straightforward manner 


5 1 
V' n= mle ier B° (2 fast 8° Sar) 00, (A38a) 
17 0=0. (A38b) 


This solution differs from that of Eq. (A31) only by a 
harmonic function. 
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With the choice of transformation function 
(A39) 


0° =42"2" fan, 0 


the longitudinal component ¢y'o, can be eliminated. In 
addition, in the seventh order we find 


11 r0= 71 ret bret X" foun, 00) (A40a) 
TY” 00= 42"x" finn, 00; (A40b) 

and the coordinate conditions 
TV" 1a = 42" far, 00- (A40c) 


An examination of the transformation equations, Eq. 
(22), shows that these solutions cannot be removed by 
any coordinate transformation in the seventh order. 

From Eq. (A9) it follows that the solutions in the 
seventh order cannot give rise to radiation effects 
until the tenth order. Therefore, we require the solution 
in the eighth order. The field equations in the eighth 
order are [Eqs. (A24) and (A40) ] 


87 or, nn = 42" far, 000, (A4la) 
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and the coordinate condition is 

(A41b) 

The solution of the above equations is easily found to be 
sy” or= (1/28) x%x™(x" facta” fam), 000 (A42) 


It is now possible to carry out another coordinate 
transformation which not only will eliminate 7y"o0 and 
sY’or, but also returns the standard coordinate condi- 
tions in the seventh order. This transformation is 
characterized by 


70" = (1/28) 2*x"(2" far +2" fam), 00- 
By means of Eq. (22), we find 
11 re = (12/77) 0? fre, co — (18/77) 2" (2" frat" far), 00 


61 or, e= 7700, 0= £272" fan, 000- 


(A43) 


+ (3/7)brex"%" fon oo, (A44a) 
rY”w=0, (A44b) 
sy or=0, (Ad4c) 
and the coordinate condition 

TY 00. (A45) 
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Recently, several solutions of the field equations of general relativity theory have been published which 
are based upon the Einstein-Infeld-Hoffmann approximation method and claim to represent radiative effects 
in the motion of freely gravitating particles. These solutions are analyzed and it is shown that none produced 
to date represents a satisfactory discussion of the possibility of radiation by freely gravitating particles. 

The problem of the possibility of gravitational radiation by free particles is then investigated upon general 
grounds. It is shown that the possibility of such radiation depends on the definition of free particles. This 
definition depends on the (unproven) assumption that the Einstein-Infeld-Hoffmann method is, in its 
physical outcome, independent of the coordinate system. If this assumption were not true, this would 
constitute a severe limitation of the method and imply that all results have to be expressed in a standard 
coordinate system. Under these circumstances, the definition of free particles is obviously equivalent to a 


postulate of absence of radiation. 


T has been claimed by Infeld and the author’ that 

gravitational radiation within the framework of the 
Einstein-Infeld-Hoffmann (EIH) formalism® of solving 
the field equations of general relativity theory does not 
correspond to radiation from a purely mechanical 
system. In fact, it was shown that the introduction of a 
“radiation” term (for the latter’s definition see 
Scheidegger’) at any stage of the EIH procedure 
corresponds to altering the coordinate system at that 


1 L. Infeld and A. E. Scheidegger, Can. J. Math. 3, 195 (1951). 
2A. E. Scheidegger, Phys. Rev. 82, 833 (1951). 

+A. E. Scheidegger, Revs. Modern Phys. 25, 451 (1953). 

*L. Infeld, Can. J. Math. 5, 17 (1953). 

5 See, e.g. A. Einstein and L. Infeld, Can. J. Math. 1, 209 (1949). 


stage of the procedure, and therefore it was reasoned 
that the solution could always be continued in such a 
manner so as not to contain any radiation at all. The 
last train of thought is dependent upon the assumption 
that the EIH procedure, including the prescription 
for the characterization of freely gravitating particles, 
is a consistent formalism, yielding equations of motion 
that are physically independent of the formal choice of 
the coordinate system. As the latter assumption has 
never been proven, the argument of Infeld and the 
writer suffers from the same deficiency. 

Every once in a while some calculations are published 
which seem to show explicitly that gravitational 
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radiation does exist in the framework of the EIH 
procedure. The “proof” is usually obtained by intro- 
ducing a “‘radiation term” at some stage of the approxi- 
mation, and by showing by a continuation of the 
approximation that the equations of motion are 
altered at some later stage in such a manner as to 
include radiative effects. The most important papers 
in this connection are by Hu* and by Goldberg.’ 

Although the matter has been discussed in some 
detail in earlier publications, the continued appearance 
of papers “proving” the existence of radiation seems 
to warrant a renewed discussion of those points in 
the author’s earlier work that appear to be continually 
misunderstood. 

Thus, let it be pointed out once more that it was 
never the author’s intention to question the existence 
of solutions of the field equations of general relativity 
theory which represent radiative effects in the motion 
of the sources. The question is not whether gravitational 
radiation does exist or not; it is known that it may 
exist. The question is as to the physical meaning of 
such radiative effects, and thus as to whether two 
masses, left entirely alone after an arbitrary set of 
boundary conditions have been applied, can possibly 
radiate energy into infinity. In other words, the 
question is whether it is possible to choose such initial 
conditions that the masses, left alone thereafter, will 
radiate gravitational waves. 

As the existence of gravitational radiation as such 
has never been questioned, the fact that authors like 
Hu and Goldberg were able to produce solutions that 
do represent such radiation, was to be expected. 
However, neither Hu nor Goldberg even touch upon 
a discussion of the physical conditions which those 
solutions represent; all they show is that there exist 
solutions of Einstein’s field equations in which the 
particles follow a certain motion and, at the same time, 
energy is being radiated into infinity. 

In fact, the problem of fixing the physical conditions 
prevalent in a certain solution of the field equations of 
general relativity, also occurs in the usual solution 
ordinarily obtained by the ETH method. At every 
stage of that procedure there is a considerable freedom 
of choosing solutions,—each represents a_ possible 
motion and a gravitational field belonging thereto. 
Therefore, prescriptions had to be found which would 
separate the solutions representing various physical 
conditions. In this instance, Einstein and Infeld* have 
given a set of prescriptions characterizing the “free” 
motion of two masses left alone, amongst which the 
most important one is that prohibiting the arbitrary 
choice of singularities, ie., the arbitrary choice of 
solutions of the homogeneous field equations. The 
independence of these prescriptions of the coordinate 
system has never been proven, but one has generally 
assumed that they must be the same ones for every 


*N. Hu, Proc. Roy. Irish Acad. A51, 87 (1947). 
J. N. Goldberg, this issue [Phys. Rev. 99, 1873 (1955) ]. 
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coordinate system, lest an unexpected limitation be 
inherent in the EIH method. If these prescriptions 
were not independent of the coordinate system (which 
is admittedly a possibility), then for a comparison of 
the ‘physical significance of solutions, one would have 
to make coordinate transformations to identical 
systems. 

In the consideration of any solutions of Einstein’s 
field equations evolving from the EIH method, the 
foregoing remarks must be kept in mind. 

Thus, let us suppose that the solutions published 
by Hu® and Goldberg’ are mathematically correct, a 
supposition which the writer has not undertaken to 
investigate. One is then faced with the situation that 
one has two conflicting statements about the problem: 

(i) a “proof” by Infeld and co-workers'~ that pairs 
of freely gravitating particles do not emit gravitational 
radiation. As stated above, this proof is tied up with a 
definition of “freely” gravitating particles which is 
based on the assumption that such a definition is 
independent of the choice of the coordinate system. 
For this assumption there has been no proof. 

(ii) various solutions of the field equations which do 
give a radiation effect in the equations of motion. 

These two statements about the problem constitute 
a dilemma. There are obviously two and only two ways 
out of this dilemma, viz., Way(A) by saying that the 
basis for the calculations of the radiation solutions is 
fallacious, viz., by rejecting these particular solutions; 
Way(B) by saying that the basis for the Infeld argu- 
ment is fallacious, viz., by implying that the EIH 
formalism cannot be performed abd initio in any co- 
ordinate system such as to lead to the same physical 
conclusion. 

It seems to the writer that one can accept “Way(B)” 
as a possibility out of the dilema only if ““Way(A)” 
has been definitely ruled out. 

Thus, let us first investigate Way(A) out of the 
dilemma. This involves an investigation of whether 
there are any reasons for which the radiation solutions 
of Hu® and Goldberg’ would have to be rejected. In 
this instance, it must be noted that it cannot be 
considered as sufficient to make certain mathematical 
operations (such as Goldberg’s’ introduction of a 
radiation term plus coordinate transformations) without 
discussing whether this does not mean an alteration 
of the physical picture of free particles which has been 
postulated as basic in the Infeld argument. Since 
neither Hu* nor Goldberg’ have even touched upon this 
question, neither of these authors has given an adequate 
substantiation of the claim that their solutions are 
admissible within the range of the Infeld definition 
of free particles. The writer feels that it is to the onus 
of any new investigator to substantiate his claims 
properly, rather than up to him to seek faults. However, 
it occurs to him that the discarding of some higher 
order terms by Goldberg in his coordinate transforma- 
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tions (reference 7, Sec. IV) may not be permissible 
although only (singular) solutions of the homogeneous 
equations are lost. It is precisely the solution of the 
homogeneous equation which determines the physical 
condition of free particles, although the latter does 
not change the equations of motion as calculated by 
Goldberg. Goldberg states that keeping the higher 
order terms (which do occur in the algorithm of the 
transformation) would violate the prescriptions of 
EIH. We agree with this and conclude that the co- 
ordinate transformation as handled by Goldberg in 
his deduction of radiation effects is probably in need 
of some further substantiation. It thus appears that 
“Way(A)” out of the dilemma has not been properly 
ruled out. 

Next, let us examine “Way(B)” out of the dilemma. 
This implies an investigation of whether the Infeld 
argument is based upon too narrow assumptions. In 
order to do this, it is not sufficient to show that by 
keeping some higher order terms in a coordinate 
transformation one gets something different from what 
one gets by solving the equations anew in the new 
system after discarding the higher order terms,—even 
if this were done properly. Clearly, such a procedure 


just poses the problem, but certainly does not solve it. , 


If the argument of Goldberg is right, there must be 
some intrinsic restriction in the EIH procedure which 
would be the real reason for the discrepancy. The 
argument of Goldberg (reference 7, Sec. IV) that the 
prohibition of solutions of the homogeneous equation is 
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not a covariant requirement, would provide for such 
a restriction, but it is tied up with the admitting- 
procedure for the solutions. It still appears that if all 
solutions assumed as inadmissible according to 
“Way(A)” out of the dilemma are rejected, the require- 
ments postulated for “free particles” are unique. 

It thus appears that the two ways out of the dilemma 
actually cannot be considered separately. In other 
words, Infeld and co-workers considered a certain class 
of particle-motions, termed as “free,” of which it was 
shown that they do not represent radiation. Therefore, 
anyone may insist that radiation does exist; a dis- 
crepancy exists only if it can be shown that such 
radiation exists among the class of motions considered 
by Infeld. Heretofore, nobody appears to have claimed 
this. The definition of this class of motions by Infeld 
presumes that it can be defined convariantly. This 
presumption, in turn, is based on the assumption that 
the EIH procedure is, in its physical outcome, in- 
dependent of the chosen coordinate system. The latter 
assumption has never been proven, and it is thus 
possible that it might not be true. In that case, however, 
the definition of free particles would still be unique and 
consistent, but it would imply that one has to transform 
to a certain coordinate system for the investigation of 
the physical conditions represented by the mathematical 
solution under consideration. In this particular co- 
ordinate system, it is evident that the class of free 
motions is eo ipso equivalent to the class of nonradiative 
solutions, 
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Microwave Absorption in Compressed 
Oxygen 


4. A. Maryort, National Bureau of Standards, Washington, D.C. 


AND 
G. Brenpacm, National Bureau of Standards Boulder Laboratories, 
Boulder, Colorado 


Received July 25, 1955 


HE microwave absorption in O2, which is the 

result of the presence of a permanent magnetic 
dipole, consists of two parts.’ The resonant contribu- 
tion, governed by the selection rules AJ=+1, AK=0 
where J is the quantum number for the total angular 
momentum and XK is that for end-over-end rotation, 
contains a number of lines which, with one exception, 
lie in the vicinity of 2 '. Although this absorption 
has been investigated by a number of workers, the 


cm 


nonresonant, or Debye type, contribution correspond- 
ing to AJ =0, AK=0 has not been the subject of prior 
investigation. With the aid of the Van Vleck-Weisskopf 
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Fic. 1. Data for O, at y=0.778 cm™ showing the experimental 
values of tan 4/ p (1) and the contribution associated with resonant 
absorption as derived from the experimerital data (2) and from 


theory (3 
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relation* the complete absorption coefficient a(cm™) is 
given by 
vAva Sra\uxs'’ 


2 
att 
3\Av/7f+r K V7 


= 


a 2xN,’ 





3kT 


2rv 


vAves vAvKs 
x(5 ; )} 
Av«s?+(v— vKs)* Avxa?+(v+rxs)* 


where u=0.0262X10~"* esu, the subscripts K, and d 
refer to the resonant and nonresonant terms, respec- 
tively, and the remaining symbols have their usual 
significance. 

Measurements of the absorption were made at 25°C 
using high- resonant cavities at pressures up to 8 
atmos for v=0.0765 cm™, and at pressures up to 40 
atmos for y=0.302 and 0.778 cm™. 

At the lowest frequency, where overlap from the 
resonant contribution is nearly negligible, the two 
parameters of the nonresonant term were evaluated. 
The value of tané/p (maximum) is 2.9; 10-7 atmos 
and in close agreement with the theoretical value of 
2.87 10-7? atmos. The line breadth parameter Av,/p 
is 0.017, cm™ atmos and corresponds to an effective 
collision diameter of 2.6 A. This value is decidedly 
smaller than the average value of 4.4 A effective for 
resonant absorption’ and also smaller than the kinetic 
collision diameter of 3.5 A. 

Data obtained at 0.778 cm™ are shown by curve 1 
of Fig. 1. At this frequency substantial contributions 
arise from both the resonant and the nonresonant terms. 
Subtraction of the nonresonant part using the above- 
mentioned parameters gives curve 2. Above 10 atmos 
this curve lies above that computed for the resonant 
absorption (curve 3) by summing the contributions of 
the individual lines using recent data for the line breadth 
parameters.’ At 40 atmos the value of tané/p is more 
than twice that calculated, a discrepancy that is not 
materially reduced no matter what values are assumed 
for the resonant and nonresonant line widths. The 
nature of the discrepancy appears to be analogous to 
that previously observed for NH;* and ND;.° The 
data can be reconciled with the Van Vieck-Weisskopf 
line shape only if the resonant frequencies and line 
breadth parameters are both allowed to decrease with 
increasing pressure. For example, data at 0.302 cm 
(not shown) and 0.778 cm™ require average values of 
Avxi/p and vx, of about 0.025 cm™ atmos and 0.5 
cm™', respectively, in contrast to the initial values of 
0.05 cm atmos and 2.0 cm~. A detailed report of 
this work will be published subsequently. 

‘J. H. Van Vieck, Phys. Rev. 71, 413 (1947 

* J. H. Van Vieck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945 

*J. 0. Artman and J. P. Gordon, Phys. Rev. 96, 1237 (1954). 

* B. Bleaney and J. H. N. Loubser, Proc. Phys. Soc. (London) 


A63, 483 (1950). 
*G. Birnbaum and A. A. Maryott, Phys. Rev. 92, 270 (1953). 
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Infrared Absorption of Liquid and Solid 
Hydrogen with Various Ortho-Para 
Ratios* 


W. F. J. Hare,t Exvizasera J. Atuin, anp H. L. Wesx 


UcLennan Laboratory, University of Toronto, Toronto, Canada 
(Received July 21, 1955) 


HE fundamental! vibrational absorption of liquid 

and solid normal hydrogen has recently been 
studied in the temperature range, 10-22°K.' These 
experiments, designed to show the transition from 
collision-induced absorption in the high-pressure gas? to 
the corresponding phenomena in the condensed phases, 
have now been extended to various mixtures of ortho- 
and parahydrogen. Parahydrogen, prepared by 
method described by Squires and Stewart,’ was mixed 
with normal hydrogen at room temperature and the 
mixture condensed in the absorption cell previously 


the 


described.’ 

Absorption profiles for solid hydrogen, 8.4 mm thick, 
with different ortho-para ratios are shown in Fig. 1. 
Three groups of main maxima are apparent: the Q 
group (Vg,J0e) near the band origin, the S(0) group 
[.S,(0),S2(0),S’(0)] corresponding to the para-transi- 
tion J=0— J=2, and the S(1) group [S,(1),S2(1), 
S’(1)] corresponding to the ortho-transition J=1— 
J=3. The weak component, S2(0), is clearly resolved 
only in pure parahydrogen. The maxima designated as 
2S5(0), S(0)+S(1), and 2S(1) are due to double rota- 
tional transitions; in parahydrogen only 2.S(0) remains. 

The broad components Vz, S’ (0) and S’(1) are clearly 
summation the molecular vibrational and 
rotational frequencies with the vibrational frequencies 
of the crystal lattice. The shapes of these components 
are independent of, and their intensities vary linearly 
with the ortho-para ratio; thus, the transition proba- 
bilities (intensity/ortho or para concentration) are 
independent of the ortho-para ratio. The Org com- 


tones of 


ponent can be separated into para and ortho contribu- 
the transition probabilities are in the 
proportion QUr(para):Ve(ortho):S’(0):S8’(1)= 10:19: 
22:11. The Qe component has its analog in the spec- 
trum of the high pressure gas where it is interpreted 
as a “summation tone” of the vibrational frequency of 
the absorbing molecule with the relative kinetic energy 
of the colliding molecule and of the surrounding mole- 
cules; for this type of absorption close collisions, in the 
region of overlap forces, appear to be necessary.? 

The intensities of the strong sharp lines Og, S,(0) 
and S,(1) vary in a complex manner with the ortho- 
para ratio. In parahydrogen the Qg component has 


tions, and 


zero intensity, showing that the transition /=0 — J=0 
is forbidden. When the intensities are corrected for 
overlapping with other components, and when the 
data for the 0g and S(1) components are extrapolated, 
the transition probabilities for parahydrogen are 
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approximately in the proportion Q@:.S,(0):S,(1)=6: 
5:9. In the theory of van Kranendonk and Bird the 
transition probabilities for rotation-vibrational transi- 
tions induced by quadrupole interaction are given by 
X3(J+1)(J+2)/2(2J+3) for AJ=+2 and J(J+1) 
(2J+1)/(2J—1)(2+3) for AJ =0. Since the observa- 
tions in parahydrogen are in accordance with these it 
is concluded that the Qe, S,(0) and S;(1) components 
arise from quadrupole interaction. However, when the 
ortho-para ratio is not zero the observed relative transi- 
tion probabilities differ widely from those given by the 
theoretical expressions. When the probabilities are 
extrapolated for the case of orthohydrogen they are in 
the proportion Qg:5,(0):S;(1)=6:32:9. The quadru- 
pole effect thus seems to depend on whether the mole- 
cules in the neighborhood of the absorbing molecule 
are rotating or nonrotating. 

The weak sharp lines S:(0) and S2(1) have the same 
frequency separation as the corresponding lines in the 
Raman effect of the gas‘; for these, unlike the other 
components of the band, the B value is unperturbed. 
These lines may be due to the average quadrupole 
effect in the solid. The much stronger quadrupole 
effect giving rise to the Qa, S,(0) and S;(1) lines may 
perhaps be construed as a special two-body “encounter” 








Fic, 1. The variation with ortho-para ratio of the fundamental 
infrared absorption of solid hydrogen at a temperature of 
13.6+0.2°K. 
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of the absorbing molecule with one of its nearest 
neighbors, distinguished by the relative orientation of 
the quadrupole moments of the two molecules. These 
conclusions must be regarded as tentative. 


* This research was supported by a grant from the National 
Research Council of Canada 

t Holder of a Research Fellowship of the National Research 
Council of Canada 

' Allin, Hare, and MacDonald, Phys. Rev. 98, 554 (1955). 

* 1). A. Chisholm and H. L. Welsh, Can. J. Phys. 32, 391 (1954) 

+ G. L. Squires and A. T. Stewart, J. Chem. Phys. 22, 754 (1954 

*C. Cumming, Ph.D. thesis, University of Toronto, 1952 
(unpublished 


Electron Traps in Silver Chloride 


Hrrosut KANZAKI 
Industrial Science, University of Tokyo, Chiba, Japan 


Received June 22, 1955 
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XPERIMENTAL evidence’ is now available for 
trapping of electrons at AgCl 
crystals. Seitz? proposed that the traps are incipient 
and his 


dislocations in 


vacancies with an effective charge of +e/2, 
prediction has received further support in the work of 
Hedges and Mitchell’ who have found that the silver 
particles produced by light outline the polygonized 
substructure in AgBr crystals. 

The writer wishes to propose that the electron traps 
in well-annealed crystals of AgCl are: (a) the kink 
sites at the surface, (b) the emergence points of edge 
dislocations at the surface, and (c) the nodes in the 
dislocation networks inside the crystal. This proposal 
stems from the observation of print-out silver in well- 
annealed crystals of AgCl and some of the results will be 
described here. 

In crystals with the surface parallel to (111),4 two 
kinds of silver particles are observed at the surface 
(Fig. 1). They are: (1) the larger particles which outline 
the hexagonal! pattern and are supposed to have been 
produced at the (b) sites described above, and (2) the 
smaller particles which are distributed around the 


Fic. 1. Print-out silver particles at the surface of a 
AgC! crystal with (111) surface (600). 
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2. Print-out silver particles inside the AgC! crystal 
with (111) surface (600) 


hexagonal pattern and probably have been produced 
at the (a) sites. 

In the interior, the particles are distributed dis- 
continuously upon the hexagonal cylindrical surfaces 
outlined by the particles of (1) at the surface (Fig. 2) 
and are supposed to have been produced at the nodes 
of dislocation networks extended on the cylindrical 
surfaces. 

This selective production of silver particles may be 
explained by the trapping of electrons by effective 
charges. In the case of traps at the (b) sites, the extra 
(110) half-plane accompanied by the edge components 
of dislocations may produce extra charge by intersecting 
(111) and (100) surface planes, but cannot do this at 
the (110) surface plane. This prediction has been con- 
firmed by the following experiments. 

Figure 3 shows the distribution of silver particles 
near the grain boundary. The right-hand grain with 
(100) surface has been subjected to extensive darkening 
and the left-hand one with (110) surface has produced 
very little silver. Chemical etching’ revealed etch pits 
due to dislocations (probably with edge components) in 
the (110) grain but not in the (100) grain. Figure 4 
shows the etching pattern near the grain boundary of 


Fic. 3. Print-out silver particles near the grain boundary 
The right-hand crystal has a (100) surface and the left-hand 
crystal has a (110) surface (320) 
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Fic. 4. Chemical etching pattern near the same boundary 
as shown in Fig. 3 (X320). 


Fig. 3. It may be concluded that the edge dislocations 
in the (110) grain have not contributed to the formation 
of silver particles. 

The density of dislocations in well annealed AgC] has 
been found to be 10° or 10? per cm? in our experiments. 

The writer wishes to express his gratitude to Pro- 
fessor Y. Tani for his valuable guidance and also to the 
cordial hospitality of the Research Laboratories, Fuji 
Photo Film Company, Ltd., in the course of this work. 

1J. R. Haynes and W. Shockley, Phys. Rev. 82, 935 (1951); 
F. C. Brown, Phys. Rev. 97, 355 (1955) 

2 F. Seitz, Revs. Modern Phys. 23, 328 (1951). 

2J. M. Hedges and J. W. Mitchell, Phil. Mag. 44, 223, 357 
(1953). 

4 The surface of the crystals grown from the melt was usually 
parallel to (100) or (110). The crystals with (111) surface were 
prepared under special conditions of crystal growth. 

* Etching was carried out for a few minutes by the FF-H photo- 
graphic fixer (Fuji Photo Film Company, Ltd., Kanagawa, Japan). 


Thermoelectric Power of Indium 
Antimonide 


H. P. R. Frepertkse AND Evcente V. MIe.czAreK 
National Bureau of Standards, Washington, D. C. 
(Received July 11, 1955) 


HE thermoelectric power of single crystals of 

InSb has been measured on two samples between 
60 and 400°K. The four-probe method used for the 
determination of this quantity has been described in 
recent years by several authors.'~* The Hall coefficient 
and resistivity of the specimen were also determined. 
One sample appeared to be p-type and had an effective 
impurity concentration of 6.710" per cc; the hole 
mobility at 80°K was 3300 cm*/volt-sec. The other 


sample showed electron conduction; its carrier con-: 


centration at low temperature (80°K) was 710" per 
cc, and the electron mobility 10° cm*/volt-sec. 

Figure 1 shows the thermoelectric power Q as a func- 
tion of temperature. In the intrinsic range this quantity 
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can be described by the following formula‘: 


kfb—1/ Ee m,* 
Pa ba Py Perna 
eLb+1\2kT m,* 
where k= Boltzmann constant, b= mobility ratio, E¢ 
=energy gap at 7°K, and m,*, m.*=effective masses 
of electrons and holes respectively. Taking 6=35 and 
Eg (at 300°K)=0.16 ev,® we find m,*/m,* =0.11. 
Calculations of the thermoelectric power in the 
impurity range, when lattice scattering is predominant, 
yields the following result*: 


(1) 


2(2em, i 


where ;, 2= number of free carriers (electrons or holes) ; 
the plus or minus sign refers to p- or n-type respectively. 
At low temperatures one has to consider the increased 
influence of impurity scattering which will change the 
expression (2) slightly. For reasons explained below, 
only the results for the n-type sample between 100 and 
200°K can be compared with theoretical predictions. 
Calculation of the effective mass of the electron at 
temperatures between 160 and 200°K yields consistently 
the value m,*=0.014m,. Combining this value with the 
above-mentioned result for the ratio m,*/m,*, one 
obtains an effective hole mass m,*=0.13m,. These 
values are in reasonable agreement with results from 
microwave measurements.® 

An interesting feature of the thermoelectric power of 
InSb is the fact that the “phonon-drag” effect*:’ is 
observed in p-type but not in #-type samples. The 
steep rise of the thermoelectric power of the p-type 
sample below 150°K illustrates this point. (The rather 
high degeneracy temperature for the n-type sample— 
about 90°K—is a complicating factor.) The contribu- 
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tion to the thermoelectric power due to electron- 
phonon interaction is proportional to /,’/l,,;° the nu- 
merator /,’ represents the mean free path of those 
phonons which interact with electrons, while /,, is the 
free carrier mean free path determined by collisions 
with phonons. From the mobilities one calculates that 
l.g at 150°K is 5X10~* cm for holes and 6X10~* cm 
for electrons. The average mean free path of all the 
phonons can be evaluated from thermal conductivity 
data*; assuming that the mean free path for long wave- 
length phonons is about 10 times larger, one finds for 
1,’ a value of 10-* to 10-* cm. Ca!culation then shows 
that the phonon-hole interaction yields already a 
measurable contribution to the thermoelectric power 
at 150°K, while that due to the phonon-electron inter- 
action is quite negligible. 

Note added in proof—The values for the effective 
masses have been calculated taking the proper correc- 
tion for impurity scattering into account. 

1W. W. Scanlon, Phys. Rev. 92, 219 (1953) 

2 W. W. Tyler and A. C. Wilson, Jr., Phys. Rev. 89, 870 (1953 

+H. P. R. Frederikse, Phys. Rev. 92, 248 (1953 

*V. A. Johnson and K. Lark-Horovitz, Phys 
(1953 

5 Breckenridge, Blunt, Hosler, Frederikse, Becker, and Oshin 
sky, Phys. Rev. 96, 571 (1954). 

*R. N. Dexter and Benjamin Lax, Phys 
(1955 

Conyers Herring, Phys. Rev. 96, 1163 (1954). 

*G. Busch and M. Schneider, Physica 20, 1084 (1954 


Rev. 92, 226 
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Electron Spin Resonance of V,-Centers* 


Werner KANZzIG 

Department of Physics, University of Illinois, Urbana, [llinoi 
Received August 1, 1955 

HE electron spin resonance of the F-center (elec- 

tron bound to a negative ion vacancy) has been 
investigated extensively in the past.' The hyperfine 
splitting has not been resolved. This suggests that the 
electron interacts with the magnetic moments of many 
nuclei and consequently that its wave function is 
distributed over many ions near the vacancy. The 
present work indicates that the electronic structure of 
the supposed antimorph of the F-center, the V;-center 
hole bound to a positive ion vacancy’), is entirely 
different. A large resolvable hyperfine splitting has been 
observed in the V;-center resonance. The pattern per- 


Taswe I. ¢-factors of the different families in the KC] spectra 
Limit of error +0.001. The calculated ¢-factors are based on 
e¢, = 2.042 and g; = 2.0023 
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Tasie II. Average spacing in gauss between the groups in 
the different families of the KCI spectra. Limit of error +0.5 
gauss. 
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mits a detailed analysis of the electronic structure of 
this center and we have concluded that the hole is 
localized on but two negative ions. 

KCl, NaCl, KBr, and LiF single crystals were placed 
in a resonant cavity and irradiated with x-rays at 
— 180°C. Then, without warming the crystal, we in- 
vestigated the magnetic resonance spectrum with a 
high sensitivity resonance spectrometer operating at 
about 9300 Mc/sec. A modulation of the dc magnetic 
field of 0.1 to 1.0 gauss was used. The crystals were 
then warmed to a selected temperature and cooled 
again to — 180°C. Upon remeasurement of the spectrum 
it was found that all lines had faded in the same pro- 
portion. This indicates that every spectrum is essen- 
tially due to a single kind of trap. The temperature 
region in which fast fading occurs coincides in the case 
of KCl and KBr with the temperature region in which 
the V,-band bleaches.* In NaCl, fast fading occurs be- 
tween — 140°C and —120°C, in LiF between —160°C 
and —140°C. No optical data are available for these 
two substances. 

The resonance spectra depend very sensitively upon 
the orientation of the crystals in the magnetic field. 
The cases 7 (100), H) (111) and H') (110) have been 
investigated. In the case of KCI the spectra can be 
decomposed into families of lines, each family consisting 
of seven almost equally spaced groups. The integrated 
intensity ratio of the groups is 1:2:3:4:3:2:1. The 
number of families is 2 for H||(100) and H'!|(111), and 
3 for H (110). The g-factors corresponding to the center 
lines of the families are larger than the free-electron 
value except in the case of one of the families in the 
H (110) pattern, for which g is equal to the free-electron 
value within experimental error. As the nuclear spin 
of Cl is 3, the number of the groups (7) and their 
intensity ratio indicates that the hole spends its time 
near two halogens only, i.e., the V;-center is essentially 
a Clz~ molecule-ion which is presumably near a positive- 
ion vacancy. The observed splitting agrees satisfactorily 
with the theoretical splitting calculated under the 
assumption of dipolar interaction by using Stern- 
heimer’s‘ (1/r*) values of the halogen p-functions. The 
g-shifts as well as the splittings can be explained quan- 
titatively if we assume axially symmetric Cl,;~ molecule- 
ions oriented in the (110) directions. The distribution 
over the six different (110) directions is statistical. 
Tables I and II show as an example the main resonance 
data for KCl. 
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TasLe ITI. Approximate line width in gauss. 
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The variation of the splitting with the angle @ be- 
tween the bond direction and the magnetic field 
enables us to determine the admixture of s and p func- 
tions on the halogens. We have obtained 30% s and 
70% p for both KCl and NaCl. For |y(0)|*, we have 
obtained 1.9 10% cm~. 

The KBr spectra are more difficult to analyze be- 
cause of second-order effects and quadrupole effects. 
However, the analysis indicates the existence of Br2- 
molecule-ions. Second-order effects play also an im- 
portant part in LiF. A tentative analysis suggests that 
the bond direction of the F;~ molecule-ion is (110). 

Typical values of the observed line widths are listed 
in Table III. It appears that the predominant relaxa- 
tion is due to hyperfine interaction. Spin-spin inter- 
action seems also to play a role, and this indicates 
that high local concentrations of color centers might be 
formed by x-irradiation. 

A full account of the present investigations will be 
published in a forthcoming paper. The analysis of the 
results was only possible through the advice of C. P. 
Slichter and the continuous help of T. G. Castner. 

* Partially supported by the Office of Naval Research. 

' See, e.g., Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 
(1953). 

2 F. Seitz, Revs. Modern Phys. 26, 7 (1954). 


*D. Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 
*R. Sternheimer, Phys. Rev. 84, 244 (1953) 


Effect of Proton Irradiation upon the 
Electrode Potential of Tungsten 


M. SmMNAD AND R. SMOLUCHOWSKI 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received July 18, 1955) 


UCLEAR irradiation may be expected to alter 

the electrochemical and chemical properties of 
metals. As a preliminary study we have measured the 
effect of proton irradiation upon the electrode potential 
of tungsten in aqueous salt solutions. Tungsten wire 
specimens 0.012 in. in diameter were chosen since 
previous investigations' have shown that at room tem- 
perature the radiation effects in this material are quite 
stable. Reproducible and steady electrode potential 
measurements were obtained by means of the following 
procedure. The tungsten surfaces were degreased with 
alcohol and acetone, immersed in a strong aqueous 
solution of ammonia for several minutes, and washed 
with an oxygen-free saturated solution of KCI in dis- 
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tilled water. The specimens were then placed in an 
oxygen-free saturated solution of KCI in distilled water, 
and their electrode potentials were measured against a 
saturated calomel cell with a vacuum-tube potenti- 
ometer. The solution and the standard cell were kept 
at 30°C in a thermostat. The results obtained are 
shown in Table I. 

First of all it should be pointed out that after bom- 
bardment the wires were very slightly radioactive 
(about 1000 counts per minute), presumably because 
of some minor impurities. This activity is much too 
weak to produce any significant changes in the electro- 
lyte and thus the observed effects have to be ascribed 
to radiation-induced changes in the metal. It appears 
that the effect of proton irradiation upon the electrode 
potential of tungsten is large and actually it is much 
greater than the effect of severe cold work. At first 
glance the magnitude of the observed effect is surprising 
in view of the fact that the diameter of the wire is less 
than one percent of the mean free path of the 260-Mev 
proton in tungsten. It should be remembered, however, 
that the majority of the radiation effects produced 
under these conditions appears to be caused by highly 
effective secondary nucleons produced in inelastic colli- 
sions rather than by elastic collisions of the incident 
protons.' The results indicate also that the change in 
electrode potential increases with the intensity of the 
proton beam as expected. The greater change obtained 
with protons of 130-Mev energy than with 260-Mev 
protons is rather difficult to understand and may not 
be real. In all cases the potentials of the irradiated 
specimens are anodic (less noble) to the annealed 
specimens, which means that irradiation makes the 
tungsten more reactive chemically. 

The experiments show that irradiation alters sig- 
nificantly the electrochemical properties of metals, and 
that such measurements may be used to study the 
nature and extent of the effects produced. One would 
expect the change of the electrode potential to be 
associated with production of localized lattice imper- 
fections at the metallic surface. These defects are pri- 
marily dislocations formed either by displacement 
spikes or by collapse of vacancy clusters. Other defects 
such as vacancies and interstitials, even if they were 
sufficiently stable in the interior of the grains, would 
probably disappear rather rapidly near the surface. The 


Taste I. Electrode potentials of proton irradiated tungsten 


Electrode potential 
Treatment Proton irradiation millivolts (anodic) 
Annealed” 
Cold drawn 
Annealed and irradiated 
Annealed and irradiated 
Annealed and irradiated 
Annealed and irradiated 
Irradiated and annealed® 


none 
none 22 
1.9 X10" /cm* at 130 Mev 
1.8 X10" /cem?* at 260 Mev 
6.4 X10"*/cm? at 260 Mev 
2.2 X10"* cm? at 260 Mev 
2.2 K10"*/cm* at 260 Mev 


* The electrode potentials are reported versus the annealed tungsten 
+» The annealed specimens were heated for 2 hours at 900°C in an argon 
atmosphere 
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existence of such a gradient of defects near the surface 
is indicated by the recent observations of the effect of 
irradiation on the solubility rate of Fe,O; in hydro- 
chloric acid.? 

The authors wish to acknowledge the assistance of 
Dr. E. Pearlstein, who irradiated the®specimens at the 
Carnegie Institute of Technology synchrocyclotron and 
of Mrs. Aija Spilners in measuring the electrode po- 
tentials. Support of this work has been given by a 
research program sponsored by the U.S. Atomic Energy 
Commission. 
we Ingham, and Smoluchowski, Phys. Rev. 98, 1530 

955). 


*M. Simnad and R. Smoluchowski, J. Chem. Phys 
published 


(to be 





Radiative Transitions in Semiconductors 


R. BRAUNSTEIN 


RCA Laboratories, Princeton, New Jersey 
(Received July 19, 1955) 


ADIATION produced by carrier injection has been 

observed from GaSb, GaAs, InP, and the Ge-Si 
alloys at room temperature and 77°K. The spectral 
distributions of the radiation are maximum at energies 
close to the best estimates of the band gaps of these 
materials; consequently, the evidence is that the radia- 
tion is due to the direct recombination of electron-hole 
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Fic. 1. Spectral distribution of recombination radiation 
from GaSb at room temperature. 
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Fic. 2. Spectral distribution of recombination radiation 
from GaAs at room temperature. 


pairs. Direct electron-hole recombination radiation from 
a semiconductor has been previously observed from Ge 
and Si by Haynes and Briggs! and from SiC by Lehovec 
et al? 

The radiation was obtained by injecting minority 
carriers into 0.02 in. thick samples of material by means 
of point contacts or by broad area injecting contacts of 
silver paint applied to the surface of an appropriately 
etched semiconductor. The samples were soldered to 
kovar rings and mounted on temperature-controlled 
copper blocks. The diodes were pulsed by a 50% on-off 
square wave generator operating at 100 cps; currents 
up to 1 amp/cm? were passed in the forward direction. 
Radiation was detected by a dry-ice cooled PbS cell. 
The spectral distribution of the radiation from GaSb 
and GaAs was obtained by using a Perkin-Elmer mono- 
chromator with a fused quartz prism. 

Figure 1 shows the spectral distribution of the radia- 
tion from GaSb at room temperature. The peak of the 
emission line occurs at 0.625 ev. This is to be compared 
with the value of 0.67 ev for the band gap of GaSb 
obtained by Blunt e ai.’ from absorption measurements. 
The present sample was n-type having a free carrier 
density of ~10'7/cm’*. 

Figures 2 and 3 show the lines observed from GaAs 
at room temperature and 77°K, respectively. The peak 
of the radiation occurs at 1.10 ev at room temperature 
and at 1.19 ev at 77°K. If we assume a linear variation 
of the line position with temperature, the line position 
is given by 1.22—4X10~“T electron volt. If we attribute 
the radiation to the recombination of injected holes and 
electrons with the emission of a photon and the simul- 
taneous absorption or the emission of a phonon, the 
line positions are at variance with the value of 1.35 ev 








LETTERS TO 














TEMR 77°K 




















RADIATION SIGNAL (ARBITRARY UNITS) 
ns 
————} 
en 


\ 


' \ 


ts dorks \ 


160 6140 120 190 090 0.80 
EWERGY (ELECTRON VOLTS) 



































0.70 


Fic. 3. Spectral distribution of recombination radiation from 
GaAs at 77°K. This line is to be compared with the line in Fig. 2 
taken at room temperature. As the temperature is lowered, the 
peak intensity of the line increases, the width at half-maximum 
decreases, and the line shifts to higher energies. 


for the room temperature band gap of GaAs as re- 
ported by Welker.‘ The absorption or the emission of a 
phonon can shift a line by only a few hundredths of an 
electron volt. Self-absorption of the radiation in the 
sample is also not sufficient to account for the apparent 
discrepancy. The sample of GaAs was n-type and had a 
free carrier density of ~10'7/cm’. 

The emission lines of InP and the Ge-Si alloys were 
not obtained. However, by appropriate filters, the 
radiation peaks were shown to occur at energies close 
to the band gaps of these materials. 

The intensity of the radiation in all cases was ob- 
served to be a linear function of the injection current 
for the range of forward currents used (up to 1 amp/ 
cm*), The radiative recombination of electron-hole 
pairs is a bimolecular process and thus should be pro- 
portional to the product of the electron-hole concen- 
trations. However, for the forward currents used, the 
majority carrier densities remained essentially constant 
and consequently to a first approximation the radiation 
will appear to very linearly with the minority carrier 
densities. In all cases, the integrated intensity of the 
radiation increased as the temperature of the sample 
was lowered. 

Further results on radiative transitions in semi- 
conductors will be presented at a later date. 
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The author wishes to express his thanks to Dr. D. A. 
Jenny for making available the samples of the inter- 
metallic compounds and to Dr. E. G. Linder and 
Dr. A. R. Moore for stimulating discussions related to 
the problem. 

os R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952). 

? Lehovec, Accordo, and Jamgochian, Phys. Rev. 83, 603 (1951). 


* Blunt, Hosler, and Frederikse, Phys. Rev. 96, 576 (1954). 
‘H. Welker, Physica 20, 893 (1954). 





Infrared Absorption in Indium Antimonide* 


W. G. Sprrzer anv H. Y. Fan 
Purdue University, Lafayette, Indiana 
(Received July 25, 1955) 


HE optical transmission of indium antimonide 

has been measured from 5 to 150 microns and at 
different temperatures. A residual ray monochromator 
was used for wavelengths beyond 35 microns. A number 
of lattice absorption bands were observed which indi- 
cate that there is some ionic binding in the crystal. 

Figure 1 shows the transmission curves for a single 
crystal specimen with an acceptor concentration, V4, 
of 10'5 cm~. At 297°K, there are two absorption bands 
at 28.2 and 30 microns. With decreasing temperature 
these bands shift slightly to shorter wavelength. Meas- 
urements on samples of different impurity concentra- 
tions varying between 10" to 10'7 cm show that the 
magnitudes of these bands are independent of carrier 
or impurity concentrations, indicating that these bands 
are inherent to the lattice. 

Figure 2 shows the reflectivity curves at long wave- 
length for two temperatures. There is a strong band 
near 52 microns at both temperatures. While in the 
78°K curve the reflectivity drops to 35% at longer 
wavelengths, the 297°K curve shows another rise of the 
reflectivity beyond 100 microns. These results show that 
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Fic. 1. Transmission as a function of wavelength for an 
InSb sample; V4= 10" cm. 
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there is a strong absorption band near 52 microns at 
both temperatures. Furthermore, there is also high 
absorption beyond 100 microns at 297°K. This is 
borne out by the transmission curves shown in Fig. 1. 
The sample is nearly intrinsic with n= p=2.4X10'* 
cm™ at 297°K, while p~10"* cm™ and n<10" cm~ at 
78°K. The 52-micron band is thus independent of the 
carrier concentration and is therefore a lattice band. 
The high absorption beyond 100 microns, observed at 
297°K seems to be caused by the carriers,’ since the 
absorption becomes smal! at 78°K. 

Reflectivity measurements at 297°K on an n-type 
sample of n= 10'’ cm™ and a p-type sample of p= 10" 
cm™* confirm the above interpretation. The same 52- 
micron band is present in both samples. Beyond 100 
microns, the n-type sample shows an even higher re- 
flectivity than the pure sample at 297°K while the 
p-type sample has the low reflectivity shown by the 
pure sample at 78°K. Thus we see that the high re- 
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Fic. 2. Reflectivity as a function of wavelength for an 


InSb sample; N4= 10" cm™ 


flectivity at long wavelengths is caused by absorption 
due to the conduction electrons. 

The strong lattice band near 52 microns indicates 
some degree of ionic binding. This absorption gives a 
contribution to the complex susceptibility, 


Ae, wo" 
da \W 2 w*) +17w 


where Ae, is the contribution to the static dielectric 
constant. By comparing the reflectivities on the short- 
and long-wavelength sides of this band we estimate 
Ae,<1.5. The dashed curve (Fig. 2) was calculated 
with wo= 3.5 10" sec and y= 1.3X 10" sec, and the 
limiting value Ae,=1.5 was used to get the high re- 
flectivity. The discrepancy between this curve and the 
curve measured at 78°K may be due to poor resolution. 
In fact, the measurements at 52 microns were made 
with three NaCl and an InSb crystals as residual 
ray plates; with four NaCl plates the measured re- 
flectivity was ~50°) instead of 65°). These observa- 
tions confirm the narrowness of the reflection band in 
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InSb. Using the expression* 


4a Ne* (n?+-2)* 
se= ——- ——, 


Mae? 3 


where M is the reduced mass of the atoms and mn is the 
short-wavelength refractive index, the effective ionic 
charge is estimated to be e*=0.34e. 

The question arises whether partial ionic binding 
would be compatible with the high carrier mobilities 
observed. The formula of mean free path for polar 
scattering’ has been derived for k7<hw:, where w, is 
the frequency of longitudinal waves. At 80°K, hw; 
=3.4kT, this gives a mobility 


e 16 


3kT n?(n?+ Ae) skT\3 
Mypolar =~ ( ) dg ; ( -) 
m\ m Vr Ae hu 
hw; m ! m j cm? 
[0 F7) (5) =8°(S) carne 
kT m* m*/ volt sec 


This is higher than the mobilities observed around this 
temperature for holes as well as electrons, the latter 
having a small effective mass. 

It is interesting to note that the transmission up to 
35 microns decreased with decreasing temperature 
within the extrinsic range; at 297°K the sample is 
intrinsic. As reported previously,‘ in samples with 
V,210'7 cm™* the transmission decreases steadily 
from 297°K down. 

This work was stimulated by some preliminary re- 
flection measurements made by E. J. Johnson at the 
suggestion of Professor K. Lark-Horovitz. 

* Work supported by a Signal Corps Contract. 

'H. Y. Fan and M. Becker, Symposium Volume of the Reading 
Conference (Butterworth Publishing Company, London, 1951). 

*H. Fréhlich, Theory of Dielectrics (Clarendon Press, Oxford, 
oA 
OFithiich, Pelzer, and Zienau, Phil. Mag. 41, 211 (1950). 

‘W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955). 





Experimental Evidence for Dislocations 
in Crystalline Quartz 
H. E. Bower, W. P. 


Bell Telephone Laboratories, Murray Hill, New Jersey 


Received July 26, 1955) 


Mason, AND A. W. WARNER, JR. 


ECENT measurements of well etched, mounted, 

and contoured AT shear vibrating quartz crystals, 
shown by Fig. 1, indicate that the Q decreases inversely 
proportional to the frequency up to 100 Mc/sec. This 
result is indicative of a relaxation. To verify the exist- 
ence of such a relaxation, measurements of internal 
friction of single crystals have been made from 1.5°K 
to 300°K and in the 5- to 80-Mc/sec frequency region. 
The results for a 5-Mc/sec crystal are shown by Fig. 2. 
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Fic. 1. Experimental measurements of Q of AT quartz crystals 
as a function of frequency and size. Dashed line indicates most 
probable internal friction as a function of frequency for quartz 


_ alone. 


As can be seen, Q~' increases as the temperature de- 
creases, shows two maxima and then drops to a low 
value which is thought to be determined by the mount- 
ing loss. The internal friction, as shown by the dashed 
lines, can be divided into three parts labeled mounting 
loss, dislocation relaxation, and oxygen vibrations. 
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Fic, 2. Internal friction for a 5-Mc/sec AT quartz 
crystal as a function of temperature. 


To justify this division, measurements were made for 
a number of crystals whose frequencies ranged from 5 
to 80 Mc/sec. In every case two peaks were obtained 
and Fig. 3 shows a plot of the relaxation frequencies 
against 1/7. There are two relaxation frequencies deter- 
mined by the equations of Fig. 3. The high-energy 
curve agrees well with one measured previously in 
fused silica,’ This peak is thought to be due to impurities 
distorting the lattice until it approximates the fused 
silica lattice in the neighborhood of the impurities. 
The height of the peak is from 1/2000 to 1/20 of the 
height of the fused silica peak and the relaxation spec- 
trum is much narrower indicating only a small range of 
bond angles. 
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Fic. 3. Semilogarithmic plot of relaxation frequencies as a 
function of 1/T. 


The lower activation energy curve is thought to be 
caused by dislocations, The relaxation peak is similar 
to that found in metals.? This has been attributed to 
pinned dislocations being displaced from their mini- 
mum energy position by one atomic spacing in the glide 
plane. Another characteristic of dislocation loss is the 
exponential increase at high temperatures due to 
breakaway of dislocations from their impurity pinning 
points. This type of loss in quartz, occurring at high 
temperatures, is shown by the work of Cook and 
Breckenridge? From these data and the theoretical 
equations of reference 2, one finds values for dislocation 
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number, loop length, and ratio of limiting shear stress 
to elastic shear modulus compared with a metal in 
Eq. (1). 





RN disloc. Loop length Ratio of 

per cm? in cm (T11)0/ 
Metal 10° to 10° 4x10-* 5 x10-* (1) 
Quartz 10° 2x10 45x10 


The lower value of (71;)o/u indicates that the dis- 
locations are broader than those in metals. The lower 
number of dislocations present accounts for the smaller 
dissipation and greater mechanical stability of quartz. 
The small residual aging of the elastic properties of 
quartz noted after processing the crystal is probably 
due to the stabilizing of dislocation positions as a func- 
tion of time. This aging should be eliminated if the 
crystal is held at a very low temperature. 

' See O. L. Anderson and H. E. Bémmel, J. Am. Ceram. Soc. 
38, No. 4 (April, 1955) 

*W. P. Mason, Phys. Rev. 98, 1136 (1955) 

*R. K. Cook and R. G. Breckenridge, Phys 
(1951); see Fig. 2 


Rev. 92, 1419 





Dynamics of Rarefied Gases* 


Max Kroox 
Harvard College Observatory, Cambridge, Massachusetts 


Received July 21, 1955 


HATNAGAR, Gross, and Krook! have proposed a 
model for the statistical representation of mo- 
lecular collisions in gases. The model leads to nonlinear 
kinetic equations which incorporate the same essential 
physical properties as the Boltzmann equation but are 
mathematically more tractable. Linearized forms of the 
equations have been used to study small-amplitude 
oscillations in gaseous systems.'? 

For several boundary-value problems of one-dimen- 
siona! steady flow, exact numerical solutions of the full 
nonlinear equations can be obtained without excessive 
labor. In such problems with simple gases, the state of 
a system is specified by a distribution function f(v,x), 
where x= position coordinate and v= (?;,02,2;) = molecu- 
lar velocity. Let m=molecular mass, n(x)=number 
density, q(x)=flow velocity, T(x)=kinetic tempera- 
ture, and c(x) = [kT (x)/m }! (k= Boltzmann’s constant). 
In the absence of external forces, the kinetic equation 
is then!: 


0,0//dx= — nx f+n'xb(v; q(x), c(x)) (1) 
with 


(v; q, c)= (2rc) exp[— (v—q)?/2¢); (2) 


mx is the collision frequency; we have taken «x inde- 
pendent of v or equal to some average over v. (Kinetic 
equations corresponding to more general models* can 
also be used in this work.) 

Introducing r= fn«dx as independent variable in 
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place of x, we can write (1) in the form: 


r/o 


é 
ha Joo aa q(r), e(r)). (3) 
T M1) 


The variable 7 is analogous, in some respects, to the 
optical depth of radiative transfer theory (for an 
excellent account of that theory, see Kourganoff*). 

To handle boundary-value problems it is usually 
necessary to use the functions f, which represent 
f(¥; 7) in the half-spaces »,>0 and 2, <0 respectively. 
Conditions at the boundaries r= a, b, (a<b), are deter- 
mined by physico-chemical considerations. One common 
type of boundary condition is represented by 


f,(v,a)=A -®(¥; qu, c1), 
(4) 
f_(v,b)= B-®(v; q2, C2), 


where the constants qi, qe, ¢1,¢2 are given and A, B 
are to be determined. Various other forms of boundary 
condition also have to be considered, e.g., specular 
reflection, etc. 

Directly from (3), (4), we find explicit expressions 
for f,(v,r) as integrals involving m,q,c and A, B. 
Multiplying these solutions successively by 1, v, (v—q)* 
and integrating with respect to velocity, we obtain a 
set of integral equations which suffice to determine 
the unknowns n(r), q(r), c(r), A, B, and hence also 
f(v¥,7r). The integral equations can be solved numeri- 
cally by a process of successive approximations which, 
in general, converges rapidly. Problems with different 
forms of boundary condition can be handled in an 
analogous way. 

Given a form for the microscopic boundary condi- 
tions, the model enables us to give a unified and con- 
sistent treatment of particular flow problems over the 
complete ranges of values of the various dimensionless 
parameters (Knudsen number, Mach number, etc.), 
that characterize the flow. We can, for example, trace 
the changes in detailed character of a flow as we proceed 
from the continuum regime, through the slip flow and 
transition regions, to the free molecule regime. 

The kinetic model can also be used to provide in- 
formation on some methodological questions. Various 
authors, e.g., Mott-Smith,* Wang Chang and Uhlen- 
beck,® have solved the Boltzmann equation for some 
“steep-gradient” problems, but only by approximate 
methods of unknown accuracy. The same approxima- 
tion procedures can be applied to our kinetic equation 
and the results then compared with the corresponding 
exact solutions obtained in the above way. This pro- 
vides some insight into the accuracy of the various 
approximation methods. 

Further, the equations of macroscopic gas dynamics 
can be derived? from our kinetic equation by the 
Chapman-Enskog procedure ; explicit values are thereby 
obtained for the coefficients of viscosity and of heat 








LETTERS TO 


conduction. The solutions of these continuum equations 
for various “steep-gradient” problems can then also 
be compared with the corresponding exact microscopic 
solutions. This provides some insight into the range of 
validity of the Navier-Stokes equations for gases. 

Extensive calculations are now in progress on several 
such problems, e.g., shear flow, heat transfer between 
parallel plates, structure of shock fronts, atmosphere- 
meteor interaction problems, etc. A more detailed 
account of the work, together with the results of the 
calculations, will be published in due course. 

* The research reported in this paper has been supported by the 
Geophysics Research Directorate, Air Force Cambridge Re- 
search Center, under a contract with Harvard University. 

1 Bhatnagar, Gross, and Krook, Phys. Rev. 94, 511 (1954). 

? E. P. Gross and M. Krook (to be published). 

*V. Kourganoff, Basic Methods in Transfer Problems (Oxford 
University Press, Oxford, 1952). 

4H. M. Mott-Smith, Phys. Rev. 82, 885 (1951). 

5 C. S. Wang Chang and G. Uhlenbeck, University of Michigan 
Engineering Research Institute Report, Project M999, September, 
1953 (unpublished). 





Photoluminescent Modulation in 
Nonuniformly Excited 
ZnS Phosphors 


R. E. HAtstep 
General Electric Research Laboratory, Schenectady, New York 
(Received July 18, 1955) 


HOTOLUMINESCENT modulation, which is de- 

scribed below, provides a simple demonstration of 
n-type photoconductivity in some ZnS_ phosphor 
powders and clarifies the role of conduction electrons 
in the luminescent process. 

Irradiation of a phosphor at wavelengths shorter 
than the fundamental absorption edge creates free 
electrons and holes which recombine preferentially at 
luminescent centers. Strong absorption confines this 
ionization to a small region near the irradiated surface. 
An alternating electric field applied parallel to the 
incident radiation moves mobile charge carriers in and 
out of this region. If electrons provide the dominant 
charge transport, luminescent recombination proceeds 
at a rate dependent on the electron density in the 
region of initial ionization. Maximum recombination 
rate occurs when the electrode on the irradiated side 
of the sample is becoming positive for a phosphor 
specimen so mounted between electrodes that no charge 
is introduced through its surface. If holes provide the 
dominant charge transport, recombination will be 
favored when the electrode on the irradiated side is 
becoming negative. 

If luminescent recombination is proportional to the 
instantaneous density of the mobile carrier in the ioniza- 
tion region, pronounced photoluminescent modulation 
should occur. One would anticipate a limited varia- 
bility in the phase and complexity in wave form of such 
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modulation from its dependence on the details of charge 
motion. Nevertheless, the sign of the mobile carrier is 
unambiguously identified by the phase of photo- 
luminescent modulation observed. 

Such modulation has been observed with 2537 A 
excitation of ZnS: Ag, Cl and ZnS:Cu, Al; and 3650 A 
excitation of ZnCdS(35, 50, and 85% Cd): Ag, Cl and 
ZnSSe(20% Se):Cu,Cl phosphor powder samples. 
These were prepared by dispersing the phosphor in an 
organic film between plane electrodes—one transparent. 
The ultraviolet lamps were dc operated. The photo- 
luminescence was observed with a photomultiplier and 
displayed on an oscilloscope. Filters were used to con- 
fine excitation and observation to the desired wave- 
lengths. 

Photoluminescent modulation with a fundamental 
frequency component equal to that of the applied 
sinusoidal voltage was observed in each case. The 
luminescent maxima occurred when the irradiated side 
of the samples was becoming positive or at its positive 
maximum. Detectable modulation occurred at average 
sinusoidal field strengths as low as 10 volts/cm. Irradia- 
tion at a wavelength longer than the absorption edge or 
application of the electric field perpendicular to the 
incident radiation produced the previously reported 
modulation with a fundamental frequency component 
twice that of the applied field and a higher voltage 
threshold for detection.' The observations were not 
complicated by changes in the average photoluminescent 
emission at field strengths below 10° volts/cm. At 10° 
volts/cm modulation amplitudes greater than 50%? 
were observed in some samples. Further examination 
of the 3650 A excited samples revealed a slow decrease 
of modulation amplitude with increasing excitation in- 
tensities between 0.1 and 10 microwatts/cm*. The 
modulation amplitude increased slowly with increasing 
frequency from 20 to 20 000 cycles/sec. 

The observations require electrons associated with the 
luminescent process to travel distances greater than 
activator separation. Luminescent emission must be 
strongly dependent upon the instantaneous free elec- 
tron density in the excitation region. The weak fre- 
quency dependence suggests a ratio of electron to hole 
drift mobilities greater than 1000. 

These observations appear incompatible with a 
recently proposed model for sulfide phosphors requiring 
emission by hole capture,’ and limit possible separation 
of luminescent and volume photoconductive processes 
in these materials.‘ 

The author gratefully acknowledges the helpful sug- 
gestions and criticisms of S. Roberts and F. E. Williams, 
and the assistance of H. S. Dunkerley with a portion 
of the experimenta! work. 

1 F. Matossi, Phys. Rev. 94, 1151 (1954). 

* Percent photoluminescent modulation = 100(maximum— mini- 
mum )/(maximum-+minimum). 

+ J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955). 


*R. H. Bube, Phys. Rev. 83, 393 (1951). 
*H. Kallman and B. Kramer, Phys. Rev. 87, 91 (1952). 
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Frequency Dependence of Magnetocrystal- 
line Anisotropy 


R. M. Bozortu, Beatrice B. Cetin, J. K. Gatrt, 
F. R. Mexerrr, anp W. A. YAGER 
Bel Telephone Laboratories, Murray Hill, New Jersey 
(Received June 3, 1955 


T is well known that the magnetocrystalline anisot- 
ropy constant K, can be determined both by static 
measurement of the torque on a single crystal placed 
in a strong magnetic field, and by measurement of the 
magnetic field for resonance at microwave frequencies. 
In experiments om several specimens of nickel-iron 
ferrites it was apparent that the same value of A, was 
not obtained by the two methoc's. In order to deter- 
mine whether the difference was due to chemical com- 
position or to a true frequency dependence, measure- 
ments were made by both methods on specimens cut 
from the same single crystal. The crystal was obtained 
from Dr. G. W. Clark of Linde Air Products Company ; 
chemical analysis for Ni and Fe indicate that it has the 
composition Nio 7Fe2.¢04. The simplest formula pre- 
serving these proportions is (NiO) 7F e203, which calls 
for metal ion vacancies in the lattice but no Fe** ions. 
The electrical resistivity of this material at room 
temperature, however, is p=1 ohm-cm, and we believe 
that this low value of resistivity indicates at least the 
temporary existence of Fe** ions. 
Our results, given in Table I, show that the difference 


Tasie I. Magnetic anisotropy constant K, in ergs/cm’, and 
anisotropy field 2K,/M, in oersteds, as dependent on frequency 
and temperature 


Mn: oFe: Os 


Tem per Nie «Fe: Ox 
Quantity ature Stati Microwave Static Microwave 
A 20" 19 x1 43x10 —~34 x18 —33 K10 
K 196% 42x10 74 xK1e ~240 X10 —233 X10 
2K. M, 0" 260 280 ~ 180 ~—175 
2A./M, 196" 260 408 ~ B40 —812 


in A, is slight at room temperature but marked at 
— 196°C. This difference is the first time to our knowl- 
edge that frequency dependence has been observed in 
a magnetocrystalline anisotropy constant. 

The conclusion that Fe** ions are present leads us to 
believe that this variation of K, with frequency confirms 
the interpretation which some of us have given' to 
relaxation phenomena observed in other crystals where 
Fe** ions were certainly present. This interpretation 
starts with the assumption that there are Fe** and 
Fe*** ions in the crystal on which the valence electrons 
rearrange easily with a short time constant as suggested 
some time ago by Verwey.? It is then suggested that 
these electronic rearrangements occur as the mag- 
netization changes direction, and affect the magneto- 
crystalline anisotropy constant, so that the value of X, 
will differ depending on whether it is measured at an 
angular frequency above or below the reciprocal of the 
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time constant for the electronic rearrangement. The 
microwave measurements indicate that the reciprocal 
of this time constant corresponds to 24 000 Mc/sec at 
about 160°K. 

A similar comparison of static and microwave 
measurements of magnetocrystalline anisotropy on a 
single crystal of manganese ferrite of composition 
Mno.9sF 1.5604, was made using our static value and 
the dynamic values deduced by S. Geschwind and 
J. F. Dillon, Jr. from their microwave measurements at 
20° and —196°C, at frequencies of 9300 and 48 000 
Mc/sec. These values, also given in Table I, show that 
K, is practically independent of frequency in this ma- 
terial. This indicates that electrons are not free to 
move so easily from one atom to another in this ma- 
terial as compared with the nickel-iron ferrite. 

We are indebted to S. Geschwind and J. F. Dillon, Jr., 
for permission to quote their results before publication, 
and to F. J. Morin for the measurement of resistivity. 

' Galt, Yager, and Merritt, Phys. Rev. 93, 1119 (1954); J. K. 


Galt, Bell System Tech. J. 33, 1023 (1954) 
2E. J. W. Verwey, Nature 144, 327 (1939) 





Emission Spectroscopy at Liquid 
Helium Temperature* 


Joseru G. HirscHBerc 
University of Wisconsin, Madison, Wisconsin 
(Received August 1, 1955) 


KOVAR and glass hollow-cathode discharge tube 

has been operated immersed in liquid helium, to 
study the emission spectrum of helium. The spectrum 
was recorded directly from an RCA 1P21 photomulti- 
plier, with a Perot-Fabry interferometer and a 21-foot 
stigmatically mounted concave grating swept in syn- 
chronism.'* The grating was swept by moving the exit 
slit, and the Perot-Fabry by varying the interplate gas 
pressure linearly with time. The entrance and exit slits 
were curved to concentrate the light into a single inter- 
ference fringe. Details will be published after further 
work in improving the signal-to-noise ratio. 

The line o= 21 335 K (A=4686 A) of He 1 was ob- 
served, and the Doppler broadening was found to be 
sensibly reduced from the amount observed with liquid- 
air cooling. The splitting arising from the radiation 
shift? was clearly shown. In particular, the 3s;—4p, 
and 3p,—4s, pair was almost completely resolved and 
the 3s;—4p; and 3p,;—4d, pair was partly resolved. 

It was found that a discharge could be not only 
maintained at this low temperature, but easily started 
as well. In all, about three liters of liquid helium were 
consumed in 25 minutes’ operation of the discharge. 
The current averaged 30 milliamperes and the po- 
tential difference 250 volts. 
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It is concluded that liquid helium can certainly be 
used to advantage to cool a helium discharge in cases 
where Doppler broadening presents a serious problem 
at liquid air or even liquid hydrogen temperatures, and 
that no serious experimental difficulties are experienced. 

It is expected that by using helium as a carrier gas, 
the spectra of other elements can be obtained at liquid 
helium temperature as readily as at liquid air tempera- 
ture. 

This work was suggested by Professor J. E. Mack. 
The liquid helium was very kindly supplied by Pro- 
fessor J. R. Dillinger and his group. An especially 
sensitive photomultiplier was lent by Professor A. D. 
Code of the department of astronomy. The Perot- 
Fabry plates were multilayer-coated for ¢ 21335 at 
Bellevue laboratory through the courtesy of Professor 
P. Jacquinot, with whom I have had the privilege of 
discussing high-resolution techniques. 

* Supported by the Research Committee of the University and 
by the Office of Ordnance Research. 

1 J. G. Hirschberg, Phys. Rev. 99, 623(A) (1955). 

? Since our initial use of the sweeping system our attention has 
been called to the suggestion of a somewhat analogous system by 


J. H. Jaffe, Nature 168, 381 (1951). 
3 J. E. Mack and N. Austern, Phys. Rev. 72, 972 (1947). 





Nature of the Water-Vapor-Induced Excess 
Current on Grown Germanium 
p-n Junctions 
Epwarp N. CLARKE 
Physics Laboratory, Sylvania Electric Products, 
Bayside, New York 
(Received July 11, 1955) 


T is well known that water vapor can induce large 
excess currents on germanium p-n junctions biased 
in the reverse direction. What is not well understood or 
agreed upon at present is the nature of the water-vapor- 
induced currents. In general, the excess current might 
be either ionic or electronic or possibly a combination 
of the two. Law'? has presented evidence in favor of the 
ionic interpretation, while Christensen* and McWhorter 
and Kingston‘ have presented data which seem to favor 
an electronic interpretation. Electronic currents are 
associated with the presence of an electron-conducting 
layer or “channel” on the p-type germanium. 

In the present work, a new criterion has been used to 
determine the nature of the water-vapor-induced cur- 
rent. This criterion involves comparison of two curves, 
namely, (1) the water-vapor-induced excess current- 
voltage curve and (2) a field-induced excess current- 
voltage curve. Such a comparison is shown in Fig. 1 
and described below. For the field-induced channel, a 
positive electric field applied perpendicular to the 
surface attracts electrons to the surface inducing an 
electron conducting layer as shown in Fig. 2. The field- 
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induced experiment is carried out in air in the absence 
of water vapor, and control of the channel conductance 
is achieved by means of the external inducing field. The 
present field experiment is carried out at 207°K be- 
cause such a de field-induced conducting layer is stable 
only at low temperatures.® It is sometimes necessary to 
use even lower temperatures to stabilize the channel. 
In such an experiment, the possibility of ionic conduc- 
tion through a thin surface film of water does not exist 
and it can then be concluded that the excess current 
flowing across the junction is wholly electronic in nature. 
If the water-vapor-induced excess current-voltage curve 
and the field-induced excess current-voltage curve are 
identical in shape as shown in Fig. 1, we shall conclude 
that the two mechanisms are likewise identical and 
hence that the water-vapor-induced current is electronic 
rather than ionic. 

The results shown in Fig. 1 were obtained on a grown 
germanium p-n junction having the following char- 
acteristics: approximate p-type resistivity 10 ohm-cm, 
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Fic. 1. Water-vapor-induced and field-induced excess current 
on the same germanium p-n junction. Water vapor pressure 
corresponds to about 100% relative humidity. Field-inducing 
voltage has been chosen so that field-induced current is four times 
smaller than water-induced current. Dashed line shows current- 
voltage dependence expected from simple channel theory. 


n-type resistivity 1 ohm-cm, and junction circumference 
1 cm. This is a particularly interesting case in which 
the water-vapor-induced excess current-voltage curve 
is not described by simple channel theory‘ which pro- 
vides a current-voltage curve with shape shown by the 
dashed line. The measured excess current rises much 
more steeply with increasing voltage than predicted by 
simple channel theory. Nevertheless, the water-vapor- 
induced current in this case is electronic rather than 
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Fic. 2. Field-induced electron conducting channel on ger 
manium p-n junction. A thin piece of mica separates the electrode 
and the germanium surface. Current is assumed to flow along 
channel and then through spots of low resistance as shown by 
arrow. 


ionic which we conclude from the fact that the water- 
induced and field-induced curves have the same shape 
when compared, as shown, separated by a factor of four 
in magnitude of current. The factor of four results from 
the following considerations. There are two surfaces 
involved in the water-vapor-induced current, whereas 
only one surface is used in the field-induced current as 
shown in Fig. 2. The current induced by water vapor 
should therefore be at least twice as large as that in- 
duced by the external field. In addition, we wish to 
compare the two curves under conditions in which there 
are equal electron concentrations in the water-induced 
and field-induced layers. Hence, we must introduce a 
second factor of two in order to account for the differ- 
ence in electron mobilities at room temperature (HO 
vapor experiment) and at 207°K (field experiment 

A model can be formulated to explain the shape of 
the observed current-voltage curves as follows: (1) It 
is necessary to assume a smaller voltage dependence of 
channel resistance than has been used in the simple 


theory (direct proportionality). Thus, we will assume 
that 

Renanna* V™ (OS m<l 
(2) It is also necessary to postulate that current flow 


is not uniform over the channel, but that the current 
flows through the conducting layer and then through a 
spot (or line, or many such spots along the junction 
into the bulk of the crystal as shown by the arrow in 
Fig. 2. 
With such a model it is easy to show that excess current 


Such spots might be regions of low resistance. 
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if it is assumed that most of the voltage drop occurs in 
the conducting surface layer rather than through the 
conducting For the Fig. 1, 
m=O over a wide range of voltages. At voltages above 
4 or 5 volts, m appears to become an increasing function 
of applied voltage, a result to be expected if an appreci- 
able number of conducting electrons are removed from 
the channel which at lower voltage is known to contain 


spot. curves shown in 
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about 10" conducting electrons per cm* of surface. 
The above expression for excess current is then not 
valid at the higher voltages. 


1 J. T. Law, Proc. Inst. Radio Engrs. 42, 1367 (1954) 

2 J. T. Law and P. S. Meigs, Spring Meeting of the Electro- 
chemical Society, Cincinnati, May, 1955 (unpublished). 

*H. Christensen, Proc. Inst. Radio Engrs. 42, 1371 (1954). 

*A. L. McWhorter and R. H. Kingston, Proc. Inst. Radio 
Engrs. 42, 1376 (1954). 

*S. R. Morrison, Phys. Rev. 99, 1655(A) (1955) 





X-Ray Study of Phase Transition of 
Ferroelectric PbTiO; at Low 
Temperature 


Jinzo KopayasHt AND Ryvzo UEDA 
Department of Applied Physics, Waseda University, Tokyo, Japan 


Received June 27, 1955 


EAD titanate, PbTiOs, is a ferroelectric of particu- 

lar interest in two respects. Firstly, PbTiO; has 
polar symmetry based on a monomolecular unit cell in 
the ferroelectric region. By contrast, other perovskite- 
type PbMe*0, crystals have nonpolar puckered struc- 
tures with multiplications of perovskite cell sides in their 
room temperature modifications; PbZrO;,! PbHfO;, 
and PbSnO,? are cases in point. Secondly, structural 
evidence of markedly large spontaneous polarization in 
the tetragonal modification has recently been dis- 
covered by Shirane, Pepinsky, and Frazer‘ and by the 
present authors®: metal ions undergo large shifts with 
respect to the oxygen framework. This cannot be under- 
stood on the basis of ionic radii, since Zachariasen’s 
tolerance factor is nearly unity. The similar compound 
SrTiO;, where the radius of Sr**(1.13 A) lies near that 





of Pb**, remains cubic down to absolute zero. It 
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Fic. 1. Schematic representations of powder patterns. Ab- 


scissas indicate sin@é/; ordinates indicate uncorrected intensities. 
(a) Original perovskite structure. (b) Superstructure, where large 
arrows indicate the superstructure lines. 
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Fic. 2. Lattice spacing as a function of temperature. 


appeared worthwhile to re-examine the structure of 
PbTiO; at lower temperature, although no phase 
transition has been found heretofore except for the 
ferroelectric one at the Curie point, 490°C.*® 

We have carried out an x-ray study of a powder 
specimen cooled by liquid air. PbTiO; crystals were 
grown from the melt, using stoichicmetric mixtures of 
PbO and TiO, and PbCl, as flux; the powder specimen 
was prepared from this material. 

Therma! hysteresis of the substance was found to be 
very large, and we found no evidence of a low-tempera- 
ture phase change in a specimen cooled suddenly to 
— 150°C. However, the specimen under gradual cooling 
showed a definite transition at about — 100°C. X-ray 
powder photographs of an hour exposure were taken at 
steps of 30°C down from room temperature. We re- 
peated the above procedures and found that the transi- 
tions were reproducible except for a slight scattering of 
of transition temperatures for different samples and 
cooling rates. 

At about — 100°C, extra lines appear. An important 
feature is that the extra lines appear only within the 
region of small values of sin@/\, i.e., 0.26 10* A~; and 
no change in intensity of diffraction could be observed 
in high-angle spectra before and after the transition. 
Furthermore, the new lines appear not as splitting due 
to lowering of crystal symmetry, but rather as super- 
lattice lines, indices being assignable by assuming that 
a’=4a and c’=2c, where a and c are the former 
perovskite axes. The observed spectra are indicated in 
Fig. 1, where ordinates show uncorrected intensities. 
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Fis. 3. Axial ratio as a function of temperature. 
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Fic. 4. Unit cell volume as a function of temperature. 


The plotting of lattice constants and axial ratio vs 
temperature are shown in Figs. 2-4. The temperature 
dependence of the c-axial length is notable. Its expan- 
sion coefficient is negative, and the behavior is more 
remarkable after the transition in which a volume con- 
traction occurs. It is to be stressed that the steep rise 
in axial ratio is observed with decreasing temperature 

etween the transition point and — 150°C, 

It is possible that ferroelectric PbTiO, transforms 
into an antiferroelectric structure at about — 100°C. 
However, other measurements and a detailed investiga- 
tion of the crystal structure are needed to determine 
whether this is the case. Observations to these ends are 
in progress. 

! Sawaguchi, Maniwa, and Hoshino, Phys. Rev. 83, 1078 (1951). 

2G. Shirane and R. Pepinsky, Phys. Rev. 91, 812 (1953). 

* Naray Szabo, Miiegyetemi Kozlemények 1, 30 (1947) 

‘ Shirane, Pepinsky, and Frazer, Phys. Rev. 97, 1179 (1955) 

5 J. Kobayashi and R. Ueda, lecture given at the annual meet- 
ing of the Physical Society of Japan, October, 1954 (to be 
published ) 

* G. Shirane and S. Hoshino, J. Phys. Soc. Japan 6, 265 (1951); 
S. Nomura and S. Sawada, J. Phys. Soc. Japan 10, 108 (1955). 





Theory of the Infrared Absorption 
by Carriers in Semiconductors 


R. B 
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Received July 19, 1955) 


DINGLE 


N a recent paper Kahn! has shown that the observed 

magnitudes of infrared absorption by n-type ger- 
manium and p-type silicon are approximately those 
calculated from the Drude-Kronig-Zener (DKZ) for- 
mula when the effective carrier masses inserted in the 
theory are those obtained from diamagnetic (“cyclo- 
tron”) resonance experiments. 

It should be noted, however, that the DKZ absorp- 
tion should be supplemented by a term arising from 
the anomalous nature of the skin effect.~* It is not 
possible to express this correction in the form of a 
modification to the “absorption coefficient” quoted by 
Kahn! from Seitz,* since the definition of this quantity 
presupposes that the electric field decays precisely 
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exponentially with depth, which is not the case for the 
anomalous contribution to the field. In this note, there- 
fore, the absorption will be expressed in terms of the 
“absorptivity” A, defined as the fraction of normally- 
incident electromagnetic energy absorbed by an ef- 
fectively infinite depth of material. 

A calculation on the same lines as that previously 
published for metals (e.g., Dingle*) shows that for 
semiconductors with not too low carrier concentrations: 


swh® \ 1 
A ( ) Re | 
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where Re stands for “the real part,” U for the integra- 
tion operator V=(— fo*dye-t*) with fo= Fermi-Dirac 
distribution function and v= carrier velocity, w= circu- 
lar frequency, m= effective carrier mass, r= relaxation 
time, p=fraction of carriers specularly reflected at the 
internal surface, and p is the quantity defined in 
Dingle? taking into account the effects of displacement 
current, atomic polarization, and the presence of ab- 
sorption bands near the frequency region investigated. 
The first term in (1) is that predicted by the DKZ 
theory, and the second that arising from the anomalous 
nature of the skin effect. 

With the approximations (a) p=0, as found for 
(b) combined effect of displacement current, 
atomic polarization and absorption bands negligible, a 


metals, 


supposition normally valid for frequencies in the infra- 
red (except of course very close to absorption bands), 
and (c) wr>l1, a condition usually satisfied for fre- 
quencies above the far infrared, the second (anomalous 


contribution to (1) reduces to 


(—) F\(T/T) 
f ences , 
mes F,(T/T) 


where the F’s are Fermi-Dirac integrals’ :* and T 
degeneracy temperature. 
In the degenerate limit 7<<7o, as for metals 


“. ; 
( nom > GP Permi/ €; 


while in the nondegenerate limit T 


8kT\! thermal velocity of carriers 
Acne > a 


mmc velocity of light in vacuo 


For metals, this anomalous contribution to A may 
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several hundred times that from the DKZ term for 
good conductors at low temperatures.2 The corre- 
sponding contribution for semiconductors will be much 
less important, since with a Jow impurity concentration 
the carrier system will be practically nondegenerate 
and the average carrier velocity therefore small [see 
(4) ], while with a high impurity concentration the DKZ 
contribution will be large and therefore much more 
important than Axsnom. Nevertheless, the anomalous 
contribution could still represent an appreciable correc- 
tion to the DKZ theory. 

1A. H. Kahn, Phys. Rev. 97, 1647 (1955 

?R. B. Dingle, Physica 18, 985 (1952); 19, 311, 348 (1953). 

*R. B. Dingle, Physica 19, 729 (1953 

* T. Holstein, Phys. Rev. 88, 1427 (1952) 

®*R. Wolfe, Proc. Phys. Soc. (London) A68, 121 (1955) 

*F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pay, Inc, New York, 1940), pp. 630-640 

7 J. McDougall and E. C. Stoner, Phil. Trans. A237, 67 (1938). 

* P. Rhodes, Proc. Roy. Soc. (London) A204, 396 (1950). 


Optical Absorption Spectrum of MgO 
by Reflectivity* 


James R. NELSON 
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Received August 1, 1955 

N the course of work to be published on absorption 

spectra of NaCl and KC! at 300°K and at 140°K 
by a reflectivity method,’ a measurement was also 
made on a large single crystal of MgO obtained from 
the Norton Company (Canada). The apparatus for 
making this measurement appearing in Fig. 1 will be 
presented in greater detail in the forthcoming paper on 
alkali halides. 

The result of this measurement on MgO is shown in 
Fig. 2. In discussing it recently,‘ Krumhansl has pointed 
out that he believes the narrowing of the 1640 A peak 
at 140°K is fairly good evidence of exciton absorption. 
Also, we feel from our absorption studies of NaCl and 
KCl both by transmission and reflectivity, that this 
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Fic. 1. Diagram of apparatus 
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Fic. 2. Relative reflectivity of MgO as a function of wavelength. 


peak is a truly fundamental absorption band with 
absorption coefficients of the order of 10° cm™, and 
not weak absorption due to impurity levels. This peak, 
indeed, confirms the results of Johnson’ who made 
fluorescence and transmission measurements on thin 
crystals of MgO of known impurity content and also on 
samples of lower impurity content from the University 
of Missouri. Johnson found that in the region (indi- 
cated in Fig. 2) from 1635 A to 1695 A there is a rapid 
change in the excitation spectrum for fluorescence, and 
that at 1695 A the absorption coefficient is rising very 
rapidly. From these results, he concluded that there 
must be fundamental absorption in this region. 

Before considering the shorter wavelength peaks, it 
should be pointed out that there is no resolvable split- 
ting in the exciton peak of MgO at low temperature as 
we have observed in NaCl and KCI and as has also been 
seen in BaO.® 

The temperature-independent peaks at 1120 A and 
930 A are tentatively interpreted as absorption due to 
transitions the filled band to the 
normally empty conduction band. This absorption 
band begins at about 1240A; the band gap, then, 
would be about 10 ev and not 5.9 ev as reported re- 
cently by Saksena and Pant’ who made studies on 
natural crystals of MgO. 

In closing, it is interesting to compare this 10-ev 
band gap value with the approximate 11-ev value that 
Lempicki® gives as the threshold primary electron en- 
ergy for secondary emission in MgO. This may be con- 
firmation of his original supposition that the secondary 
electrons come from the uppermost filled band. 


from uppermost 
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Theory of Acceptor Levels in Germanium* 


Water Kount anp Danret Scuecurert 
Carnegie Institute of Technology, Pittsburgh, Pennsyloania and 
Bell Telephone Laboratories, Murry Hill, New Jersey 
(Received July 25, 1955) 


T is well known that holes in germanium can be 
bound by Group III impurities in so-called acceptor 
levels. The observed ionization energies of such holes 
are 0.0104 ev (B),'* 0.0102 ev (Al)? 0.0108 ev (Ga),? 
and 0.0112 ev (In).2 The fact that these energies differ 
by only 10% suggests that the binding is largely 
due to the long-range Coulomb potential of the accep- 
tors rather than to the less well understood forces in 
their immediate vicinity. 

We have therefore carried out a theoretical calcula- 
tion using a Coulomb potential? —e*/xr and “mass’’- 
parameters determined by cyclotron resonance experi- 
ments.‘ The resulting theoretical ionization energy is 
0.0089 ev, in rather good agreement with experiment. 

The calculation was based on the coupled effective 
mass equations which have recently been shown to 
arise when the band structure is degenerate.’ In view 
of the fact that the spin-orbit splitting at the top of the 
valence band in Ge is about 30 times as large as the 
ionization energy of the acceptors,* the four coupled 
equations (V.15) of reference 7 are a good first approxi- 
mation. Group-theoretical considerations suggest a 
trial function of the form (see reference 7): 


1 2?— 4 (x*+-y*) ) 0 
0 (x+iy)z 


rir? . : —rire 
+be ~(§)'(at—y*) +iceé ry 


) 
0 
0 0 0 


The parameters were varied to maximize the ionization 
energy. The value 0.00883 ev was obtained with the 
following parameters: 1;=43.3X10-* cm, r2=33.8 
10-8 cm, a= 1.71 10° cm™, b= —2.29K 10" cm", 
c=4,97XK 10" cm~*", 

With this wave function as a starting point, the origi- 
nal six coupled equations (see reference 7, V.13) were 
treated by a perturbation-variation method, which in- 
creased the ionization energy by about 1% to 0.00893 ev. 

A variational calculation, such as the present one, 
always leads to a low ionization energy. We estimate 
that the true eigenvalue of the six coupled equations 
lies in the range 0.0094+-0.0005 ev. The remaining dis- 
crepancies with the experimental values may be as- 
cribable partly to the breakdown of the theory in the 
immediate vicinity of the acceptor ions and partly to 
inaccuracies of the mass parameters used. 

Kittel and Mitchell* have reported a theoretical 
value of 0.022 ev for the ionization energy. The large 
discrepancy with our result and with experiment is due 
to an incorrect transformation of the Hamiltonian 
operator (see their concluding sentence). A better 
order of magnitude estimate is obtained from a simple 
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Bohr model with an effective mass m*=0.34m derived 
from the mean curvature of the “heavy” hole band. 
This gives an ionization energy of 0.018 ev. 

Calculations of the acceptor levels in silicon are i: 
progress. 


* Work supported in part by the Office of Naval Res 

t Permanent address: Carnegie Institute of Technolog 
burgh, Pennsylvania 

'P. Debye, Phys. Rev. 91, 208 (1953 

* T. Geballe and F. J. Morin, Phys. Rev 
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tion we have used the values A = —13.0h*/2m, |B! = 8.7h?/2m, and 
C| =11.4#°/2m which were kindly con licated to us by Dr 
Dexter and Dr. Zeiger of M.L.1 
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7 J. M. Luttinger and W. Kohn, Phys. Rev. 97 
*H. A. Kahn, Phys. Rev. 97, 1647 (1955 


$ 
KHY (1955 


Generation of 1/f Noise by Levels 
in a Linear or Planar Array 


RAPPING levels in 


edge dislocations or the surface 


a linear or planar array (at 
, or agglomerates 
of levels, will possess the following important property 


| cause a pot | barrier to further 


\ trapped charge wil 


trapping Ol like charges, and a fluctuation in the trapped 
charge will produce a proportional fluctuation in the 
alti tne energy of or ition from 


We will show tl 


with this simple barrier property 


the leve ls Wlil be constar t at trapping 


may lead to 1// noise. 


This barrier property has been 


associate 
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the rate of irreversible adsorption. rhus, the 
of the model to the many apparently 
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Denoting by NV the trapped charge 


ibrium tain frorn an analysis 


equ! 


where § is related to the “capacitance” between the 


levels and the bulk mi ial, B rey nts the equi- 


librium rate at whi » barrier, and is 


very sensitive to temperatu term is thus 
the trapping rate, the second t! 


From Eq. (1), 
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with A the constant of in 

If one assumes that the distribution ¢e(.V) of V over 
the levels is Gaussian, wit! ; standard 
n can be cal u- 


not 


deviation £, the autocorrelatio 


lated. The use of this distribution function is 
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critical to the theory. Then the spectral distribution of 
noise becomes: 


G o=-4f f NB" Inf{1—Aew"} 
N ae—ag rol 


X(N) coswrdrdN, (3) 
where A=1—¢°**. 

For large barriers, y can be very low. For example, 
surface traps on germanium, as detected by field effect 
measurements,*> have decay times about a minute at 
20°C, yielding y= 107 sec. 

If one assumes w>>y as a lower limit, the contribution 
to G(w) from the negative values of V turns out to be 
small, as the decay rate is slow. 

For positive .V, when the decay is fast, the logarithmic 
term in (3) can be expanded and the integration over ¢ 
performed. Replacing the resulting summation by an 
integration, thus neglecting terms in y/w*, and using 
the rough approximation that Ci(x) sinx—Si(x) cosx 
+ 4x cosx is a step function, zero for x>1 and w/2 for 
x<1, we obtain 


~ Bin (w/y 
G(w) = $4 (Bw) 1 f ve(wyaw— f N (2x#)-4 
0 0 


Xexpf—(V—N)? 2e yn; (4) 


and if V—N<v2¢ the second integral is a slowly vary- 
ing function of w and the 1/w distribution of noise is 
obtained. The requirement sets an upper limit on the 
1/w spectrum, namely In(w/y) <@(v2E+N). It is inter- 
esting that the temperature-sensitive quantity y does 
not appear in the expression for G(w), except in the 
insensitive logarithmic form. 

We have here developed the frequency spectrum of 
the trapped charge. Noise will appear in bulk con- 
ductivity measurements since charge trapped repre- 
sents a decrease in current carriers. In contact or 
rectifier studies, the noise may arise from fluctuations 
in the barrier height; for small fluctuations the barrier 
height is proportional to the trapped charge. Thus the 
concepts presented may be extended to carbon contact 
devices and metal films, as well as semiconducting 
devices. 

A more detailed discussion of the model and the 
experimental results on the field effect which led to this 
analysis will be published later. 

The author is indebted to Professor H. Callen and 
Professor P. H. Miller, Jr., of the University of Penn- 
sylvania for their helpful suggestions. 
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? D. Melnick, Thesis, Physics Department, University of Penn- 
sylvania, 1954 (unpublished). 

*S. R. Morrison, Advances in Catalysis 7, 62 (1955). 

‘R. H. Kingston and A. L. McWhorter, Phys. Rev. 98, 1191(A) 
(1955) 


‘J. Bardeen and S. R. Morrison, Physica 20, 873 (1954). 
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Three-Millimeter Wave Radiation 
from the Sun* 


Dirro, James H. Wyman, 
ANDERSON 


Water Gorpy, Steve J 
AND Roy S 
Depariment of Physics, Duke University, Durham, North Carolina 


(Received July 1, 1955) 


ETWEEN the 2.5- and 5-mm wave oxygen reso- 

nances it is apparent that there should be a 
window in the earth’s atmosphere which might allow 
detection of solar radiation. We have developed a 3-mm 
wave radiometer and have succeeded in detecting solar 
radiation at 3.2-mm wavelength. Under favorable 
weather conditions, a signal-to-noise ratio of about 
25 to 1 could be obtained. Figure 1 shows a typical sig- 
nal obtained by directing the antenna on and off the 
sun. Figure 2 shows, on a less favorable day, the results 
of allowing the sun to pass across the fixed antenna. 

The antenna was an adapted (18-inch) searchlight 
reflector with a wave-guide feed. It is far from the 
optimum system that can be made with more time and 
money. The object of the present experiment was to 
find out if such additional expense and effort would be 
rewarding. The answer seems to be in the affirmative, 
especially if a higher and drier location than Durham, 
North Carolina, is chosen. 

In the past the principal difficulty in attempting solar 
radiation studies in the 3-mm region has been the lack 
of adequate local oscillator power to produce a detect- 
able beat note with the solar radiation. The present 
study shows that the K-to-G crystal harmonic generator 
developed by King and Gordy' is adequate but not 
optimum. 

The Duke crystal multiplier assembly' was used both 
for the local oscillator and for the mixer of the super- 
heterodyne receiver. To make this adaption, it was 
necessary only to feed the solar energy through the 
smaller guide onto the multiplier crystal and to con- 
nect the input of the i.f. amplifier directly across the 
tungsten whisker and crystal assembly.? The band width 
of the i.f. amplifier was 3 Mc/sec. The radiation chopper 
consisted of an attenuating strip which was pushed into 
and out of a wave-guide slot by the driving mechanism 
of a small radio speaker operated by an audio oscillator. 
The other features of the system were essentially those 
of the Dicke* microwave radiometer. 





Fic. 1. Recorder 
signal of the sun at 
3.20-mm wavelength 
obtained by direct- 
ing the antenna to- 
ward and away from 
the sun. 











Fic. 2. Recorder tracing of the solar energy at a wavelength of 
3.20 mm obtained by allowing the sun to pass over a fixed antenna 
The arrows indicate the central image and two antenna side lobes 
of the sun’s energy 


With a radiometer which is capable of detecting solar 
energy in the shorter millimeter wave region, the earth’s 
atmosphere as well as the sun can be studied. Fre- 
quencies of 100 kMc/sec originate much deeper in the 
chromosphere* than do the 8-mm and longer radio 
waves now being used for solar investigations. It is 
possible that discrete spectral transitions of certain 
light molecules or radicals of the sun’s photosphere 
might appear as absorption lines in the shorter milli- 
meter region. 

Propagation studies in the 3-mm region should have 
practical significance. The decrease in signal strength 
caused by haze or clouds was readily noticeable in these 
preliminary observatjous. It appears that a 3-mm wave 
radiometer migibe of use in weather predictions. 
Ozone, a constituent of the upper atmosphere, is known 
to have intense rotational lines in the: 3-mm,wave 
region. 

* This research was supported by the United States Air Force 


through the Office of Scientific Research of the Air Research and 
Development Command 

!W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953); 93, 407 
(1954 

*C. M. Johnson (private communication) has also used this 
adaptation for superheterodyne detection of 3-mm signals gener 
ated in the laboratory 

*R. H. Dicke, Rev. Sci. Instr. 17, 268 (1946 

*H. Zirin, Astrophys. J. 119, 371 (1954) 
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Vibrational Anharmonicity and Lattice Thermal 
Properties, J. S. DuGpaLe anp D. K. C. Mac- 
Donan [ Phys. Rev. 96, 57 (1954) ]. In the appen- 
dix to this paper, we attributed to Peierls and Domb 
the suggestion that a linear chain of atoms would be 
inherently unstable owing to thermal vibrations. Neither 
of these authors in fact implied this. They were con- 
cerned specifically with the existence of long range 
order as measured by x-ray diffraction in one-, two-, 
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and three-dimensional “crystals” and Peierls' estab- 
lished that such order persists only in three-dimensional 
crystals above the absolute zero of temperature. In 
the appendix to our paper we have demonstrated only 
that the relative atomic fluctuations remain finite, 
consistent with the thermodynamic stability of the 
chain (see also Frenkel*). 

We are grateful to Professor Peierls and Professor 
Domb for discussions and correspondence on this topic, 


'R. Peierls, Helv. Phys. Acta $1, Suppl. 2 (1936 
{ 


* J. Frenkel, Kinetic Theory of Liquids (Clarendon Laboratory, 
Oxford, 1946), pp. 120-124 


Decay of Ti*' and Cr*', M. E. BunKER AND J. W. 
STaRNER [Phys. Rev. 97, 1272 (1955) ]. In regard to 
paragraph III(d), one of the comparison factors used 
in the calculation of ar was in error by a factor of 2.0. 
The corrected value is ar= (1.62+0.16)10~*.! On the 
basis of this result, the K conversion coefficient is calcu- 
lated to be ax = 1.47 10-*. The two nearest theoretical 
conversion coefficients? are Bx'=1.1K10~*, and ax’? 
=3.810-*. The 323-kev transition therefore appears 
to be M1+E2 with the E2 
intensity of ~13% 


component having an 


! This value compares favorably with that recently reported b 
Z. O’Friel and A. H. Weber, Phys. Rev. 99, 659(A) (1955); private 
communication. Their result is ar= (1.48+0.2)x10™* 

? Rose, Goertzel, Spinrad, Harr, and Phys. Rev. 83, 79 
(1951); Rose, Goertz ely circulated tables 


Strong 
and Swift (privat 

Spin-Echoes with Four Pulses—An Extension to 
n Pulses, T. P. Das anv D. K. Roy[ Phys. Rev. 98, 
525 (1955) ]. In this paper, the trigonometric parts of 
, and 


the amplitudes obtained by us for the echoes P12 


the set Piz), Pra, P Pos 


spectively to the primary echo produced by the first 


(corresponding re- 


pair of pulses and the four secondary echoes produced 
by the first three pulses), are in disagreement with 
earlier values deduced by Hahn' and Das and Saha.’ 
Our amplitudes are given in Table I together with those 


lasie I. Trigonometric part of amplitud 


of the earlier workers for comparison (=wylw, fy being 
the width of the rf-pulse and w,=yH,, where H, is the 
amplitude of the rf field during the applied pulse 
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The cause of this disagreement is briefly as follows: 
In Hahn’s analysis (see our paper and reference 1), to 
find the primary echo amplitude, only a single pair of 
pulses is applied and averaging* over Aw, n, and ¢ is 
done after the second pulse. Similarly for the secondary 
echoes, three pulses are applied and the averaging is 
done after the third pulse. In our paper, we were more 
interested in the echoes that follow after the fourth 
pulse. We therefore collected all the terms contributing 
to the V-component (the Y-component in the rotating! 
system) of the nuclear magnetization, after the fourth 
pulse and then averaged over Aw, n, and ¢. This gives 
The amplitudes of the echoes following the fourth 
pulse correctly but not those of the primary and second- 
ary echoes produced by only the first two and the first 
three pulses respectively, as these echoes have their 
maxima before the fourth applied pulse (under the 
assumed condition 73> 272), and only their tails remain 
after their fourth pulse (of course these tails cannot be 
seen because the echoes are limited to a width 1/7;* by 
the field inhomogeneity). If we are interested in the pri- 
mary and secondary echo amplitudes we must therefore 
apply the averaging procedure to the terms contributing 
to V, after the second and third pulses respectively, 
when we get Hahn’s result. We cite a similar disagree- 
ment between the two values obtained by Hahn‘ for 
the free-induction signal following the first pulse in 
the two cases when he analyzes the patterns following 
one and two pulses. He obtains the values sint and 
sint cos*(¢/2) respectively, of which the former is the 
correct one. 

'E. L. Hahn, Phys. Rev. 80, 580 (1950 

*T. P. Das and A. K. Saha, Phys. Rev. 93, 749 (1954). 

* The symbols have the same significance as in reference 2. 

* Refer to Eqs. (16) and (17) of reference 1 


Energy Levels of Li® from the Deuteron-Helium 
Differential Cross Sections, A. GALONSKY AND 
M. T. McE.utsrrem [Phys. Rev. 98, 590 (1955) ]. On 
page 598, second column, line 9, the definition of the 
Coulomb phase shift should read “a;= Coulomb phase 
shift = 2[ arctann+arctan(n/2)+ ---+arctan(n/l)]---” 
instead of “a;= Coulomb phase shift=2arctan(n+ 7/2 
Bs wn. od +n 1)-- .?? 


Special-Relativistic Derivation of Generally Co- 
variant Gravitation Theory, Robert H. KRAICHNAN 
[Phys. Rev. 98, 1118 (1955)]. Equation (11) should 
read : 

D°'(f)=|n|'Der(f)=--- (11) 
instead of 


D>’ (f)= n Der f)=—--- 
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and three-dimensional “crystals” and Peierls' estab- 
lished that such order persists only in three-dimensional 
crystals above the absolute zero of temperature. In 
the appendix to our paper we have demonstrated only 
that the relative atomic fluctuations remain finite, 
consistent with the thermodynamic stability of the 
chain (see also Frenkel’). 

We are grateful to Professor Peierls and Professor 
Domb for discussions and correspondence on this topic, 

‘RK. Peierls, Helv. Phys. Acta 81, Suppl. 2 (1936 


2 J. Frenkel, Kinetic Theory of Liquids (Clarendon Laboratory, 
Oxford, 1946), pp. 120-124 


Decay of Ti*' and Cr*', M. E. Bunker AND J. W. 
STARNER [ Phys. Rev. 97, 1272 (1955) ]. In regard to 
paragraph III(d), one of the comparison factors used 
in the calculation of ar was in error by a factor of 2.0. 
The corrected value is ar= (1.62+0.16) XK 10~*.! On the 
basis of this result, the K conversion coefficient is calcu- 
lated to be ax = 1.47 10~*., The two nearest theoretical 
conversion coefficients? are 8x'=1.110-*, and ax’ 

3.8X10-*. The 323-kev transition therefore appears 
W1+ E2 the £2 


intensity of ~13% 


to be with component having an 


This value compares favorably with that recently reported by 
Z. O’ Friel and A. H. Weber, Phys. Rev. 99, 659(A) (1955 
communicatior (1.48+0.2)K 10° 
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rheir result is ar 
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Spin-Echoes with Four Pulses—An Extension to 
n Pulses, T. P. Das anp D. K. Roy [ Phys. Rev. 98, 
525 (1955) ]. In this paper, the trigonometric parts of 
the amplitudes obtained by us for the echoes P12), and 
the set Pos, Pra, Para), Pass) (corresponding re- 
spectively to the primary echo produced by the first 
pair of pulses and the four secondary echoes produced 
by the first three pulses), are in disagreement with 
earlier values deduced by Hahn' and Das and Saha? 
Our amplitudes are given in Table I together with those 


Taae I. Trigor tric part of amplitudes of several echo terms 
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of the earlier workers for comparison ({=wyty, /~ being 
the width of the rf-pulse and w,= 7H, where H is the 
amplitude of the rf field during the applied pulse). 
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The cause of this disagreement is briefly as follows: 
In Hahn’s analysis (see our paper and reference 1), to 
find the primary echo amplitude, only a single pair of 
pulses is applied and averaging*® over Aw, n, and ¢ is 
done after the second pulse. Similarly for the secondary 
echoes, three pulses are applied and the averaging is 
done after the third pulse. In our paper, we were more 
interested in the echoes that follow after the fourth 
pulse. We therefore collected all the terms contributing 
to the V-component (the Y-component in the rotating! 
system) of the nuclear magnetization, after the fourth 
pulse and then averaged over Aw, 7, and ¢. This gives 
The amplitudes of the echoes following the fourth 
pulse correctly but not those of the primary and second- 
ary echoes produced by only the first two and the first 
three pulses respectively, as these echoes have their 
maxima before the fourth applied pulse (under the 
assumed condition 7;>2r2), and only their tails remain 
after their fourth pulse (of course these tails cannot be 
seen because the echoes are limited to a width 1/7,* by 
the field inhomogeneity). If we are interested in the pri- 
mary and secondary echo amplitudes we must therefore 
apply the averaging procedure to the terms contributing 
to V, after the second and third pulses respectively, 
when we get Hahn’s result. We cite a similar disagree- 
ment between the two values obtained by Hahn‘ for 
the free-induction signal following the first pulse in 
the two cases when he analyzes the patterns following 
one and two pulses. He obtains the values sint and 
sing cos*(£/2) respectively, of which the former is the 
correct one. 

‘FE. L. Hahn, Phys. Rev. 80, 580 (1950) 

*T. P. Das and A. K. Saha, Phys. Rev. 93, 749 (1954). 

* The symbols have the same significance as in reference 2. 

‘ Refer to Eqs. (16) and (17) of reference 1 


Energy Levels of Li* from the Deuteron-Helium 
Differential Cross Sections, A. GALONSKY AND 
M. T. McE.utstrem [Phys. Rev. 98, 590 (1955) ]. On 
page 598, second column, line 9, the definition of the 
Coulomb phase shift should read “a;= Coulomb phase 
shift = 2[ arctann+arctan(n/2)+ ---+arctan(n/I)]---” 
instead of “a;=Coulomb phase shift = 2arctan(yn+ 7/2 
5 ie a) [)---” 


Special-Relativistic Derivation of Generally Co- 
variant Gravitation Theory, RoperT H. KRAICHNAN 
(Phys. Rev. 98, 1118 (1955) ]. Equation (11) should 
read: 

De" (f)=|n|tDe(fy=--- (11) 
instead of 


Der(f= lal 'Der(f)=---. 














